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Preface

For a few hundred years theoretical physics has been developed on the basis of
real and, later, complex numbers. This mathematical model of physical reality
survived even in the process of the transition from classical to quantum physics —
complex numbers became more important than real, but not essentially more
so than in the Fourier analysis which was already being used, e.g., in classi-
cal electrodynamics and acoustics. However, in the last 20 years the field of
p-adic numbers Q, (as well as its algebraic extensions, including the field
of complex p-adic numbers C,) has been intensively used in theoretical and
mathematical physics (see [1]-[3], [10]-[15], [24], [35], [38], [43], [44], [55],
[64], [65], [77]-[79], [89], [94], [115]-[122], [123], [124], [133], [157],
[158], [174], [198], [241]-[246] and the references therein). Thus, notwith-
standing the fact that p-adic numbers were only discovered by K. Hensel
around the end of the nineteenth century, the theory of p-adic numbers
has already penetrated intensively into several areas of mathematics and its
applications.

The starting point of applications of p-adic numbers to theoretical physics
was an attempt to solve one of the most exciting problems of modern physics,
namely, to combine consistently quantum mechanics and gravity, thus to create
atheory of quantum gravity. In spite of the considerable success of some models,
there is still no satisfactory general theory. In the physical literature one could
even find discussions that one should not exclude the possibility that either
quantum mechanics or gravitation theory is wrong, and radical new ideas are
needed to solve the problems of quantum gravity. Physical models with p-adic
space appeared as an attempt to provide a less radical approach to such problems
(see [39], [40], [41], [77], [79]). The main idea behind p-adic theoretic physics
(atleast in the first period of its development) was that troubles with consistency
of quantum mechanics and gravity are induced by the use of an infinitely

xi



xii Preface

divisible real continuum as the basic mathematical model of the underlying
physical space-time. One should then look for new mathematical models of
space-time and of structures defined on it. The fields of p-adic numbers provide
an excellent new possibility. In the literature on applications of p-adic numbers
in physics numerous arguments have been put forward in favor of the use of
p-adic numbers. For example, in cosmology and string theory, speculations
have been formulated according to which space-time at the so-called Planck
scale (of the order of 1072* c¢m) should be disordered and the Archimedean
axiom might be violated for measurements which would be performed on such
scales (see [115], [116], [245], [246]). Since the fields of p-adic numbers are
disordered as well as non-Archimedean it seems appropriate to exploit such
fields in this sense. We also mention the following argument [116], [241].
If one starts with the field of rational numbers' Q and wants to obtain a
complete field with K valuation (“absolute value”), then, as a consequence of
the famous Ostrovsky theorem (Theorem 1.3.2 in Chapter 1), there are only
two possibilities for K: either K is the field of real numbers or K is one of the
fields of p-adic numbers Q,,.

p-adic based models can be considered as having given an important new
contribution to string theory, gravity and cosmology. However, the most impor-
tant consequence of this p-adic physical activity was that it induced a kind
of “Carnot cycle”: physics — mathematics — physics... Physical applications
induce developments of new mathematical theories which in their turn induce
new physical applications (which in their turn induce new mathematical the-
ories and so on). p-adic string theory, gravity and cosmology stimulated
development, and new applications of p-adic Fourier analysis, the theory
of p-adic distributions and pseudo-differential equations, the theory of self-
adjoint operators in 62((@,,), as well as, e.g., the theory of stochastic differ-
ential equations over the field of p-adic numbers, Feynman path integration
over p-adics, the theory of p-adic valued probabilities and dynamical sys-
tems (see, e.g., the monographs [36], [115], [130], [157], [162], [241] and
the papers [11], [13], [32]—[34], [129]-[130], [249]-[251]). In their turn these
mathematical theories provide new possibilities for physical applications of
p-adic mathematics — e.g. in the theory of disordered systems (spin glasses)
([43],[44],[162],[164],[199]). Applications were, however, not only restricted
to physics. There were also proposed p-adic models in psychology, cognitive
and social sciences, and, e.g., in biology, image analysis (see, e.g., [1 16], [117]).

! We recall that in all real physical experiments measurements have only a finite precision.
Therefore the result of any measurement is always a rational number, see [241], [116] for
discussions.
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Those new applications stimulated the development of new branches of p-adic
analysis, in particular, the theory of p-adic wavelets ([21], [131], [132], [142],
[143], [144], [146], [147], [148], [162], [163], [164], [165], [225]). The latter
theory provides new possibilities for the study of p-adic pseudo-differential
equations, surprisingly not only linear but also nonlinear ones ([23], [143],
[162], [166]). The wavelet theory also gives a proper technique to solve the p-
adic Schrodinger equation with point interactions ([31], [169]). And again the
possibility to obtain wavelet-like solutions of the p-adic Schrodinger equation
implied interesting physical consequences [133].

Further applications demonstrated that one should consider more general
non-Archimedean models (e.g., for spin glasses, psychology, neurophysiol-
ogy) and develop a corresponding analysis on general ultrametric spaces
([131], [132], [135]-[138], [162]).

Of course, one should never forget that mathematics has its own self-
stimulating forces in the development of new concepts and formalisms. Con-
cerning p-adic analysis we should mention the development of harmonic anal-
ysis on general locally compact groups as well as its applications inside math-
ematics ([203], [105]). However, many problems are intrinsically of a p-adic
nature and they could not be formulated or even if formulated they could not be
studied in such details without the p-adic framework. We remark thata part of p-
adic analysis was also developed intensively without reference to physics; see,
e.g., Gouvéa [98], Katok [112], Koblitz [152], Robert [204], Schikhof [214],
Taibleson [230]. Nevertheless, many fundamental developments in p-adic anal-
ysis, such as [115]-[118], [157], [241], were indeed stimulated by physics and
other applications.

When one speaks about p-adic analysis and applications, one should always
mention which kind of p-adic model is under consideration. There are two
main frameworks: either concerned with the relevant maps going from @Q,, into
C, where C is the field of complex numbers, or from Q,, into Q,,. The first stage
of development of p-adic mathematical physics for the model with C-valued
maps as well as the corresponding analysis was presented in the excellent
book by Vladimirov, Vololvich, and Zelenov [241] which became like a kind
of “Bible” for physicists using p-adic models as well as for mathematicians
looking for new problems connected with p-adics. Let us also mention the
book by Kochubei [157], which is also basically concerned with applications,
especially covering probabilistic aspects. Physical, cognitive and psychological
models using Q,-valued maps as well as the corresponding analysis were
presented in a series of monographs by one of the authors of this book [115]—
[117]. The latter models are more extensively represented (at the book level)
than the models based on maps from Q,, into C.
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We think the time has come to present the new mathematical theories which
were developed in connection with p-adic mathematical physics in a mono-
graph which would, on the one hand, update the book [24 1] by presenting and
using new recent results and, on the other hand, open new possibilities for the
development of p-adic analysis for maps from Q, into C. Our book should
serve for such a purpose. In this book a wide-ranging survey of many important
topics in p-adic analysis is presented. Moreover, it also gives a self-contained
presentation of p-adic analysis itself.

The main attention is given to the development of p-adic distribution the-
ory, including nonlinear models, Fourier and wavelet analysis, the theory of
pseudo-differential operators and equations, Tauberian theorems, and asymp-
totic methods.

The book consists of fourteen chapters and four appendixes. Every chapter
begins with a brief summary of its contents and a brief survey of related results.
Chapters 1-5 cover standard material to introduce the reader to the theory of
p-adic numbers, p-adic functions and p-adic distributions. These chapters are
based first of all on the books by Vladimirov, Vololvich, Zelenov [24 1], Taible-
son [230], and Katok [112], as well as on those by Koblitz [152], Gouvéa [98],
Robert [204], and Schikhof [214]. The next nine chapters are more advanced
and are based on the authors’ original results (see References). These chap-
ters represent new developments in p-adic harmonic analysis, in the p-adic
theory of generalized functions, in the p-adic theory of wavelets, and in p-
adic pseudo-differential operators and equations. In each chapter we compare
p-adic results with the corresponding results in the real case.

In Chapter 6, we develop the theory of p-adic associated homogeneous dis-
tributions and quasi associated homogeneous distributions. The results of this
chapter are closely connected with the theory of real quasi associated homoge-
neous distributions, which is presented in Appendix A and gives the solution of
an important problem. In Chapter 7, we introduce the p-adic Lizorkin spaces
of test functions and distributions and study their properties. These spaces are
invariant under pseudo-differential operators (in particular, fractional opera-
tors), and, consequently, they provide “natural” domains of definition for them
(see Chapters 9, 10). We would like to recall that in the real case this type of
space was introduced by P. I. Lizorkin [180]-[182]. In the real setting such
spaces play a key role in some problems related to fractional operators and
are used in applications [210], [211], [206]. In Chapter 8, we develop a p-
adic wavelet theory, as well as a p-adic multiresolution analysis and construct
wavelet bases. The wavelet theory plays a key role in applications of p-adic
analysis and gives a new powerful technique for solving p-adic problems (see
Chapters 9—11). In Chapter 9 one class of multidimensional pseudo-differential
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operators is studied. This class includes fractional operators. In this chapter
the spectral theory of pseudo-differential operators is developed. We derive
a criterion for multidimensional p-adic pseudo-differential operators to have
multidimensional wavelets (constructed in Chapter 8) and characteristic func-
tions of balls as eigenfunctions. In particular, the multidimensional wavelets
are eigenfunctions of the Taibleson fractional operator. In Chapter 10, linear
and nonlinear p-adic evolutionary pseudo-differential equations are studied.
To solve the Cauchy problems we develop the “variable separation method”
which is an analog of the classical Fourier method. This method is based on the
fact that the wavelets constructed in Chapter 8 are eigenfunctions of pseudo-
differential operators constructed in Chapter 9. In Chapter 11 we continue
the investigation of p-adic Schrodinger-type operators with point interactions
started by A. N. Kochubei [156], and study D® 4 Vy, where D* (« > 0) is
the operator of fractional differentiation (which was studied in Chapter 9)
and Vy is a singular potential containing the Dirac delta functions. In Chap-
ter 12, we extend the notion of regular variation introduced by J. Karamata
to the p-adic case and prove multidimensional Tauberian type theorems for
distributions. In Chapter 13, we study the asymptotic behavior of p-adic sin-
gular Fourier integrals. All constructed asymptotic formulas have the stabi-
lization property (in contrast to the asymptotic formulas in the real setting).
Theorems which give asymptotic expansions of singular Fourier integrals are
related with the Abelian type theorems which were proved in Chapter 12.
In Chapter 14, we develop the nonlinear theory of distributions (generalized
functions). We construct the algebraic technique which allows us to solve both
linear and nonlinear singular problems of the p-adic analysis related with the
theory of distributions. Notwithstanding the fact that the real case problems
related with the multiplication of distributions were studied in many books and
papers (see [57], [66], [68], [86], [97], [108], [176]-[179], [194]-[197], [218]-
[222]), p-adic analogs of above mentioned problems have not been studied
so far.

In our opinion, our book could serve as a basic course on p-adics and its
applications, as well as for graduate courses such as: “the theory of p-adic
ka e ” [

distributions”, “p-adic harmonic analysis”, “the theory of p-adic wavelets”,
“the theory of p-adic pseudo-differential operators”.

This research was supported in part by the grant of Vaxjo University: “Math-
ematical Modelling”. The first and the third authors (S. A. and V. S.) were also
supported in part by DFG Project 436 RUS 113/809 and DFG Project 436 RUS
113/951. The third author (V. S.) was also supported in part by Grants 05-01-
04002-NNIOa and 09-01-00162 of Russian Foundation for Basic Research.
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p-adic numbers

1.1. Introduction

In this chapter some basic facts on the field of p-adic numbers QQ,, are presented.
Here we follow some sections from the books [47], [96], [98], [152], [241],
and especially from the textbook [112]. Section 1.9.3 follows [254] and [241,
1.6.]. Section 1.9.4 is based on [163] and [162, 2.4.].

1.2. Archimedean and non-Archimedean normed fields

Denote by N, Q, Z, R, R, C the sets of positive integers, rational num-
bers, integers, real numbers, nonnegative real numbers and complex numbers,
respectively, and set No = 0 U N.

Definition 1.1. Let X be a nonempty set. A distance or metric on X is a map
d : X x X — R, such that for all x, y, z € X we have

Ddx,y) =0 x =y

(2) d(x, y) =d(y, x);

B)dx,y) <d(x,z)+d(z,y) (triangle inequality).

A set together with a metric is called a metric space.

A metric d is called non-Archimedean (or ultra-metric) if it satisfies the
additional condition

(3) d(x, y) < max(d(x, z),d(z,y)) (strong triangle inequality).

The corresponding metric space is called an ultrametric space.

Since max(d(x, z), d(z, y)) does not exceed the sum d(x, z) + d(z, ¥), con-
dition (3'), the strong triangle inequality, implies condition (3), the triangle
inequality.

The same set X can give rise to many different metric spaces (X, d).
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Definition 1.2. (i) Let X be a metric space with respect to metric d. A sequence
{x, : x, € X}iscalled a Cauchy sequence if for any ¢ > 0 there exists a number
N(e) such that d(x,,, x,) < € forallm,n > N(¢g),i.e.,

lim d(x,,x,) =0.
m,n— o0
(i) If any Cauchy sequence {x,} in the metric space X has a limit in X, then
X is called a complete metric space.
(iii) A subset M C X is called dense in X if every open ball U (a) = {x €
X :d(x,a) < r} around every element a € X contains an element of M, i.e.,
for every a € X and every r > 0 we have U (a) N M # 0.

If X is not a complete metric space, it can be completed by using an explicit
construction of the completion. The proof of this important theorem can be
found in many textbooks on functional analysis. This proof consists of an
explicit construction of the completion X and the metric d on it.

In Section 1.4, we will give the complete proof of this theorem in the
particular case of metric spaces called normed fields.

Definition 1.3. We say that two metrics d; and d, on a metric space X are
equivalent if a Cauchy sequence with respect to d is also a Cauchy sequence
with respect to d,, and vice versa.

The sets X we will be dealing with will mostly be fields. Recall that a field
F is a set together with two operations + and - such that F is a commutative
group under + and F* = F \ {0} is a commutative group under -, and the
distributive law holds. F'* is called the multiplicative group of the field.

Denote by Z(F') the ring generated in F' by its unity element. If F has zero
characteristic, Char F = 0, i.e., foranyn = 1,2, ...

n-l=1+---4+1€F, n-1+£0,
———

n times

then Z(F) is isomorphic to the ring of integers Z. Therefore in this case we
can consider Z as a subring of the field F'. We shall denote the element n - 1 by
the same symbol n as the corresponding natural number. In what follows we
consider only normed rings F' which have zero characteristic.

Definition 1.4. Let F be a field. A normon F isamap || - || : F — R such
that for all x, y € F we have
M lx=0xx=0;
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@) llxyll = llxl Iyl

) lx +yll < llxll + Iyl (triangle inequality).

Anorm || - || is called non-Archimedean if it satisfies the additional condition
3 llx + yll < max(||x]|l, |yll) (strong triangle inequality).

The norm || - || is called #rivial if ||0]] = 0 and ||x|| = 1 for all x #£ 0.

Using a norm || - ||, one can introduce a metric d(x, y) = ||x — y|| which
is induced by this norm. In this case we can regard the field F as a metric
space. It is easy to see that a metric induced by a non-Archimedean norm is
also non-Archimedean.

Definition 1.5. We say that two norms ||x||; and ||x||, on a normed field F are
equivalent (]|x||; ~ |lx||2) if they induce equivalent metrics.

Theorem 1.2.1. ([47, Ch. ,3.], [98, 3.1.]) Let ||x]|l; ~ |lx]l>.

() If |x |11 is trivial then ||x||3 is also trivial.

(i) llxlh < Lifand only if x|l < 1; llxllh > 1 if and only if ||lx|l2 > 1;
llxlli = 1if and only if || x> = 1.

Theorem 1.2.2. Let ||x||; and ||x||2 be two norms on a field F. Then | x| ~
llx |2 if and only if there exists a positive real o such that

lxll2 = llxlI{f, VYxeF. (1.2.1)

Proof. Let ||x|l1 ~ |lx|l2. If ||x||; is trivial, then, according to Theorem 1.2.1,
lx]|2 is also trivial. Consequently, (1.2.1) is satisfied for any «.

Suppose that ||x||; is non-trivial. In this case there exists an element a € F
such that ||a||; # 1. If necessary, one can replace a by a~!, and consequently,
one can assume that ||a||; < 1. Let us define

_ loglallz
log flall

According to Theorem 1.2.1, |la|l; < 1 implies [la]lz < 1. Thus & > 0.
Now we will show that « satisfies (1.2.1). Choosing x € F such that ||x||; <
1, we consider the set

m
S={r=—:mneN |xlf < lal). (1.2.2)

m

For any r € § we have |x||f" < [lall}, i.e., [|-x"[li < 1. In view of Theo-
rem 1.2.1, we conclude that ||X7mx”||2 < Lie, Ix]I5 < llall5 and [|x]]5 < llall.

! In general, instead of this axiom the following one is used: ||xy| < ||x]| |ly]l. But in this book
to define a norm on the field we will use axiom (2).
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Using the same arguments, one can see that
m r
S={r= - cm,n eN, x5 < llall2}. (1.2.3)

The conditions (1.2.2) and (1.2.3) can be rewritten as

log lallx _ loglal>

e r> == (1.2.4)
log [|x |y log [lx|l2
The inequalities (1.2.4) imply that

log|lalfl; _ loglall>
logllxfli  log|lxll2

Otherwise there would be a rational r between these two numbers and only one
of the conditions in (1.2.4) would be satisfied. Consequently,

log|lxll> _ logllalla _
log [x[l;  loglall:

i.e., (1.2.1) holds.
The cases ||x||; > | and ||x||; = 1 follow from Theorem 1.2.1. O

Proposition 1.2.3. The norm || x| = |x|% «a > 0, is a norm on Q if and only if
o < 1. In this case it is equivalent to the norm |x|.

Proof. Let o < 1. It is clear that the first two properties of the norm from
Definition 1.4 hold. Let us examine the third property (the triangle inequality).
Suppose that |y| < |x|. Then

o o2 o |y| o
x4 y1* < (Ixl + Iy)" = Ix] 1+m

< (14 D) < (14 20 < e
|x| |x[*

If « > 1, the triangle inequality does not hold. For example, |1 + 1|* =

2 > |1|* + |1|* = 2. O

Now we give a criterion for a norm to be non-Archimedean.

Theorem 1.2.4. The norm || - || is non-Archimedean if and only if ||n| < 1 for
anyn € 7.

Proof. We prove this proposition by induction. Let the norm | - || be non-
Archimedean. It is clear that ||1]] = 1 < 1. Let us assume that [|k] =1 <1
forall k =1,2,...,k — 1. Next, it follows from our assumption that ||n| =
11+ (n — D <max(||1], ||(m — 1)|]|) = 1. Thus, according to the induction
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axiom, we have ||n|| < 1 forany n € N. Since | — n|| = ||n||, we conclude that
n|] <1foranyn € Z.
Conversely, assume that ||n|| < 1 for any n € Z. Since the binomial coeffi-

. k ! . k
cients C;; = m, k < n, are integers, we have || C; || < 1. Thus
n n
ko k. n—k k k —k
41" = e = | o bty < ettt
k=0 k=0

S Iyt < e+ D(max(lx ]l 1y 1))"

k=0

IA

Hence, for every integer n we have |x + y|| < ~/n 4+ 1 max(||x]|, ||y]|). Letting
n go to oo, we obtain ||x + y|| < max(||x]|, [|y]), i.e., the norm | - || is non-
Archimedean. O

Corollary 1.2.5. The norm || - || is non-Archimedean if and only if sup{||n|| :
nezl=1.

By Theorem 1.2.4 one can observe the difference between non-Archimedean
and Archimedean norms. According to this theorem, a norm | -| is
Archimedean if and only if it satisfies the Archimedean property (axiom):
forany x,y € F, x # 0, there exists n € N such that ||nx| > |y|.

Indeed, if ||y|| > |lx||, then the Archimedean property implies the exis-
tence of n € N such that |n|| > ||y||/llx]| > 1, i.e., the norm is Archimedean.
Conversely, if a norm || - | is Archimedean, there exists n € N such that
ln|l > 1. Hence, ||n|¥ — oo, as k — oo. Consequently, for any x,y € F,
x # 0, there exists k such that ||n%|| > ||y||/|lx|l. Thus the Archimedean prop-
erty ||nfx|| > ||yl holds.

If the norm is non-Archimedean, for any n € Z we have ||nx| < ||x|.

The non-Archimedean property of a norm has some strange consequences.

Proposition 1.2.6. If a field F is non-Archimedean, then for x,y € F

Il # Iyl == llx + yll = max (IxIl, Iyl)-

Thus, any triangle in an ultra-metric space is isosceles and the length of its
base does not exceed the lengths of the sides.

Proof. Exchanging x and y if necessary, we may suppose that ||x|| > ||y||. By
the strong triangle inequality (3’) in Definition 1.4,

x4+ ylI < max({lxl, lyl) = [lx]|.
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On the other hand,

lxll = li(x +y) = yll < max(llx + yll, [lyID-

Since ||x|| > ||y|l, we must have ||x|| < ||x + y||. Consequently, ||x] = ||x +
vl O

Thus for a non-Archimedean field ||x £ y|| < max(||x]||, ||y|]), and in the
case where || x| # ||y, the above inequality becomes an equality.

Proposition 1.2.7. If the field F is non-Archimedean, then any point of an
openballU = (a) = {x € F : |x —all <r}isitscenter, i.e., ifb € U~ (a), then
U7 (b) = U7 (a). The same statement is true for a closed ball U,(a) = {x €
F:lx—al| <r}

Proof.

xeU (@@= |x—all<r=|lx—->bl=|(x—-a)+@—Db)|
< max(||x —all, la—=»>bl) <r = x € U (D).

The reverse implication is proved in the same way.
Replacing < with <, we prove the statement for a closed ball U,(a). O

1.3. Metrics and norms on the field of rational numbers

1.3.1. p-adic norm

We know that there exists a norm of the field Q: the ordinary absolute value
| - |. This norm induces the ordinary Euclidean metric d(x, y) = |x — y|. The
question arises: are there any other norms on Q? It turns out that there are other
norms. Below we describe all such norms.

Definition 1.6. Let p be a prime number. We define the p-adic order ord,(x)
of a rational number x € Q by the following definition:

(1) If x € Z, then ord,(x) is equal to the highest power of p which divides
X.

(ii) If x = a/b, where a, b € Z, then ord,(x) = ord,(a) — ord,(b). The p-

adic order of x € Q is also called the p-adic additive valuation and denoted as
vp(x).

(iii) We set ord,(0) = +o0.

The reason to set ord,(0) = +o0 is that we can divide 0 by p" for each
neN.
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It is clear that for all x, y € Q:

ord,(xy) = ord,(x) + ord,(y),
(1.3.1)
ord,(x + y) > min (ord,(x), ord,(y)).
Now we define amap | - |, : Q — R, as follows:
—ord,(x) :
| po, it x #£0,
¥l = {0, if x=0. (1.32)

We point out that the definition |0], = 0 follows from Definition 1.6 (iii).
It is clear that the function |- [, can take only a discrete set of values

{p" 1y €Z}.
Note that if x, y € N, then x = b (mod p") if and only if [x — y]|, < p™".
By the notation x = b (mod z) we mean that z divides x — y.

Theorem 1.3.1. The map |- |, is an non-Archimedean norm on the field of
rational numbers Q, i.e., it satisfies the axioms (1), (2), (3) from Definition 1.4.

Proof. 1t is clear that axiom (1) holds. Because ord, (xy) = ord, x +ord, y,
axiom (2) also holds.

Let us verify axiom (3'). f x =0 or y =0, or x + y = 0, property (3') is
trivial, so we assume that x, y, x 4+ y are nonzero. Let x = a/b, y = c/d be
written in lowest terms. Then we have x + y = (ad + bc)/bd and

ord,(x +y) = ord,(ad + bc) + ord,(bd)
min (ord,,(ad), ord,,(bc)) —ord,(b) — ord,(d)
min (ord,(a) + ord,(d), ord,(b) + ord,(c)) — ord,(b)
—ord,(d)
= min (ord,(a) — ord,(b), ord,(c) — ord,(d))
= min (ordp(x), Ordp(y)).

v

Consequently,

—ord,(x)

—ord, (1))

b + yl, = p~ Y < max (p p

max (|1, [y1p) < Ixl, + [¥1p-

O

Remark 1.1. If in definition (1.3.2) instead of a prime number p we use an
arbitrary integer number m > 1, then axiom (2) from Definition 1.4 may fail.
For example, let m = 4. Then |2|4 = 1, but |2 - 2|4 = % # 2|4 12]4 = 1.
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Remark 1.2. According to Proposition 1.2.6, if |x], # |y|, then

lx + Y|p = max (|x|pa |y|p)-

For p = 2, if |x|, = |y|» then

1
|)C + y|2 =< §|~x|p~
The latter inequality follows from definition (1.3.2).

It is clear that |p"|, — 0 as n — o0, so that high powers of p are small
with respect to the p-adic norm (1.3.2).
In view of Theorem 1.2.4, for any n € Z we have |nx|, < |x|,.

Remark 1.3. The norms |- |, and |- |,, are not equivalent if p; and p, are
different primes. Indeed, for the sequence x, = (p1/p2)" we have |x,|, — 0,
but |x,|, — 00,asn — oo.

Thus we observe that the field Q admits the p-adic norms | - |, for each
prime p, as well the ordinary norm (ordinary absolute value) |- |. The last
norm sometimes is denoted by |- |5 for p = 0o, and p = 0o sometimes is
called the infinite prime.

1.3.2. The Ostrovski theorem

Now we prove that there are no other norms on Q except for | - |, and | - |.

Theorem 1.3.2. (Ostrovski’s theorem) Any non-trivial norm || - || on the field
Q is equivalent either to the real norm | - | or to one of the p-adic norms | - |,.

Proof. 1. Suppose that || - || is Archimedean, i.e., there exists n € N such that
[ln]] > 1. Let no be the least such n. Of course we can find some positive real
number « so that ||ng]| = ng.

Let us write any positive integer n in base ny, i.e., in the form

n=ap+ang+---+amny, (1.3.3)
where 0 <a; <np—1,i =0,1,...,s,a; # 0. Then
7l < llaoll + llainoll + - - - + llagngll = llaoll + llaillng + - - - + llasllng”.

Since we chose ng to be the smallest integer whose norm was greater than 1,
we know that ||a;|| < 1. Hence

Inll <1+nf+-+n) =n{(14+ny" 4+ +n,*)

00 ne
sa —ia __ s« 0
=< ny E ng —nona_l.
i=0 0
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Since n > ny, the latter inequality implies

Inll < Cng* < Cn®,

where C = 7 N
in the above mequahty instead of n, we have
In¥ | < Cn™* < |n|| < ¥/Cn®.
Letting N — oo for n fixed, we obtain
[n]l < n®. (1.3.4)

Now we prove the opposite inequality. It follows from (1.3.3) thatnj < n <

nf,“ and, consequently,

ny ™ = gt = n + nft —nll < Inll + In§™ = nl.
Thus
Inll = n™ ) = Ing™ — nll = 2§ ™0 — (gt — nye,
because accordmg to (1.3.4), we have ||n“rl —n|| < (n“rl n)*. Now since

ny <n < ny, it follows that

3 . 1\«
Inll = nS T — @3t —n)* = nff’“”"‘(l — (1 _ _) >

no
1
— Clngs+ )% > C,I’la,

and once again C' =1 — (1 - %) does not depend on n and is positive. As

before, we now use the latter inequality for n™, take the Nth root, and let
N — o0, obtaining

In|l > n. (1.3.5)

From (1.3.4) and (1.3.5), we deduce that ||n|| = n* for all n € N. Using
property (2) of the norm, one can see that || x|| = |x|* for all x € Q. In view of
Theorem 1.2.2, we can conclude that such a norm is equivalent to the ordinary
absolute value | - | = | - |0o-

2. Now suppose that || - || is non-Archimedean. Then according to The-
orem 1.2.4, we have |n|| <1 for every n € N. Since | - | is non-trivial,
there exists a smallest ng € N such that ||ng|| < 1. First, we observe that n
must be a prime number. Indeed, if ny = nn,, where n; and n, are smaller
than ng, then by our choice for ny we would have ||n;|| = ||nz]| = 1, and so
Inoll = liny|lllnz2|l = 1. Thus ng is a prime number. Denote this prime number

by p.
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Next, we will prove that if n € Z is not divisible by p, then ||n| = 1. If we
divide n by p we will have a remainder, so that we can write n = rp + s, where
0 < s < p. By the minimality of p, ||s|| = 1. We also have ||rp|| < 1, because
Ipll < I'and ||r|| <1 (since r is an integer). Consequently,

ln—sll = lrpll < llsll =1,

and by Proposition 1.2.6, ||n|| = ||s|| = 1. Finally, given n € Z, one can write
n = p’n’, where p does not divide n’. Hence

Inll = lp*n'Il = llpll",
where p = || p|| < 1. Then p = (1/p)* for some positive real «. Therefore

Inll = (1/p) = lInll5.

Now, using property (2) of the norm, it is easy to see that the same formula holds
for any nonzero rational number x in place of n. In view of Theorem 1.2.2, we
have |- | =1 [,.

Thus the theorem is proved. U

Proposition 1.3.3. For any x € Q* = Q \ {0} the following relation holds:

[T =1

2<p=o0

Proof. Expanding a rational number x by prime factors x = ep{"' p3> - - - p%,

where € = £1, p; are different prime numbers, «; € Z, and using definition
(1.3.2) of p-adic norm and the ordinary absolute value, we obtain

J o

Ixlp, =p;" =1 p#p; |l =p;epSe p.

These facts imply our statement. O

The formula from Proposition 1.3.3 establishes the relation between all
non-trivial norms of Q .

1.4. Construction of the completion of a normed field

Starting from an arbitrary normed field (F, || - ||) not necessary complete with
respect to its norm || - ||, we construct the field F' containing F, and supply
it with a norm (induced by the norm || - || of F) in such a way that the field

2 Formulas of this type are called “adelic products”. For details on adelic formulas, see for
example [233]—[235], [244].
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F will be a complete normed field. Below we give the proof of this statement
from [112, 1.3].

1. In the completion procedure the main role will be played by the Cauchy
sequences (see Definition 1.2 (i)). Let us denote by {F'} the collection of all
Cauchy sequences in (F, || - ||). It is easy to see that if {a,}, {b,} are Cauchy
sequences then {a, = b,}, {a,b,} are also Cauchy sequences, i.e., Cauchy
sequences can be added, subtracted and multiplied (see the well-known standard
results in analysis). Consequently, {F} constitutes a commutative ring with
identity elements under addition and multiplicationa =1{0,0,0,...} and 1 =
{1,1,1, ...}, respectively. Since for every a € F the constant sequence

a=1{a,a,a,...)

belongs to { F'}, the set { F'} contains a subring isomorphic to F.

2. Let us introduce the set P of all infinitesimal sequences from {F}, i.e.,
all Cauchy sequences {a,} such that lim,_,, ||@, - || = 0. According to the
well-known standard results in analysis, if {a,}, {b,} € P then {a, £ b,} € P.
Next, if {a,} is a Cauchy sequence then it is a bounded sequence: according to
Definition 1.2 (i), [la, - || < llane)+1 - | + (¢) for alln > N(e). Thus, if {a,} €
P and {b,} € F (and consequently it is bounded) then {a, - b,} € P.Therefore,
P is an ideal in {F}, i.e., a subring in {F'} such that for all p € P and a € {F'}
we have ap € P.

Let
FY (ryp.
Elements of F are equivalence classes of Cauchy sequences in (F, || - ||). Here

two Cauchy sequences are equivalent if their difference is an infinitesimal
sequence, i.e., this difference belongs to P. We stress that for different a € F
constant sequences @ = {a, a, a, ...} belong to different equivalence classes
in F. We shall denote by A = ({a,}) the equivalence classes of the Cauchy
sequences {a,}, so A = ({a,}) € F. We will identify a € F with (a) € F and
will thus consider F as a subset of F.

Theorem 1.4.1. The set F is a field.

Proof. We introduce on F the operations of addition and multiplication
in the following way: if {a,} € A, {by} € B, then A+ B Y ({a, + b,)),
AB = ({anby}). It is easy to see that these operations do not depend on the
choice of representatives in the equivalence classes and F constitutes a commu-
tative ring with identity elements (6) and (T) under addition and multiplication,
respectively.



12 p-adic numbers

Now we prove that F is a field. Let A be an equivalence class in F dif-
ferent from the zero class (6) = P, and let {a,} € A. Since {a,} € A is not an
infinitesimal sequence, it is easy to see that there exist a positive number ¢ and
a positive integer N such that

[|a,|l > ¢ Vn=>N.
Now we consider a new sequence {a;;}, where
i} 0, if 1<n<N-1,
n_{l/a,,, if n>N.
The sequence {a;} is a Cauchy sequence. Indeed, if m,n > N, then

1

an

”am _an” -2
=0 = ”am _an||~

1
0<lay—ail=|—-—| = <
n = e, Tl

Since {a,} is a Cauchy sequence, the latter inequality implies that {a;} is also a
Cauchy sequence. Let us denote the equivalence class of the Cauchy sequence
{a}} by A~!. Then
{an}{a;f} = {O’ "'705 17 1’ 17 "'}7
——
N-1

where the Cauchy sequence on the right differs from 1 by the infinitesimal
sequence

{-1,...,-1,0,0,0,...}.
—— ——
N—-1
Thus AA! = (1). O
Now we extend the norm || - || from F to the field F in the following way.
If {a,} is any Cauchy sequence in A € F, we set
def ..
[Al'= lim [la,l|. (1.4.1)
n—00
This norm is well defined. Firstly, since |||la,|| — llan |l < la, — anmll, We

have that {||a,||} is a Cauchy sequence of real numbers with respect to the
absolute value. Due to the fact that R is complete, the limit || A || exists. Secondly,
this limit does not depend on the choice of the Cauchy sequence {a,} in A. Let
{a,} be a second Cauchy sequence in A. Then 0 < lim,_. |lla, || — lla,|l| <
lim,_ |la, — a,|| = 0. Thus lim,_, o [|a, || = lim,—.« la,||.

Proposition 1.4.2. The function (1.4.1) is a norm on F.
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Proof. Let us verify the first three properties from Definition 1.4.

(HIfA = (6), then {a,} is a null sequence, and, consequently, ||A| = 0. If
A # (6) and A = ({a,}), then there exist positive numbers ¢ and N such that
for all n > N we have ||a,|| > ¢ > 0. Hence ||A]|| > 0.

(2) Now let A = ({a,}), B = ({b,,}). Using the properties of real limits, we
obtain

IAB|| = lim |la,by|l = Lim [la,|/||bx
n— 00 n—oo

= lim |la,| lim ||b,[| = Al B]|.
n—o00 n—o00
(3) Similarly, we obtain ||A + B|| < ||A|| + || B]| O
Theorem 1.4.3. The field F is complete with respect to the norm | - ||, and F

is a dense subfield of F.

Proof. We first prove the second part. Let A € F, and let {a,,} be a Cauchy
sequence in F representing A. For each fixed positive integer n, we consider the
constant sequence a,. Then the sequence {a,, — a,}o,_, represents the element

A — (a,), and since {a,,} is a Cauchy sequence, we can write
lim ||[A — (@) = lim |a, —a,| =0. (1.4.2)
n—o0 n,m—o00

Thus F is dense in F.

Now we suppose that {A,} = {A, As, ...} is a Cauchy sequence in F. By
the density of F in F, for any A, there exists an element a,, € F such that

1
1A, — @)l < — (1.4.3)
n

Therefore {A, — (a,)} is a null sequence, and, consequently, it is a Cauchy
sequence in . We have

{(an)} = {An} - {An - (2711)}7

hence {(a,)} is a Cauchy sequence in F. Since all elements of {(@,)} belong to
F, {a,} itself is a Cauchy sequence in F'. Let us denote the equivalence class of
{a,} by A (in our notation, ({a,}) = A). It follows from (1.4.2) and (1.4.3) that
{A — (a,)} and {A,, — (a,)} are null sequences in F , and hence their difference

{A— A} =A—{@)) —{A, — @)}
is a null sequence in F. This implies that
lim ”A - An” =0,
n—o0
ie., A=1lim,,« A,. O

Using standard results in analysis, one can prove the following statement.
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Proposition 1.4.4. The operations on F are extended from F by continuity,
ie., if
A= 1lim@,), B= lim®,),
n—00 n—00
then

A+B=1im (@ +b,), A-B=lim (a,-b).

n—0o0 n—o0

1.5. Construction of the field of p-adic numbers Q,

It is well known that the field of rational numbers Q is not complete with
respect to any of its non-trivial norms [98, Lemma 3.2.3.]. Here all non-trivial
norms are given by Ostrovski’s theorem 1.3.2. The field of real numbers R is
the completion of Q with respect to the real norm | - |. Now we introduce the
field Q, of p-adic numbers as the completion of the field Q with respect to the
p-adic norm | - |, of (1.3.2). Thus the space QQ,, is ultrametric. In view of the
Ostrovski theorem there are two “universes”: the real universe and the p-adic
one.

We construct QQ,, by the completion procedure of Section 1.4. The elements
of Q, are equivalence classes of Cauchy sequences in Q with respect to the
p-adic norm. According to Section 1.4, QQ can be identified with the subfield
of Q, consisting of equivalence classes of constant Cauchy sequences.

Let x € Qp, and let {x,} be a Cauchy sequence of rational numbers repre-
senting a. Then by definition (1.4.1)

def ..
x|, = nan;O|x"|P' (1.5.D)
If [x], # 0, then the sequence of norms {x,} stabilizes (in the sense of |x,|, =
|x|, for sufficiently large n). This fact is also a consequence of the strong
triangle inequality. Indeed, since |x, — x|, < |x|, for sufficiently large n,
according to the strong triangle inequality (see Theorem 1.3.1 and Definition 1.4
(3')), for sufficiently large n we have

|xn|p =[x, — x) +x|p = max(|x, _x|p: |x|p) = |x|p- (1.5.2)
Thus the p-adic absolute value is extended to @, and we have
{lxlp:x € Qp} ={lxlp: x €Q} ={p” : y € Z} U{0}.

In this sense the behavior of p-adic numbers is quite different from the behavior
of real numbers. When we extend QQ to R, the Euclidean absolute value takes
all nonnegative real values.
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According to Proposition 1.4.2, the norm | - [, on Q,,, which is defined by
(1.5.1), has the following properties. If x, y € Q,, then

M x], =0, |x[, =0&x=0;

2) [xylp = 1xlplylp;

(3) |x + ylp < max(|x|,, [y[p):

Moreover, if |x|, # |y|p, then

(3" Ix + yl, = max(|x]p, [y],)-

Thus the norm (1.5.1) on Q,, satisfies the strong triangle inequality (3), i.e.,
is non-Archimedean. For any n € N we have |nx|, < |x],.

Now we can extend the p-adic valuation (order) from Q to Q,: for any
x € Qp \ {0} we set

vp(x) = ord,(x) = —log, [x],, and v,(0)= ord,(0) = oco.

It is clear that properties (1.3.1) also hold if we replace Q by Q,,.

1.6. Canonical expansion of p-adic numbers

Let us consider the series

d—m d—m+1
pm pm—l

+otdo+dip+dopt -, (1.6.1)

where0 <d; < p—1,i > —m,d_,;i # 0. The partial sums S,, = Z?:_m dip'
of the series (1.6.1) form a Cauchy sequence with respect to the | - |, norm.
Indeed, for any & > 0 one can chose N(g) such that p~V® < ¢ and for k >

n > N(g) we have

k n k
Y ar - Y ar| =Y dr
‘ i=—m L - P

I=—m

< max |dip'| <pN®
n+1<i<k P

< €.

Thus, any series (1.6.1) represents an element of the field Q,,.

Conversely, any equivalence class of Cauchy sequences in Q (which defines
an element of (Q,) contains a unique canonical representative Cauchy sequence,
which is the sequence of partial sums of a series of the form (1.6.1). To construct
this canonical representative, we need the following lemma.

Lemma 1.6.1. Let x € Q and |x|, < 1. Then for any positive integer i there
exists an integer o € Z such that |a — x|, < p~. Moreover; the integer o can
be chosen in the set {0, 1,2, ..., pi — 1} and it is unique if it is chosen in this
range.



16 p-adic numbers

Proof. Let x = a/b be an irreducible fraction. Since |x|, < 1, it follows that
p does not divide b and, consequently, b and p’ are relatively prime. Thus one
can find two integers m and n such that mb + np’ = 1. Let @ = am. Then

o — x|, = lam —a/b|, = la/b|, |mb — 1|,

IA

lmb — 1|, = Inp'|, = Inl, p~" < p~'.

Finally, according to the strong triangle inequality, one can add a multiple of
p' to the integer « to get an integer &’ such that &’ — x|, < p~', where ' is
between 0 and p’. Thus the lemma is proved. 0

Theorem 1.6.2. Every equivalent class a € Q,, satisfying |a|, < 1 has exactly
one representative Cauchy sequence {a;} such that

Da;eZ, O0<a <p fori=12,...;

(2)a; = aj4 (mod p*) fori =1,2,....

Proof. Let {b;} be the Cauchy sequence representing a. We shall construct an
equivalent Cauchy sequence {q;} satisfying (1) and (2).

For every j = 1, 2, ... we denote by N(j) a non-negative integer such that
|b; — bir], < p~/,foralli, i’ > N(j).Letusnote that we may take the sequence
N(j) to be strictly increasing with respect to j, so N(j) > j. Since |b;|, —
lal, <1, as i — oo, truncating several initial terms if necessary, we may
assume that |b;|, < 1 for all i.

According to Lemma 1.6.1, one can find integers a; such that 0 < a; < p’
and

laj —bnpl, = P77

Letus show thata; = a;; (mod p/)and (a i) ~ (bj). According to the follow-
ing inequality
aj1 — ajl

» = @1 = bygan) + v = b)) + (aj = by,

IA

max(|aj1 = bygan| . [ovG+n — byl - a; — bagpl )

IA

max(p=i~', p~/, p~) = p~I
the first assertion holds. To prove the second assertion, let us take any j. Then
fori > N(j) we have

|ai = bi], = |(@i —a; + (a; — bn)) = (bi — bney)|,
< max(|a,~ — aj}p, Iaj = bnj) P’ bi — bN(j)|p)
<max(p~/,p~,pl)=p.

Hence, as i — oo, we have |a; — b;|, — 0.
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Now we prove the uniqueness. Let {a;} be a different sequence satisfying the
requirements of the theorem such thata; # a;, for some io. In this case we have
a; # aj, (mod p'), since both a; and a;, are between 0 and p'. Consequently,
according to the condition (2), for i > iy

a; = a;, # aj, = aj (mod p"),
i.e., a; # a/ (mod p™). Consequently,
lai —ajl, = p™,  Vizxi,
and (a;) 7 (@;). O

If a € Q, and |a|, < 1, then from Theorem 1.6.2, one can write all the
terms a; of the representative sequence {a;} in the form

aj=dy+dip+dop*+-- +di_p",

whered; € {0,1,..., p — 1}forall 0 < k < i. Condition (2) of Theorem 1.6.2
means that

aiv1 =do+dip+dop*+---+dioip T +dip',

where the p-adic digits dy, d;, ..., d;—; are the same as for a;. Thus a is
represented as the convergent series

oo
a= depk.
k=0

If a € Qp and |a|, > 1, then we can multiply a by a power p™ = |a|,. Thus
the p-adic number a’ = ap™ satisfies |a’|, = 1, and, according to the above
reasoning,

o0
a= Z dip*,
k=—m
whered; € 0,1, ..., p — 1forallk < —m, d_,, # 0, and the series converges.
Thus, any p-adic number x € Q,, x # 0, can be uniquely represented in the
following canonical form

o0 o0
x:depkszijpj, (1.6.2)

k=y =0
wherey =y(x) e Z,x; =djqy, x; =0,1,...,p—1,x#0,j=0,1,....
Since |p¥x;p’|, = p7V/,j=0,1,2,..., the series (1.6.2) converges in the

p-adic norm | - | ,. The above series can be treated as a number written in base
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p which extends infinitely far to the left or has infinitely many p-adic digits
before the point and finitely many after:

)C:...dk...dzdldo.d_ld_z...dy. (163)

By definition (1.5.1), the norm |x|, is a limit of the sequence of p-adic
norms |S,|, of the partial sums S, = p” Z;zo xjpj of the series (1.6.2). Since
[Splp = p~7, we have |x|, = p77.

The order defined for rational numbers by Definition 1.6 can be extended
to all p-adic numbers as: if x € Q, then ord(x) = —y for x € Q, \ {0} and
ord(0) = —oo.

Example 1.6.1. For every prime p we have the following expansion of —1,
~l=(p-D+@E-Dp+@-Dp’+---,

since l +(p—D+(p—Dp+(p—Dp*+---=0.

Example 1.6.2. In Q,, the rational number 1/3 has the expansion
1/3=1+41-240-2241-2240-2*+....

By means of representation (1.6.2), the fractional part {x}, of a p-adic
number x € Q,, is defined as the following

def 0, if yx)=0 or x=0,
{x}, = i1 . (1.6.4)
p)/ Zr:O 'xrprv if V(x) <0.
It is easy to prove that if y(x) < O then
pr < {x}p <1l-p"

The integer part [x], of a p-adic number x € O, is defined as

def

x, if yx)=0 or x=0,
[x]p =

pY Zroim x.p-, if yx)<O.

A sum z = x 4+ y of two p-adic numbers in the canonical form (1.6.2)

o0 o0
x=Y ap,  y=) bp
k=a k=B

is represented in the canonical form

o0

7= chpk, y = min(x, B),

k=y



1.7. The ring of p-adic integers Z, 19

where ¢y, is defined by the relation
n n n
Y ap +Y byt =Y apt (modp™h), Vnzy.
k=« k=8 k=y

The field Q, is a commutative and associative group with respect to addition.
The set Q; = Q) \ {0} is the multiplicative group of the field Q.

The field Q,, is a completion of the rational numbers Q and contains Q as a
dense subset. The following statement gives a description of rational numbers
as p-adic numbers.

Proposition 1.6.3. ([112, 1.6.]) The canonical expansion (1.6.3) of a p-adic
number represents a rational number if and only if it is eventually periodic to
the left.

1.7. The ring of p-adic integers 7,

The p-adicnumbers Z, = {x € Q, : x|, < 1} (i.e.,suchthatin (1.6.2) y(x) >
0 or {x}, = 0) are called p-adic integers. In view of (1.6.2), Z, consists of
p-adic numbers

o0
x = xph (1.7.1)
k=0

Proposition 1.7.1. Z,, is a subring of the ring Q,,.

Proof. Let x,y € Z,. Then |x + y|, <max(|x|,,|y|,) <1 and |xy|, =
lx|,lyl, <1, 1ie., x+y,xy € Z,. Further |1|, =1, that is 1 € Z,. For the
additive inverse —x we have | — x|, =|—1],|x]|, <1, ie., —x € Z,. The
proposition is thus proved. O

Example 1.6.1 implies that 1 — p is invertible in Z, for multiplication with
the inverse given by Y p, p*. Since

oo
Py xpt=xop+xipt 4 #F14+0p+0p 4,
k=0
the prime p is not invertible in Z, for multiplication, % & L.

Proposition 1.7.2. ([112, 1.5.], [204, 1.5.]) A p-adic integer x € Z, has a
multiplicative invertible element in Z, if and only if in (1.7.1) xo # 0.
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Thus the group of invertible elements in Z,, constitutes the set

oo
Z, :{er,,:lxl,,:l}:{xeZ,,:x:Zxkpk, xo;«éO}.
k=0

It is a multiplicative group of the ring Z,. For all x € Z we have |x|, = 1.
Integers x € Z, such that |x|, = 1 are called units in Q,,.

Recall that an ideal I of the ring R is called maximal if it is not strictly
contained in any other proper ideal of the ring. A principal right (left) ideal 1
of the ring R is the ideal such that I = rR (I = Rr) for some r € R.

The ring of integers x € Z, such that |x|, < 1 (i.e., such that in (1.7.1)
xo =0or |x|, < 1/p) forms a unique maximal ideal of the ring Z,; this ideal
has the form pZ, = Z, \ Z,;. The residue field Z.,, / pZ, consists of p elements.

Proposition 1.7.3. ([112, 1.8.], [204, 1.6.]) The ring Z, is a principal ideal
domain. More precisely, all its ideals are the principal ideals {0} and kap for
allk e N.

We have

ZpDI;ZP...DkapD...Dﬂkapz{O},
k>0

Any rational integer number is also a p-adic integer. Indeed, a rational
integer m > 0 can be represented as a finite sum: m =), _, my pk, my =
0,1,..., p— 1,k > 0. Taking into account Example 1.6.1, a négative rational
integer —m can be represented as

—m=(=Dm =7 (p—p’- Y mp".
j=0

k>0

The right-hand side of the above relation can be rewritten in the form (1.7.1).
The set of positive integers N = {1, 2, ...} is dense in Z,,. Indeed, let x =
Yoo xkpk € Z,. Forany n € N we set x(;) = Y _y_o X« p*. Then x(,, € N and
|x — xuylp < p7", and, consequently, our statement holds.
However, there are p-adic integers among rational fractions. Indeed, in view
of Example 1.6.1,

1 =
LY ez,
I-p k=0



1.8. Non-Archimedean topology of the field QQ,, 21

1.8. Non-Archimedean topology of the field Q,

It is possible to introduce in Q, the metric p,(x,y) =|x —y|,, X,y €
Qp. Then Q, becomes a complete metric space. Since the norm |- |, is
non-Archimedean, the corresponding metric p, satisfies the strong triangle
inequality:

lop(xv y)SmaX(pp(-xvz)a ,Op(Z, y))a X, y,ZGQp-

This kind of metric is called an ultrametric.

Since the p-adic norm has a discrete set of values {p? : y € Z} U {0}, we
need only consider balls of radiuses r = p”, where y € Z. Denote by B, (a) =
Uy (a) =1{x :|x —al, < p”} the closed ball of radius p” with the center at
apointa € Q,,by B, (a) = U, (a) = {x : |x —al, < p”} the corresponding
open ball, and by S, (a) = {x : |x —a|, = p”} the sphere of radius p” with
the center at a pointa € Q,,, y € Z. We set B,,(0) = B, and S,(0) = S,,.

Since Q, is an ultrametric space, B, (a) is an abelian group.

It is clear that S, (a) = {x : |[x —al|, = p"} = B,(a)\ B,_1(a), B,(a) C
B, (a)ify <y’, and

By y(@={x:lx—al, <p"),  By@= ]S,
y'<y

Us@=S@=0, [)B,@=1al.
Y Y y

Let us remark that By = Z, is the set of p-adic integers, Sy = Z; is the
group of invertible elements (multiplicative group) in Z,, and B_; = pZ, is a
unique maximal ideal of the ring Z,,.

Theorem 1.8.1. (1) Every point of the ball B, (a) is its center.

(2) The ball B,(a) and the sphere S, (a) are both open and closed sets in
Qp-

(3) Two balls in Q,, have nonempty intersection if and only if one is contained
in the other, i.e.,

B,(a)NB,(b)#¥ <= B,(a)C B,(b) or B,(b)C B,(a).
Thus two balls in Q, are either disjoint or one is contained in the other.

Proof. (1) This statement follows from Proposition 1.2.7.
(2) It is well known that in every metric space the ball B, () is closed. Now
we prove that B, (a) is open. According to the proof of Proposition 1.2.7, if
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b € B, (a) then B,(b) C B, (a) (it is much more than we need to prove that
B, (a) is open).

It is well known that in every metric space the sphere S, (a) is closed.
Now we prove that S, (a) is open. Let x € S, (a) and y’ < y. Let us prove
that By_,(x) C Sy(a). Indeed, if y € By_,(x) then [x —y|, < |x —al, = p’,
and according to property (3) of the p-adic norm (see Section 1.5), we have
ly —al, <l|x—al,=p", ie,y € S (a).

(3) If one ball is contained in the other, they have a nonempty intersec-
tion. To prove the converse, we assume that y <y’ and y € B, (a) N B,(b).
Then according to statement (1) of this theorem, B, (a) = B, (y) and B,(b) =
B,(y). Because B, (y) C B,/(y), we have the required inclusion. O

Sets which are open and closed at the same time are called clopen. We use
the word clopen as an abbreviation for closed and open.

It follows from statement (2) of Theorem 1.8.1 that the sphere S, (a) is not
a boundary of the open ball B; (a). Moreover, statement (2) of Theorem 1.8.1
implies that the ball B; (a) has no boundary. And, of course, the closed ball

By(a) = {x: |x —al, < p"}
={x:lx—a|, < prth = B . (a)
is not the closure of the open ball B, (a).
Proposition 1.8.2. The set of all balls in Q, is countable.

Proof. Let us write the center of the ball B,(a) as a =a + p~7§, where
a= Z,::y__yt ax p* is a rational number, & € Z »- Then

By(a) ={x:lx—al, =p’}={x:|p’x—-a)l, =1}
={x:pPx—a)+él, =l ={x:[p'(x —a)l, = 1} = B, (@).

Thus each ball can be characterized by a pair of numbers (@, y) where both
numbers belong to countable sets. Therefore the set of all pairs (&, y) is also
countable and so is the set of all balls in Q,,. O

Statement (3) of Theorem 1.8.1 and Proposition 1.8.2 imply the following
statement.

Proposition 1.8.3. Every open set in Q), is a union at most of a countable set
of disjoint balls.

Let us recall some well-known definitions.
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Definition 1.7. (a) A topological space X is called disconnected if it can be
represented as a union of two disjoint nonempty open subsets. Equivalently, it
can be represented as a union of two disjoint nonempty closed subsets.

(b) If (a) does not hold then X is called a connected topological space.

(c) A subset A of X is called connected if it is a connected space in the
induced topology.

(d) A topological space X is called totally disconnected if the only connected
subsets of X are the empty set and the points {a}, a € X. In other words, the
connected component of any point coincides with this point.

Theorem 1.8.4. The space Q,, is totally disconnected.

Proof. According to Theorem 1.8.1, for eacha € Q, and y € N the set

B_,(a)={xeQ,:|x—al,<p7")
=reQ:lx—al,<p "}y =B7,, (@)

is an open and closed neighborhood of the point a. Suppose that a € A so that
A # {a}. Then there is y € N such that B_, (a) N A # A. Thus,

A= (B_,(@NA)U (@, \ B_,(@) N A),

where both B_, (a) and its complement Q,, \ B_, (a) are open and non-empty
sets. This implies that A is not connected. O

Definition 1.8. (a) A topological space X (or a subset K of X) is called
compact if each of its open covers contains a finite subcover.

(b) If (a) does not hold then X (or K) is called non-compact.

(c) A topological space X is called locally compact if every point of X has
a compact neighborhood.

Theorem 1.8.5. ([241, 1.3.]) A set K C Q,, is compact in Q, if and only if it
is closed and bounded in Q.

Proof. The necessity of the condition is obvious. Let us prove the sufficiency.
Since Q,, is a complete metric space, it is sufficient to prove the countable
compactness of any bounded closed (infinite) set K. That is, we need to prove
that every infinite set M C K contains at least one limit point. Let x € M.
Since M is bounded, then x|, = p’V(x) < C,i.e., y(x)is bounded below.

We consider two cases. (1) If y(x) is not bounded above on M then there
exists asequence {x, € M,n — oo}suchthaty(x,) — coasn — oo. It means
that |x,|, = p77®) — 0 as n — co. Thus x, — 0 in Q, as n — oo, and,
consequently, 0 € K.
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(2) If y(x) is bounded above on M then there exists ), such that M contains
an infinite set of points of the form

pr(xo+x1p +x2p> +--4), xj=0,1,....,p—1, x0#0.

Since x takes only p — 1 values then there exists anintegerag € {1,2, ..., p —
1} such that M contains an infinite set of points of the form p*(ag + x1p +
xp? + - -+), where ay is fixed. If we continue this process, we obtain a sequence
{a; €1{0,1,2,...,p—1},a0#0:j =0,1,2,...}. The desired limit point
is p*(ag +aip+ap*+---) e K. O

Corollary 1.8.6. ([112,2.1.],[241, 1.3.])

(1) Every ball B, (a) and every sphere S, (a) is compact. In particular, the
set Z, is compact.

(2) The space Q,, is locally compact.

(3) In the space Q, the Heine—Borel lemma is valid: for every infinite
covering of a compact K it is possible to choose a finite covering of K.

Proposition 1.8.7. ([241, 1.3.]) Every compact in Q, can be covered by a finite
number of disjoint balls of a fixed radius.

Proposition 1.8.8. ([241, 1.3, Examples 1.]) A sphere S,, is represented by the
union of (p — 1)p? "'~ disjoint balls By(a), y' < vy:

S, =JBy@. v <y (1.8.1)

where
a=p7(a+aip+---+ ay,yr,lp”_y,_l), (1.8.2)
0<a; <p-—1,ag#0. In particular,
S, =Uh B, 1(p ) (1.83)
and
So = (Ixl, = 1} = U/} BLy(r),
where B_\(r)={xeZ,: xo=r}=r+plyr=1,...,p—1

Proof. Any pointx = p~¥(xo+x;p +---) € S, can be uniquely represented
in the form x = a + x’, where a is given by (1.8.2) and x" € B,. Therefore

S, = Jfa + B} UB(a)
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The number of balls B, (a) is (p — l)pl””"1 and in view of Theorem 1.8.1
(3) these balls are disjoint. O

We call the covering given by (1.8.1) and (1.8.2) the canonical covering of
the sphere S,,.

Proposition 1.8.9. The ball B, is represented by the union of pr~Y disjoint
balls B, (a), y' < y:

B, = B, | J| By (@), (1.8.4)

where a =0 and a =a_,p~" +a_,gqp Tt 4+ + a,yr,lp_}”_' are the

centers of the balls B,(a), 0<a; <p—1, j=-r,—r+1,..., —y' =1,
a, #0, r=y' + 1,y +2,...,y — 1, y. In particular, the ball By is rep-
resented by the union of p disjoint balls

By=B_, UU"_|B_(r), (1.8.5)
where B_i(r)={xe€Z,:xo=r}=r+pZ, r=1,...,p—1, B_=
{|x|p =< Pil} = pr-

Proof. The proof follows from Proposition 1.8.8 if we take into account that
¥
B,=8B,J U s
r=y’+1

where the sets B, and S,,r = '+ 1,y' +2, ..., y, are disjoint. The number
of balls is

4 o 1—pr
I+(p=1 Y P77 =1+(p-H———

— pJ/—V .
r=y’+1 1 -P

We call the covering (1.8.4) the canonical covering of the ball B, .

1.9. Q, in connection with R

1.9.1. Cantor-like sets

Now we introduce Cantor-like sets to use them later as a geometric model for
p-adic numbers.



26 p-adic numbers

Let us recall the Cantor set construction. Let us define

Co=1=1[0,1, C = [0, %] U[% 1],

1 2 1 2 7 8
c:=o.5]UL5 5]UL5 5 ]UL5: 1]+
g 9 U 9 3 U 3’9 U 9
Here each set C,, is the union of 2" closed intervals, each of length 37", and
Cyo D Cy D Cy D ---. By definition, the Cantor set is

o0
cZNe.
n=0

It contains all points in the interval / that are not deleted at any step in this
infinite process. Since each C, # @ is closed, C # { is a closed subset of the
unit interval.
The Cantor set C has measure zero in the sense that the sum of the lengths
of the removed intervals is equal to 1:
1 2 4 21

§+§+E+"'+ 3

The Hausdorff dimension of the Cantor set is equal to log 2/log 3.
Let us represent real numbers in the unit interval / = [0, 1] as infinite
fractions in base 3. Then the following statement holds.

4= 1,

Proposition 1.9.1. ([112, 2.2.]) The Cantor set C consists of all points of 1
which can be represented in base 3 by the digits 0 and 2.

Proof. Let us represent real numbers in / = [0, 1] as infinite fractions in base
3. Notice that all endpoints of the intervals constituting C,, have two expansions

in base 3, e.g.,
1

3
=0-3'4+2.324+...42.37F ... =0.0222...;

1-37' 4032 4...40-3% ...

2 —1 -2 -3 —k
5 =0:37"4+2:3740:37 4 403" 4.
=0-3'41-3242.33 4...42.3 ... =00122....

By choosing the representations of the endpoints which contain no 1’s, we see
that every point of the Cantor set C can be expressed by an expansion in base 3
containing only the digits 0 and 2, since the remaining points of C have a unique
representation in base 3, and by construction, this representation contains no
I’s.
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Conversely, every point of / = [0, 1] expressed by an expansion in base 3
containing only the digits O and 2 belongs to the intersection of the sets C,,.
Indeed, if the first digit is O, it belongs to [0, 0.0222...]; if the first digit is 2,
it belongs to [0.2, 0.222...]; the second digit determines whether it belongs
to the left (0) or right (2) interval of C», etc.

The above reasoning implies our statement. O

Proposition 1.9.2. ([112,2.2.])

(1) The Cantor set C is uncountable.

(2) The Cantor set C is perfect, i.e., it is closed and does not contain isolated
points.

Now we introduce the Cantor-like set C?), which is the set of all real
numbers in I = [0, 1] whose expansions in base 2p — 1 have only even digits.
CP can be obtained by a procedure similar to that of obtaining the Cantor
set C. In order to obtain C ip ), we divide I into 2p — 1 equal subintervals and
remove every second open interval. The set C ip ) consists of all points in [ that
can be written in base 2p — 1 as 0.ajazas . . . with a; even. Repeating the same
procedure with every subinterval of C (") we obtain a closed set C ép ) of points
with the first two digits a; and a, even, and so on. The intersection

o0
) def »
oLl ﬂcnp
n=0

is the Cantor-like set. This set is uncountable and perfect.

1.9.2. Z, and the Cantor-like sets

Now we consider the Cantor-like sets as a geometric model for p-adic integers.

Theorem 1.9.3. ([112, 2.2.]) The set of dyadic integers Z, with the dyadic
norm | - | is homeomorphic to the Cantor set C with the Euclidean absolute
value | - |. The homeomorphism can be realized by the map V) : Z, — C,
which is given as

2
Vo : Z 42" — Z 3ka+k1
k=0

Proof. Let us prove that 1) is a homeomorphism. First, we observe that due
to the uniqueness of the representation of elements in both Z; and C, ¥, is a
bijection.

If x1, x, € C such that |x; — x;| < 37", then x; and x; belong to the same
or adjacent interval in the partition of / into subintervals of length 37". But
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since closed intervals constituting C,, do not have common endpoints, x; and x,
belong to the same component I, C C,, and hence their first n digits coincide.

Conversely, if the first n digits of x, x5 € C coincide, they belong to the same
component 7, C C,. On the other hand, the first n digits of two 2-adic numbers
Y1, Y2 € Z; coincide if and only if |y; — y2]» < 27". Both 27" and 37" tend to
0 as n — oo, and we conclude that v, and 1//(5)1 are both continuous. O

Now we consider Z,. Repeating the proof of Theorem 1.9.3 almost word
for word, we obtain the following assertion.

Theorem 1.9.4. ([112,2.2.]) The map ¥, : Z, — C"P), which is given as

. - k = 2ay
1ﬁ(p) 'Zakp - Z(2p—1)k+1’
k=0 k=0

is a homeomorphism.

1.9.3. Q, and the Cantor-like sets

Following [241, 1.6.] and [254], we will construct a homeomorphism ¢ from
the set of p-adic numbers @, to some Cantor-like subset K = ¢(Q),) of real
numbers R. Let us introduce the map ¢ : Q, — R, by the formula

o0
¢(x) = Ixl, Y xp (1.9.1)
k=0
where x; =0, 1,..., p — 1, xg # 0, are determined by the canonical represen-

tation (1.6.2) of the p-adic number x.

We set the order in Q, as follows: x <y, if either |x|, < |y|,, or
when |x|, = |y|, and there exists an integer j > 0 such that xo = yo, x| =
Vi, ..., Xj_1 = Yj_1, Xj < yj. Itis clear that the transitive axiom is fulfilled:
ifx < yandy < zthenx < z. Thus Q, is a completely ordered set: 0 < x for

any x € Q.
Lemma 1.9.5. ¢(x) > ¢(y) if and only if x > y.
Proof. 1. Let x >y and |x|, > |yl, #0, i.e., |x|[, > ply|,. According to

(1.9.1), we have

o0 o0 2

_ _ 14
¢ =1ylp Y wp * < (p=Dlyl, Y p 7 =Iyl,—,
k=0 k=0 P+1
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and
2

P ( P ) P
p+1—p|y|" p+1 |y"’p+1

Now letx > yand |x|, = [y|,, Xo = Y0, X1 = Y1, ..., Xj_1 = Yj_1,Xj >
y; for some j > 0. Then from (1.9.1),

¢(x) — () < Ixlp = |ylp

J
b = Ixly 3 mp.
k=0
! p—1 )
d) = Iylp Zykp*”‘ + Iyl L= p 2D
k=0 l-p
Jj—1
Ix1p Zxkpfzk + |x1,y;p”H + Ix1,
k=0

A

72'
7,

p+1

and

. 1
wn—¢@)suup”iﬁ“”“‘517)>°

2. Conversely, if ¢(x) — ¢(y) > O then either x = y or x < y is impossible,
as was proved above. O

It follows from Lemma 1.9.5 that the map ¢ is one-to-one.
Lemma 1.9.6. The function ¢ is continuous.
Proof. The proof follows from the estimate
[p) =M < plx—yl,.  x.y€Q,
which can be proved by using arguments from Lemma 1.9.5. O
These lemmas imply the following statement.

Corollary 1.9.7. ([241, 1.6.]) The map (1.9.1) is a homeomorphism from Q,
to some subset K = ¢(Q,) C R.

Theorem 1.9.8. ([241, 1.6.]) The set K = ¢(Q,) is a countable union of
disjoint perfect nowhere dense sets of the Lebesgue measure zero.

Proof. Since Q, = U,¢zS,, we have

k=JKk,. K,=¢,). K,nNK,=0, y#y.
y€eZ
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We will study the structure of the set Ky, since the structure of remaining sets
K., is similar. In view of (1.9.1), 1 < ¢(x) < p for x € Sy, and, consequently,
K C 1, p).

Let us consider the following system of disjoint intervals in [1, p):

—2n

a - —2j p . —2j —2n
j=0 Jj=0

a=(ap,ai,...,a,), a;j=0,1,...,p—1,j=0,1,2,...,n,a0 #0, a, #
p — 1. Set

oo
n=Jr. 1=JL.
a n=0
The Lebesgue measure of the set / is equal to
u() =" u
a n=0
— (p _ 1)(1 _ ;) + ipn—lp—ann—l(l _ L)
p+1 - p+1
pp—=1 (p—1P’ ¢
= + "=p-1 1.9.2
p+1 ' p+l 2 p=p (152)

n=1

Byusing Lemma 1.9.5, one can prove that thereisnox € Spandn =0, 1,2, ...
such that

n —2n n
D aip A+ P g < D aip+p,
j=0 p+l j=0
ie., I N Ky =0. Now using the lemma on embedded segments, we observe
that Ko U I =[1, p).Thisfactand (1.9.2) imply that K has Lebesgue measure
zero. The procedure of construction of the set Ko = [1, p) \ [ is similar to that
of obtaining the Cantor perfect set C on the segment [0, 1]. Therefore the proofs
of the remaining properties of K, are similar to the proofs of corresponding
properties of the Cantor set C. O

1.9.4. Q, and the Monna map

Let us consider the map p : Q, — R, given by the formula

oo o0
p: Y xipl > xip T x;=0.1....p=1, yeZ (193
=y j=r
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This map was considered by Monna [ 188]°. This is a surjective map but it is not
one-to-one. The map p is continuous. Moreover, the following lemma holds.

Lemma 1.9.9. ([163], [162, 2.4.]) The map p satisfies Holder’s inequality:
o) —pWI = |x —ylp, x,y€Q,. (1.9.4)
Proof. Let us consider two p-adic numbers x = Y72 x;p/,y = 3725 y;p/.
Without loss of generality we assume that « < 8. Then
B-1 00
p(x) = p( =Y xip T+ xj—ypp
Jj=a =B

If ¢ < B then

o) —pMI < (p—=DY p/ ™ =p ™ =|x —yl,.

Jj=a

If o« = B then [x — y|, = p~7, where y > «a. In this case we have
0
p(x) = p(y) = > (x; —yj)p ",
j=y
and

P —pWI < (p =D p ™ =p7 =|x—yl,.
j=y

The lemma is thus proved. O
The restriction of the map p on Q,/Z,, is the one-to-one map
p:Q,/Z, - Ny ={0} UN.
Here the set Q,/Z,, consists of elements of the form a = Zj_:ly a;p’.
Lemma 1.9.10. ([163], [162, 2.4.]) The map p has the following properties:
p(p"x) =pVpk), xeQp (1.9.5)

pla+x)=pla)+px), acQy/Z, x €l (1.9.6)

3 In Section 8.2, the Monna map establishes a relation between the real and p-adic Haar wavelets.
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in particular
pla—1)=p(a)+1. (1.9.7)
Fora e Q,/Z,, x € Qp, andk <0
X0, 41 (P(x — @) = xp0, pr1(0(x) = p(@)), (1.9.8)

where x4 is a characteristic function of the set A.

Proof. Properties (1.9.5) and (1.9.6) are obvious. Let us prove (1.9.7). If a €
Q,/Z,, we have a = Z;:ly a;p’ and (see Example 1.6.1)

-1 o0
a—1 :Zajpj—i-Z(p— Dp’.
j=v j=0

Then
—1 00
pla—1) = p(Xap’ +3 - p)
j=y j=0
1 00
= Za_/lf’_l + Z(p —Dp 7 = pa) + 1.
J=y j=0
Formula (1.9.6) implies (1.9.8). 0

Lemma 1.9.11. ([163], [162, 2.4.]) For the map p and for a € Q,/Z, and
m, k € Z we have

p:p"a+p*Z, — p"pla)+10, p*l, (1.9.9)

pQ\{p"a+p"Zp} > R\ {p™"p@+10. p'1}.  (1.9.10)
up to a finite set of points.

Proof. Let us prove (1.9.9). For simplicity we consider the case m, k = 0. Let
x e {a + Z,,}. Setting in (1.9.4) y = a and y = a — 1, and taking into account
(1.9.7), we observe that | p(x) — p(a)| < |x —al, < land|p(x) — p(a) — 1| <
|x —a+ 1], < 1. These inequalities imply that p(x) € [p(a), p(a) +1]. A
general case (1.9.9) is proved in a similar way. Thus the set p™a + p*Z, is
mapped into the segment p~" p(a) + [0, p].

Ifx¢g {a + Zp}, ae€Q,/Z,, then x € {a’ + Z,,} for some a’ € Q,/Z,,
a’ # a. And at the same time |p(a) — p(a’)| > 1. If |p(a) — p(a’)| > 1 then in
view of (1.9.3), p({la + Z,}) N p({a’ + Z,}) = 9. 1f |p(a) — p(a’)| = 1 then
the sets p({a + Z,}) and p({a’ + Z,}) intersect only at one point. Repeating
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our reasoning for the case m, k € Z, we can prove that the set Q, \ { p"a+
p*Z,} is mapped outside of the segment p~p(a) + [0, p*] in Ry up to
endpoints of this segment. O

Lemma 1.9.12. ([163], [162, 2.4.]) The map p transforms the Haar measure
on Q, to the Lebesgue measure on R, : if X C Q,, is measurable then

w(X) = 1(p(X)),

where w(X) is the Haar measure of the set X and l(p(X)) is the Lebesgue
measure of the set p(X) C R,.

Proof. According to Lemma 1.9.11, balls in Q,, are mapped onto closed inter-
vals in R, and their measures are preserved. The map p is surjective, and in
view of Lemma 1.9.11, nonintersecting balls are mapped onto intervals whose
intersection is either empty or has measure zero.

The lemma is thus proved. O

1.10. The space Q)

The space Q}’, =Q, x -+ x Q, consists of points x = (xy, ..., x,), where
x;€Qpj=12...,nn 22.Thep—adicnormon@’1’, is
|x|, = max |x;|,, xeQ). (1.10.1)
1<j<n P

This norm is non-Archimedean. Indeed, for any x, y € Q';}

e+ ylp = max |x; +xjl, < llgfgnmaX(lle,,, 1vilp)

= max (max |x;lp, max [y;l,) = max (jxl,. |¥1,)

The space Q’[‘, is a complete metric locally compact and totally disconnected
space.
The scalar product of vectors x, y € (@Z is defined as

n
X-y= Z)ijj.
Jj=1
‘We have

oyl < llplyly Xy eQ,

Denote by B (a) = {x : |x —al|, < p”} the ball of radius p” with the cen-
ter at a point a = (ay,...,a,) € Q’;, and by S)(a) ={x:|x —al, = p’} =
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Bj(a)\ Bl'/’fl(a) the corresponding sphere, y € Z. We set BJ(0) = B}, and
§,(0) = §7. For n = 1 we will omit the upper index 1 in our notations.
It easy to see that

B!(a) = B,(a1) x -+~ x By (ay), (1.10.2)

where B, (a;) = {x; : |x; —aj|, < p”} is a ball of radius p” with the center
atapointa; € Q,, j=1,2...,n.

Many one-dimensional theorems hold for the multidimensional case; for
example, Ostrovski’s Theorem 1.3.2, Theorem 1.8.1, Corollary 1.8.6, etc.
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p-adic functions

2.1. Introduction

In Section 2.2 of this chapter we consider basic convergence properties of
sequences and series in Q,. Here we follow some sections from [112], [152],
[230, 1], [241]. In Section 2.3, which substantially follows Section III of the
book [241], we present some results on additive and multiplicative characters
of the field Q,,.

2.2. p-adic power series

2.2.1. p-adic sequences

Proposition 2.2.1. If

lim x, =x, x,, x€Q,, [|x][,#0,

n—oo

then the sequence of norms {|x,|, : n € N} must stabilize for sufficiently large
n, i.e., there exists N such that

|%alp = |x]p Vn=>N.

Proof. Itis clear that there exists N such that |x, — x|, < |x|, foralln > N.
Therefore, according to the strong triangle inequality (see Section 1.5 (3)), for
all n» > N we have

|xn|p = |(x, _x)+x|p = max(|x, _-x|p1 |x|p) = |x|p'
O

According to Section 1.8, Q, is a complete metric space, and, consequently,
every Cauchy sequence converges. Cauchy sequences are characterized as
follows.

35
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Theorem 2.2.2. A sequence {a,} in Q, is a Cauchy sequence, and therefore
convergent, if and only if it satisfies

lim |a,11 —aul, =0. 2.2.1
n—0o0

Proof. If {a,} is a Cauchy sequence then lim,,_, o0 n—o0 |@m — ayl|p, = 0. Setting
m =n + 1, we obtain (2.2.1).

Conversely, let us assume that (2.2.1) holds. This means that for any ¢ > 0
there exists a positive integer N(¢) such that for any n > N(e) we have

|an+1 - anlp < €.

Now take any m > n > N(¢) and due to the strong triangle inequality we obtain

|am - an|p = |am —dp-1 tadp-1 — a2+ — an|p
=< max(lam - am—llpv ceey |an+1 - an'p) < é&.
O
2.2.2. p-adic series
Now let us consider a numerical series
o0
Za,, a; €Q,. (2.2.2)
j=1

We say that this series converges if the sequence of its partial sums S, =
Z;'.: , a; converges in Q,, and it converges absolutely if the series Zjozl lajl,
converges in R.

Proposition 2.2.3. A series (2.2.2) converges in Q,, if and only iflim,_, o a, =
0, in which case

[e.¢]
‘Zaj‘ < max |a;|,.
, P J
j=1

Proof. The series converges if and only if the sequence of partial sums
S, = Z’;‘:I aj converges. Since a,, = S, 41 — S, from Theorem 2.2.2 the series
converges if and only if a, tends to 0.

Now assume that > 72, a; converges and its sum is equal to S. If § =
ZC;O:I aj = 0, then there is nothing to prove. If not, by Proposition 2.2.1 we
have |S|, = |Sy|, for large enough N. Taking into account that a, — 0 and
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the strong triangle inequality, we obtain

N
S :‘Za-‘< max |a;|, = max|a;|,.
|N|p p J _1§j§N| j|[7 ; |j|p

Thus the proposition is proved. O

It follows from Proposition 2.2.3 that if the series (2.2.2) converges then its
sum does not depend on the reordering.

Proposition 2.2.4. If the series 27‘;1 laj|, converges in R, then Zji] a;
converges in Q,,.

Proof. Since the series 2711 |aj|, converges, the sequence of its partial sums
is a Cauchy sequence, i.e., for any ¢ > 0 there exists an integer N (¢) such that,
for all n, m such that m > n > N, we have

m
Z lajl, < e.

j=n+1
By the triangle inequality,

m

m
|S,,,—Sn|p:‘ 3 a,‘ <Y gl <e

j=ntt P j=at
forallm > n > N.Thisimplies that {S,} is Cauchy and thus the series ZC]’O:, aj;
converges in Q,,. O

A formal power series is an expression of the form

f(x) = Z apx”", (2.2.3)

n=0

where a, € Q, and x € Q,,.

Let us consider the power series (2.2.3). We already know that it converges
if and only if |a,x"|, — 0. Thus if » > 0 denotes a real number such that
|lan|,r" — 0, then the series Y . ;a,x" converges at least for |x|, < r.

The radius of convergence of a power series f(x) = Y .-, a,x" with coef-
ficients in Q,, is defined by

r(f) =sup{r > 0: |a,|,r" — 0} O <r <o)
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Just as in the Archimedean case (power series over R or C), the radius of
convergence can be computed by means of Hadamard’s formula:

1

== 224
r) lim |an|}u/n ( )

Proposition 2.2.5. ([112,3.2.],[152,1V],[241,2.1.]) Let0 < r(f) < oo. Then
a power series (2.2.3) converges if |x|, < r(f) and diverges if |x|, > r(f).

Proof. 1. Let |x|, < r(f). Setting |x|, = (1 — &)r(f), we have
lanx"1, = (r(flanly/n)" (1 —e)".

Since there are only finitely many n for which |a, |}, /n > we have

1
r(f)—er/2’

. Y . (1=er(H) \" ) (1—-2e) \"
im |a,x"|, < lim| —————+ ) =lm|(——-) =0
n—00 n—oo\ (1 — 8/2)}"(f) n—oo\ (1 — 8/2)
Thus the general term of the series (2.2.3) tends to 0, and the series converges.
2. Analogously, if |x|, > r(f), setting |x|, = (1 + &)r(f), we have

la,x" |, = (r(Hlanl)/n)" (1 + &)

Since there are infinitely many n for which |a, |]'J /n > m, we have
1 n 1 n
lim |a,x"|, > lim (M) = lim <ﬁ> £0
1 00 n—=oo\ (1 + &/2)r(f) n—oo\ (1 +¢/2)
Thus, the series diverges. O

What happens on the “boundary” |x|, = r(f)? In the Archimedean case (R
or C) the behavior on the boundary of the interval or disc of convergence may
be quite complicated. In the non-Archimedean case there is a single answer
for all points |x|, = r(f). This is because a series converges if and only if its
terms approach zero, if and only if |a,|,|x"|, — 0, and this depends only on
the norm |x|, and not on particular values of x with a given norm.

For the non-Archimedean case we have the following.

Proposition 2.2.6. ([112, 3.2.], [241, 2.1.]) The domain of convergence of
power series (2.2.3) is a ball D = {x € Q,, : |x|, < R(f)} for some R(f) e
{p¥,y € Z} U {0} U {oco}, and the series converges uniformly on D.

Proof. Let the radius of convergence of f(x) be r. We know that the series
converges in the open ball {|x|, < 7(f)}. As for the points of the “bound-
ary” |x|, = r(f), the necessary and sufficient condition for convergence is
|@nx,|p — 0 as n — oo, which depends only on the norm |x],, not on the
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specific value of x. Thus, either for all points with |x|, = r(f) the series con-
verges, in which case R(f) = r(f), or for all points with |x|, = r the series
diverges, in which case R(f) = p~'r(f). For |x|, < R(f) we have

lanx"|p < lan(R(f))"], — 0,
and the uniform convergence on D follows. O

Proposition 2.2.7. ([112, 3.2.]) Every series f(x) = ZZ‘;Q anx", a, € Ly,
converges in {x € Q, : x|, < 1}.

Proof. Let |x|, < 1. Since for any n > 0 we have |a,|, < 1, it follows that
la,x"|, < |x|;', — 0 as n — oo. Hence the series converges. O

2.2.3. Analytic functions
Definition 2.1. ([241, 2.2.]) A function f(x) is called the analytical in a ball

B, C Q, if it can be represented by the power series (2.2.3) convergent in B, .

Form =0, 1, 2, ...by termwise differentiation and integration of the series
(2.2.3), we obtain, respectively, the following series

f@) = n(—1)--(n—m+ Dax"™", (2.2.5)
e =3 1 apx"t. (2.2.6)

= m+Dn+2)---(n+m)

These series are called derivative and primitive of order m, respectively,
FfO®x) = f(x). If R(f) is a radius of the domain of convergence of power
series (2.2.3) defined in Proposition 2.2.6, then R(f™™) < R(f) < R(f"™),
m=1,2,....

Definition 2.2. ([214, 25.]) A function f(x) is called the analytical in a ball
B, C @, if it can be represented in the form of convergent series

o o0
ky ky,
FE) =Y ag Xy Xl i, € Qy, 22.7)
k1=0 k,=0
X =(x1,...,x,) € B;.

Let U be an open subset of Q). A function f : U — Q, is called the locally
analytical in U if for each a € U there is a ball Bj(a) C U such that f

analytic.

SO T
Bi(a)
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2.3. Additive and multiplicative characters of the field Q,
2.3.1. Additive characters of the field Q,

An additive character of the field Q, is defined as a continuous complex-valued
function x,(x) defined on Q, such that

x(x 4 y) = x()x (), Ix(l=1, x,y€Q,. (2.3.1)

Similarly to this definition we define an additive character of the abelian group
B, . It is clear that every additive character of the field Q,, is a character of any
group B,,.

If x(x) is an arbitrary additive character, formula (2.3.1) implies the follow-
ing relations

xO =1,
x(=x) = x(x) = x (%), (232)
x(nx) = (X(x))n, n € 7.

It is clear that for every fixed £ € Q, the function
X(x) = xp(x) = 0 (2.3.3)

is an additive character of the field Q, and the group B,,, where {x}, is the
fractional part of x € Q, defined by formula (1.6.4). Indeed, it follows from
the obvious relation for fractional parts

{x+y}p={x}p+{y}p_n, xayera n € Np.

Now we will prove that formula (2.3.3) gives a general representation of
additive characters of the field Q, and the group B,,.
At first we consider a case of the group B,,.

Lemma 2.3.1. (230, 1.8.]) If x(x) # 1 is an additive character of Q, then
there exists k € 7. such that

xx)=1, x € By. 2.3.4)

Proof. Since x is continuous there is k € Z such that | x(x) — 1| < V2 for all
x € By. Forall positive integers n € N we have nx € By and x(nx) = (X (x))”.
So |(X(x))" - 1| < «/2foralln € N. Thisis not possible unless y(x) = 1. [

We assume that the ball By in (2.3.4) is maximal, i.e., if x(x) # 1 in B,
thenk < y.

The largest k € Z for which the equality (2.3.4) holds is called the rank of
the additive character x(x).
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Lemma 2.3.2. Let k be the rank of an additive character x(x). Then for any
integerr, k <r <y, we have

x(p)=xp(p7"E),  k<r=y (2.3.5)
for some & € Q,, such that p™" < ||, < p~
Proof. 1. First, we prove that fork <r <y
x(p)="TF Am=1,2,..., prF—1, (2.3.6)

where m does not depend on r.
Let us consider the case r = y. Since p~™* € By, p77 € B, \ By, (2.3.2)and
(2.3.4) imply

1= x(p ™" = x(p" "y = (x(p)" .

Thus x(p77) = ez”ivy'%k, wherem =1,2,..., p¥* —1.
For k < r < y we have

X =x(p Y = (x(p )T = () =
2. Now we represent the number m in (2.3.6) as
m :mo+m1p+~-~+my7k71l?y—k_l, m;=0,1,2,...,p—1,

j=0,1,2,....,y —k —1,and set £ = p*(m + m’), where m’ = pV’k(mé) +
mip+---). Here |£]|, > p’k|m|p > p’kp’”k =p7and|§], < p’k. Tak-
ing into account that p~"& = p~" p*m + p~" p*m’, where p~" p*m’ € By for
k <r <y, we rewrite the representation (2.3.6) in the form (2.3.5) for some
& € Q, such that p~" <[], < p~. O

Lemma 2.3.3. Let k be the rank of an additive character x(x). If x € B, \ B
then the following representation holds:

X)) =xpx),  3E€Q,  [El,=p L (237

Thus, any additive character of the group B, has the form (2.3.3), where either
& =00r|§|p > P7y+1, ¢ e Qp-

Proof. If x € B, \ By then x can be represented in the form

x=xop +xip” T+ xap 4y, X €B, x#0
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for some r, k <r <y. Using (2.3.5) and (2.3.4) we get the representation
(2.3.7):

x@ = (xe ) (x@ )" (x(pTH) T x ()
= (X, (P78 (xp(p O - (xp(pTE)) T, (XE)
= xp(xopE+xip T E 4 b p T E H XE) = X, (x8).

The case & = 0 is impossible, since x (x) = x,(0) = 1 in B, contradicts the
definition of the number k. ]

Now we consider an additive character of the field Q,.

Lemma 2.3.4. Any additive character of the field Q, has the form (2.3.3) for
some & € Q).

Proof. 1. Let x(£) # 1 be an additive character of the field Q,. From Lem-
mas 2.3.1 and 2.3.3, this character can be represented in the ball B,, y > 1, in
the form

x(x) = xpEx),  E€Q,, |E],=p 7T, (2.3.8)
where
%_ = Empm + -+ §y72pV72 + Eyflpy71
+E P +E P T+, m<y -1 (2.3.9)

Since |x|, < p¥, we have &{x = EO0x + @ where €@ =g, p" +--- +
gy_sz + Sy_lp”’l, m<y—1,and n© ¢ Z,. Consequently, in the ball
B,,y > 1,

x() = xp,E0x), EQ =&, p" 4+ 4 E 2p" 4 E,p" L (23.10)

2. Let us consider the character x (x)intheball B, (1. As B, ;1 = B, U S, 4
and B, N S, 11 = ¥, any point x € S, 4 can be represented in the form

x=p 7 xo+x, dxo=1,2,....,p—1, x'€ B,.
Then using (2.3.8), (2.3.9), we have in B, 1 :
X)) = (xGop™ ) xpEx") = (x@op™)) " xp(Ex")
= (xpEx0p™)"" xp(Ex") = Xp(Exop™ " Dxp(EX))
= xp(EGop™" " + 1)),

where & =&, p" + -+ & 2p" T+ & p’ T +E P+ E€Q, m <
y — 1. Since |x|, < p’™!, we have £x = £Dx + nD, where £V = &, p™ +
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A ap’ T E T E P =046 p, m<y -1, and 10 €
Z,. Consequently, in the ball B, ., y > 1 the character x(x) can be repre-
sented in the form

x@) = x,Vx), &V =59 1¢,p7,

forsome&, =0,1,...,p— 1.
3. Continuing this process, we obtain in the disc B,,;, the representation

x() = xp(EPx), EP =60 4¢&,p" +E,,p"",

for some &,,1=0,1,...,p—1, and so on. As a result, for any additive
character of the field Q, we obtain the representation (2.3.3):

x()=xp¢x), E=604&p" +&.,p 4+ €Q,

The lemma is thus proved. O

If x; and x» are additive characters of the field QQ,, we define their product
in the pointwise sense: (x] x2)(x) = x1(x)x2(x).
The following evident statement holds.

Proposition 2.3.5. The set of all additive characters of the field Q, is an

abelian group with the unit 1, where x ' = x.

Thus, Lemma 2.3.4 can be reformulated as follows.

Theorem 2.3.6. The group of additive characters of the field Q, is isomorphic
to its additive group Q,, where the isomorphism is given by the mapping

& — Xp(éx)-

Proof. According to Lemma 2.3.4, the mapping § — x,(§x) is a homomor-
phism of the additive group of the field Q, onto the group of additive charac-
ters. This mapping is one-to-one, since the equality x,(§1x) = x,(&2x) for all
x € Q, implies & = &. O

2.3.2. Multiplicative characters of the field Q,

A multiplicative character of the multiplicative group Q is defined as a
continuous complex-valued function 7 (x) such that

w(xy) = mw(x)m(y), X,y € (@;. (2.3.11)

A multiplicative character of the field Q, is a multiplicative character of its
multiplicative group Q7.
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Lemma 2.3.7. Any multiplicative character i of the field Q,, can be represented
as

T(x) = me(x) = |x|‘;_'m(|x|px), o €C, x e Q?, (2.3.12)

where 7t1(x"), x' € Sy, is a multiplicative character of the group Sy (a so-called
normed multiplicative character) such that

m((l) =1, lmix)| =1, xe€Sp. (2.3.13)

Conversely, any multiplicative character of the group Sy is extended to a mul-
tiplicative character of the field Q, by formula (2.3.12).

Proof. Let m be a multiplicative character of the field Q, defined by (2.3.11).
Since any element x € Q*]; can be represented in the form (Section 1.6)

X = |x|;1x’, x'=|x|,x € S,
denoting |x|, = p~" and 7 (p) = p'~%, we obtain
w(x) = mw(lx,'x) = w(x], Y (x) = 7 (p")mi ()
= (m(p)"m@) = PNV () = [x 97 ().

For o = 1 it follows from (2.3.11) and (2.3.12) that m;(xy) = m1(x)m1(y),
x,y € Sp. The last relation implies that

mh)=1, m@E )= (771()6))_1 =m@), |mx)|=1L

O

Next we define 771(x) < 7,(|x],x) for x € Q. Thus, my(p) = (1) = 1.
We set 7ro(x) = |x],".

Lemma 2.3.8. ([230, L7.]) Let Ag=So={xeQ,: x|, =1}, A=
B (N={xeQ,:x -1, < p 8, keN If mi(x) # 1 is a normed mul-
tiplicative character (2.3.12), (2.3.13), of the group Sy then there exists k € Ny
such that

mx)=1, x e A (2.3.14)

Proof. Since m; is continuous and {A; : k =0, 1, ...} is a fundamental sys-
tem of neighborhoods of 1 in Sy, there is k € N such that if x € Ay then
lm(x) — 1] < +/2. Since Ay is a multiplicative group, x/ € Ay forany j € N
and 7(x/) = (m(x))’. So |(71(x))’ — 1| < ¥/2 for all j € N. This is not
possible unless 7;(x) = 1. O
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The smallest k € Ny for which the equality (2.3.14) holds is called the rank
of the normed multiplicative character m(x). There is only one zero rank
character, namely, i(x) = 1 for all x € .

Lemma 2.3.9. ([241, III, (2.3)]) Let the rank k of the character wi(x) be
positive. Then for x = xo+x1p+--- € So

71(x) = 7o(x0 +x1p + - -+ xm1 P, (23.15)
Thus 11(x) depends only on xo, X1, ..., Xk_1.
Proof. Let us represent a number x € Sy in the form
x=x0+xp+-- =00 +x1p 4 +xe1p O +1pb)

where xo # 0, ¢ € By is some number. So 1 + tp* € B_;(1). Then in view of
(2.3.14), my(1 + tp*) = 1 and consequently (2.3.15) holds. O

Lemma 2.3.10. ([241, II1, (2.4)]) If the character 71(x) has a rank k > 2 then

p—1
> motxipt-+x1pt)=0. (2.3.16)
xk_1=0

Proof. There exists anumberz =0, 1, ..., p — 1 such that

p=m(l+1p)#1.

(Otherwise, the rank of the character 7,y would be less than k.) Therefore,

p—1
> motxipt a1 pth
Xk— ]:0
1 pP—
; Z (1 +tp Dmi o +xip+ -+ xpt)
i
= > (ot xip 44 xo pOA + ).

Xk—1 =0
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From Lemma 2.3.9, we have

p—1
Z (o +x1p 4+ x pF
xk,I:O
1=
=— 71 (xo +xip 4+ X2 p T+ (e +xof)17k71)
'Oxk,l=0
1=
= m(xo+x1p+ -+ x2p* T+ x pFY).
x;_,=0

=

This implies the equality (2.3.16).
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p-adic integration theory

3.1. Introduction

In this chapter the theory of integration of complex-valued functions of a p-adic
argument is presented, which is based on the book [241, IV].

3.2. The Haar measure and integrals

A locally compact group is a topological group which is locally compact as a
topological space.

Let G be a locally compact group. Denote by R and L the right and the left
action of the group G on itself:

R,(x)=xt"", L,(x)=tx, t,x €G.

A left Haar measure on a topological group G is a Radon measure which
is invariant under the left action. A right Haar measure on a topological
group G is a Radon measure which is invariant under the right action. By
A. Weil’s theorem [247] on any locally compact group G, there exists a non-
zero left (right) Haar measure and this Haar measure is unique up to a positive
factor. Since Q, is a locally compact group, the Weil theorem holds for Q,,.
Nevertheless, another “natural” way to introduce a measure on Q, is possible
(see Appendix D which follows the book by A. V. Kosyak [161]).

Thus, since Q, is a locally compact commutative group with respect to
addition, in Q, there exists the additive Haar measure, which is a positive
measure dx invariant under shifts, d(x 4+ a) = dx, a € Q,. If the measure dx
is normalized by the equality

f dx =1, 3.2.1)
z

P

then dx is unique.

47
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There is the following remarkable connection between the additive and
multiplicative structures of Q,.

Proposition 3.2.1. ([241,1V, (2.1)]) Fora € Q;‘, we have
d(xa) =la|,dx. 3.2.2)

Proof. For any a € Q, the measure d(xa) is invariant with respect to shifts,
and therefore it differs from measure dx by a factor C(a) > 0, i.e., d(xa) =
C(a)dx. This implies that C(a) is a continuous function satisfying the equation
C(ab) = C(a)C(b). According to definition (2.3.11), C(a) is a multiplicative
character, and from Lemma 2.3.7, it has the form (2.3.12):

C)=lals'm(a), a =lal,acS. «cC.

Since C(a) > 0, m1(a’) = 1. Thus C(a) = |a|‘;‘,‘1. Now we shall find a number
a. Since the ball By = Z,, is a union of disjoint balls B_i(k) = k + pBy, k =

0,1,2,..., p — 1, whose measures are equal, then mes(By) = p - mes(pB),
and, consequently, d(px) = %dx. Thus, C(p) = % = |p|3‘,’1, ie., o =2 and
C(a) = |al,. O

There is also a measure d*x of the multiplicative group Q*, which is
invariant under multiplications, d*(xa) = d*x,a € (@;. There is the following
relation between the measures dx and d* x:

dx

xlp

X

Indeed, in view of (3.2.2), we have |xa|;,1 d(xa) = |x|;1 dx, i.e., the measure
le;' dx is invariant with respect to multiplication. The normalized measure
d* x has the form

d
dx=-—L_2* e / A x =1.
p— 11, -

The invariant under shifts measure dx on the field Q,, is extended to an
invariant under shifts measure d"x = dx; - - - dx, on (@’;, in the standard way.
We have

d"x+a)=d"x, aeQ’, d"(Ax) = |detA|,d"x,
where A : Q) — Q7 is alinear isomorphism such that det A 7 0. The measure
d*"x invariant under multiplication by scalars a € Q7 is defined as
d'x

anx — -
el

’

where the norm |x|, = max<j<, |x;],, x € Q’l‘, is given by (1.10.1).
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Let A be a measurable subset in Q;’,. Denote by £”(A) a set of all measurable
functions f : A — C, A C QZ, such that

[ lf()IPd"x <00 (p=1).
A

For f € LP(A) the norm is defined as

1/p
£, = </Alf(x)|"d”x) .

Proposition 3.2.2. Let O be an open subset in Q', and let Co(O) be the space
of continuous functions ¢ with compact supports in O. Then Cy(O) is dense in
LPO), 1 <p < o0

The proof of this proposition repeats the classical statement for the real case
almost word for word (for example, see [237, §1.2.]).

Let O C Q:}, be an open subset. Denote by EfOC(O) the set of functions
f O — C such that f € £(K) for any compact K C O. It is clear that
LP(0) C L] (O).

A function f € El((@i},) is called integrable on Q;’, in an improper sense if

there exists
lim fx)d"x.
N—o00 BX/

We call this limit an improper integral and denote it as fQ'* f)d"x. In
particular,

N 0o
/ fGydx = lim > / faydx= )" / f(x)dx.  (3.2.3)
QF *)ooy:—oo SV Sl/

y=-00

Similarly, if f € £L1(Q, \ {a}), a € Q,, then one can define an improper
integral

N
/ fx)dx = AEim Z fx)dx. (3.2.4)
Qp o5

W s @

For each integer k > 0 define

fx), p*<ixl, <p

. xeQ.
0, otherwise ’ Q,

[f1e(x) = {
If each [ f]i is integrable, we define the principal value integral of f as
PV. | f@adx™ tim | [flx)dx, (3.2.5)
Q’,’, k—o00 Q;

if this limit exists.
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If f is an integrable function on Q,, then:

N
fo(x)dXZ Z

/ fx)dx,
y=—00 Sy

/ Foydx = / Foydx - / F)dx.,
s, B, B,

Let us formulate the Fubini theorem for the p-adic case.

(3.2.6)

Theorem 3.2.3. Ifafunction f : Q’[Zf’” — C is such that the repeated integral

J

exists then f € L! (QZ“”) and the the following equalities hold:

J

( fx, y)d”y> d"x
@

n
P

( fx, y)d”y) d'x = fO,y)d"yd"x
Qy Qptm

:/ ( f(x,y)d"x)d”y.
Q; Q;

Now we present the Lebesgue dominated convergence theorem for Q7.

n
P

Theorem 3.2.4. If a sequence of functions f; € EI(QZ), k — oo, converges
almost everywhere (a.e.) in Q;’, (with respect to the measure d"x) to a function

f, ie,
fix) = f(x), k—o00, xe€Q), ae,
and there exists a function \ € El(QZ) such that
i) <v¥((x), keN, xeQ', ae

then the following equality holds:

lim fix)d"'x = fx)d"x.
ey, Y
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3.3. Some simple integrals

In the next chapters, we will use the following simple integrals. It follows from
(3.2.1),(3.2.2) and (3.2.6) that

f dx = p?,
BV

(3.3.1)
/ dx=py(1—i>, y € Z.
s, P
By using (3.2.6) and (3.3.1), we find
a—1 1 — p_]
|x1% dx = , Rea >0, (3.3.2)
Bo l—p
Let x, be an additive character (2.3.3). Then
e Ixlp = p7,
/By Xp(x§)dé = { 0, Ixl, > prH (3.3.3)

Indeed, if |x|, < p7" then |£x|, < 1. Consequently, formulas (3.3.1) and
(2.3.3) imply the firstrelationin (3.3.3). If |x], > p~7*! then for some £ € S,
we have |Ex|, > p. Therefore y,(x&’) # 1. Next, making the change of the
variables § = n — &’, and taking into account Theorem 1.8.1 (1), we obtain

/ 2o (xE) dE = /
B, By (¢

Y

) xp(x(n —&")dn = xp(—xé’)/B xp(xn)dn.

This implies the second relation in (3.3.3).
It follows from formulas (3.2.6) and (3.3.3) that

p’(1=p7"), Ixl, <p77,

/ xp(x§)d§ = —p’ ' x|, = pr T (3.3.4)
SV 05 |x|p 2 p_}/+2~

If m(x) £ 1 then
f w(x)dx =0, y € 7. 3.3.5)
SV

Indeed, since m(x) # 1, there exists a € Q, such that |a|, =1, m(a) # 1
(see Lemma 2.3.8). Making the change of variables x = ax’ in the integral
(3.3.5), we obtain

/ w(x)dx :/ w(ax)d(ax) =m(a) | m(x')dx'.
s, s

14 SV

This implies the relation (3.3.5).
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3.4. Change of variables

The relation (3.2.2) can be considered as a special case of the general formula
for the change of variables in integrals. The relation (3.2.2) implies that

/ fx)dx = |a|p/ flay +b)dy, (3.4.1)
K K—b

where K C Q, isacompact,a,b € Q,,a # 0.
Now we present a general formula of change of variables in integrals.

Theorem 3.4.1. ([241,1V.2.]) If x(y) is an analytic diffeomorphism of a clopen
set Ky C Q,, onto a clopen set K C Q,, and x'(y) # 0, y € K\, then for any
f e LY(K) we have

/Kf(X)dX= : FEONIX' W, dy. (342

where x'(y) is a derivative in the sense of (2.2.5).

Proof. According to Proposition 3.2.2, the space C(K) of continuous functions
on K is dense in £'(K). Moreover, we will prove below by Proposition 4.3.2
that the space of locally constant functions on K is dense in C(K). Thus, it
is sufficient to prove the formula (3.4.2) for locally constant functions on K.
Therefore, it is sufficient to prove (3.4.2) for f(x) =1,x € K, i.e.,

/ dx= [ KO, dy.
K K,

Let us cover the compact K by a finite number of disjoint balls B,(yx) of a
sufficient small radius p* such that

X', = X'l = p™*, y € B,(i),

and the ball B,(yx) is mapped onto the ball B, (xr), xy = x(yx). This is
possible in view of the theorem of inverse function [241, I1.5.]. Next, using the
formula (3.3.1), we obtain

/dx:Z / dx:pr“k:Z / p*dy
e k k k

Bpry (xk) By (yi)
=> / X0y dy =Y / X' ()], dy = f X' )l dy.
K
kB, RN ’

The theorem is thus proved. O
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If f is an integrable function on Q,, then Theorem 3.4.1 implies a formula
for the change of variables:

/@p fxydx = /@,, f(é)édé, (343)

where the above integral is defined as an improper integral (3.2.4).

Theorem 3.4.2. ([241,1V.2.]) Letx,y € Q’;. If x(y) is an analytic diffeomor-
phism of a clopen set Ky C Q' onto K C Q'}, and

0 0
det( x(y)> = det(£> #0, yeKk,
ay dy;

then for any f € L1(K) we have
/ F)d'x = f FO(y|de t( * ))\ d"y. (3.4.4)
K P




4

p-adic distributions

4.1. Introduction

The theory of p-adic distributions (generalized functions) plays an impor-
tant role in solving mathematical problems of p-adic analysis and applica-
tions. Fundamental results in the p-adic theory of distributions can be found
in [62], [96], [115], [230], [241]. In this chapter we collect some basic facts on
the theory of p-adic distributions, especially following [241, VI]. In contrast
to the book [241, VI], we consider the multidimensional case.

4.2. Locally constant functions

Definition 4.1. A complex-valued function ¥ defined on an open set O C Q)
is called locally constant on O if for any x € O there exists an integer [(x) € Z
such that

Y(x+x)=vx), x'e€ By, x¢€O.

Typical examples of locally constant functions are additive characters (2.3.3)
and also the characteristic function of the ball B}'(a)

Ai(x —a) = Q(p~'|x —al,), aeQ, xeQ, 4.2.1)
where
1, 0<r<l1
Q=1 = =" 422
@) {0, t>1 4.2.2)

is a characteristic function of the interval [0, 1].
Denote by £(O) the linear space of locally constant C-value functions on
O cC Q'I;. It is clear that any function from £(QO) is continuous on O.

54
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Convergence in £(Q))) is defined in the following way: ¥, — 0,k — oo in
&(Q)) if for any compact K C Q'

Ko ko oo,

where = denotes uniform convergence.

Lemma 4.2.1. ([241, VL1, Lemma 1]) Let ¢ € 5((@’;) and let K be a compact
in QZ. then there exists | € 7 such that

Y(x+x)=y(), x' e€B' xek.

Proof. Suppose that K is contained in the ball Bj,. It is sufficient to prove the
lemma for the compact By,. By the Heine—Borel lemma (see Corollary 1.8.6 (3),
from the infinite covering { By, (x) : x € B} } of the compact B} it is possible to
choose a finite disjoint subcovering {Bl”(xk)(xk) cxfe Bl k=1,2,..., M}.
Let us denote / = min /(x*). Then for any point x € B;Exk)(xk) and for all
x’ € B}' we have

Ix — x* + x|, < max(|x - xk|p, |x’|1,) < max(pl(xk), pl) = pl(xk).
Therefore,
Y +x) = Yt +x —xF 1) = Y = Y.
O
Lemma 4.2.2. ([241, VI.1, Lemma 2]) If ¢ € 5(@’;) then in every ball By, C

(@Z Y is represented in the form

pn(N—l)

p0)= Y Y@ )Ax—a"), xe By, 4.2.3)
v=1

where Aj(x — a’) = Q(p_l |x — a”|,) is the characteristic function of the ball
B['(a") givenby (4.2.1), | € Zand the pointsa’ € By, are such that the ball By,
is represented by the union of the disjoint balls B}'(a"), v =1,2, ..., p'N=D,
Proof. By Lemma 4.2.1, there exists [ € Z such that ¥ (x + x’) = ¥(x), x €
By, forall x’ € B', I <N.If [ =N, setting a' =0, one can see that the
statement holds. Let [ < N. From (1.10.2),

n
By = Bn1 X -+ X By,

where, according to Proposition 1.8.9, every one-dimensional ball By ; =
{xe € Q, : |xxl, < p"} is represented by the union of pV~! disjoint balls
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Bk (ay) with the centers

ay =0, ay =a_,up" +apxp” T+ taswpTT
where 0 <aju <p—-1,j=—-r,—r+1,..., - la_ 4 #0;r =1+1,
I+2,...,N—1,N; k=1,2,...,n.

Now the ball BY can be represented by the union of p"™¥=" disjoint balls
By(a’) with the centers a = 0, a” = (ay, ...a,) € By. Here any ball B;(a")
is a direct product of the corresponding one-dimensional balls By (a) ), k =
L2, ...,nopu=12 ..., pNv=12,..., p¥D Thus,

n(N—I)

P
1 BI'L
DRI
v=1

0, x¢By}.
Hence
Pn(N—l) pn(N—I)
) = Y eA(x —a) = Y Y@)A(x —a"), x€By.
v=1 v=1
The lemma is proved. O

4.3. The Bruhat-Schwartz test functions

Denote by D(Q') the Bruhat-Schwartz space of test functions in Q',, which
consists of all compactly supported functions ¢ € £(Q}). If ¢ € D(Q)),
according to Lemma 4.2.1, there exists [ € Z such that

px +x)=9kx), x' e€B' xe€ Q. (4.3.1)

The largest of such numbers [ = I(¢) is called the parameter of constancy of
the function ¢. Instead of the parameter of constancy one can consider the
vector of constancy 1 = (I1, ..., 1,), where [; is the parameter of constancy
of the function ¢ with respect to the variable x;, j =1, ..., n. In this case
| = minlsjfn(lj).

Let us denote by Dﬁv((@’;) the finite-dimensional space of test functions from
D(Q’]’,) having supports in the ball B}, and with parameters of constancy > /.
The following embedding holds: Dﬂ\,((@';}) C D%,(Q?’,), N<N,I=>/].

Convergence in D(Q)) is defined in the following way: ¢, — 0,k — oo in
D(Q’;,) if and only if

G) ¢ € Di\, (Q’;)) where N and / do not depend on k;

.. xeqQy .
(ii) or = 0, k — oo, where = denotes uniform convergence.
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Here
n : : n n . . ] n
D(@)) = lim ind Dy(@}), Dy(@)) = lim_ind Dy(@}).

The space D(Q))) is a complete locally convex topological vector space.
Let O be an open subset in Q. By D(O) we denote the space of all test
functions from D(Q'I’,) with supports in O. Thus

D(O) C D(@)). (4.3.2)

Lemma 4.3.1. ([241, VL5, (5.2)]) Any function ¢ € DéV(Q;‘,) can be repre-
sented in the following way:

pnN—I] —e=lp

ox) = Z @ )AL (x1 —a))--Ap(xa—ay), xeQ), (4.33)

v=1

where Aj(x; — a;) is the characteristic function of the ball By, (a;), and the
points a” = (aj,...a,) € By do not depend on ¢ and are such that the

balls B'(a") = Bi(a]) x ---x By(a)), v=1,..., p”N_ll_"'_[", are disjoint
and cover the ball BY,.
Forly =1, = --- =1, and using (1.10.2), the formula (4.3.3) takes the form
Pn(N—l)
e = Y p@)A(x—a"), xeQ, (43.4)
v=1

where Aj(x — a) is the characteristic function of the ball B'(a").

Lemma 4.3.1 and representation (4.3.4) are a direct consequence of
Lemma 4.2.2.

Proposition 4.3.2. ([241, V1.2.)]) Let K be a compact in Q). The space of test
functions D(Q’;,) is dense in the space C(K) of continuous functions on K.

Proof. Let f € C(K) and ¢ > 0 be an arbitrary number. There exists y € Z
such that |f(x) — f(a)| <€ if x € B,(a)N K and a € K. From Proposi-
tion 1.8.7, the compact K can be covered by a finite number of disjoint balls
B, (a"). The characteristic functions of these balls A, (x —a") € D(Q’;) and
satisfy the equality

Y Ax-a)=1  xek. (4.3.5)

It is clear that

f@) =" f@)A(x —a*) € D@)).
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Next, taking (4.3.5) into account, we obtain

17G) = Syl < max | £(x) = )]

= r)flea%)Z(f(x) — f@))ax —a")| <e ZAz(x —a’)=¢e.

O

Proposition 4.3.3. ([241, VI.2.]) The space of test functions D(O) is dense in
L), 1< p <00 OCQ),.

Proof. The proof follows from the facts that, according to Proposition 4.3.2,
D(Q’]’]) is dense in C(K) and, according to Proposition 3.2.2, C(K) is dense in
LP(O). O

Let O be an open subset in Q’I’J. In D(O) the theorem of ‘“‘decomposition
of the unity” holds ([241, VL.2.]). Indeed, according to Proposition 1.8.3, the
set O in @, is a union at most of a countable set of disjoint balls:

0=JB,W@),  B@)NB)=0 k#]j
k

Hence, the characteristic functions A, (x — a®) of these balls, k = 1,2, ...,
form a decomposition of the unity in O:

> oA —a)=1, xeO. (4.3.6)
k=1

4.4. The Bruhat-Schwartz distributions
(generalized functions)

4.4.1. The space D'(Q})

Denote by D/(Q;) the set of all linear functionals on D(Q’I’,), which is called
the space of Bruhat-Schwartz distributions in Q. Convergence in D'(Q}) is
defined as the weak convergence: f; — 0,k — oo in D’(Q’;) if

(fio9) >0, k—>o00, VeeDQ).

Lemma4.4.1. ([241, VL.3, Lemmal) If A is a linear operator from D(QZ) into
a linear topological space M then A is continuous from D(QZ) into M.
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Proof. Letgp — 0,k — oo in D(Q). Then g € D} (Q}) for all k. It follows
from Lemma 4.3.1 (formula (4.3.4)) that

pn(N—l)

)= Y @@)A(x —a"), xeQ,

v=1

where A;(x — a")is the characteristic function of the ball B}'(a"), and ¢, (a"”) —
0 as k — oo. Since A is a linear operator, the above representation implies

pn(N—/)

Ape(x) = Y @u@)AA(x —a") > 0, k—>oo, in M,

v=1
i.e., A is continuous. O
Corollary 4.4.2. D'(Q)) is a space of linear continuous functionals on the

space of test functions D(Q)), i.e., D’(Q;’,) is a strongly conjugate space to the
space D((@’I’,).

Thus, itis possible to use general theorems of functional analysis for D'(Q)).
Proposition 4.4.3. The space D'(Q') is complete.

Proof. Suppose that { f;, k — oo} is the Cauchy sequence of functionals f; €
D’(QZ), ie, fx — f; = 0, k, j — oo. It means that (fi, ) — (fj, ¢) = O,
k, j — oo,forallp € D(Q;’,).Thus{(fk, @), k — oo} isthe numerical Cauchy
sequence for all ¢ € D(Q:‘,). Consequently, there exists a number C(¢) such
that

Am (fi, ¢) = C (@), Vo € D(Q)). (4.4.1)

It is clear that the constructed functional is linear, i.e., belongs to D’(@Z). We
put C(p) = (f, @), f € ’D’(QZ), Qe D(Q’;). The equality (4.4.1) shows that
fr = f, k— ooin D’(Q’;). O

Let O be an open subset in Q’;. By D'(O) we denote the set of all linear func-
tionals on D(O). According to the well-known theorem of functional analysis,
inclusion (4.3.2) implies that

D'(Q)) Cc D'(O). (4.42)

The convergence in D'(O) is defined similarly to that in D’(Q;’,).
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loc

Every function f € L] (Q}) defines a distribution f € D/(Q;) by the
formula

o) g . f@e)d"x, ¢ eD@)). (4.4.3)

Such distributions are called regular distributions.

4.4.2. Support of a distribution

Let O be an open subset in Q). A distribution f € D'(O) vanisheson O C O
if (f, ) = Oforall ¢ € D(O)). Itis written as f(x) = 0, x € O;. Correspond-
ingly two distributions f, g € D'(O) are equal in O; C O, if f(x) — g(x) =0,
X € 01.

Since in D(O) the theorem of “decomposition of the unity” (4.3.6) holds,
the notion of the support of a distribution can be introduced by the standard
definition as for the real case. Let Oy C O be the maximal open set on which
the distribution f € D'(O). The support of f is the complement of O in O.
We denote it by supp f. Thus the support of a distribution f € D'(O) is the
closed set suppf = O\ Oy.

4.4.3. The Dirac delta-function
The Dirac §-function is defined by

(8, 9) = 9(0), Vo € D(Q)). (4.4.4)

Itis clear that § € D/(Q;')) and §(x) = O for all x # 0, i.e., supp s = {0}.
The structure of a distribution with a point support is given by the following
statement.

Proposition 4.4.4. If the support of a distribution f € D/(Q;',) is the point
{0} then this distribution has a unique representation f = C§, where C is a
constant.

Proof. Let ¢ € D(QZ) be a test function with a parameter of constancy /.
Hence ¢(x) = ¢(0) for all |x]|, < pl.letne D(Q’;,) be another function such
that n(x) = 1, |x|, < 1. Then we have

(fs9) = (f, np) = 9(O)(f, n) = C(3, ),

where C = (f, n).If there is another representation f = C§then (C — C})§ =
0. Applying both sides of this equality to a test function ¢ such that ¢(0) # 0,
we conclude that C = C;. O
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Let us introduce in D(Q’,’,) a canonical 1-sequence

de —
A E QpHxl,). ke, (4.4.5)
and a canonical §-sequence
def nk k
Sk(x) = p"Q(ptlxlp), ke Z, (4.4.6)

x € Q", where the function 2 is defined by (4.2.2). Here A, (x) is the charac-
teristic function of the ball B} (4.2.1).
It is clear that

Ay — 1, k— oo, in &Q))
and
8 — &, k — oo, in D’((@"f). 4.4.7)

Let us prove (4.4.7). Let ¢ € D(Q’[‘,) be a test function with a parameter of
constancy /. Then taking into account (3.3.1) and (1.10.2), for all k£ > —I we
obtain

(5, 9) = [@

= 0™ [ od'x =90 = B.9). Vo e D@,
B",

PQUPE x| e()p(x) d"x = p™ / P(xX)p(x)d"x
B",

n
P

4.4.4. Theorem of “piecewise sewing”

If fe D’(@’;) and suppf C Bj, then f = Ay(x)f, where Ay (x) is a charac-
teristic function of the ball B}, (4.2.1). Moreover, if f € D’ (Q7) and supp f  is
a clopen then

f= Xsuppf(x)ﬁ 4.4.8)

where ysupp s 18 a characteristic function of the set supp f'.
Let O; C O C Q). Then any distribution f € D'(O) admits a restriction
f | o, € D'(O) which is defined by the formula

(flo, ) =(fr9), Ve eDO.

Conversely, in D'(O) the following theorem of “piecewise sewing” holds.
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Theorem 4.4.5. ([241, V1.4.]) Let O be an open subset in Q']') and let O be a
union at most of a countable set of disjoint balls:

0=JB,@). B@)NB,@a)=0 k#j
k

(which is possible due to Proposition 1.8.3). Let fi € D'(B,, (@)). Then there
exists a unique distribution f € D'(O) such that its restriction fBVk(ak) = fi
k=1,2,....

Proof. This statement follows from the theorem of “decomposition of the
unity” (4.3.6). The desired distribution is defined by the formula

F&) =Y A (x = d) filn), x€O.

k=1

4.4.5. Linear operators in D/(Q’Ig)

A linear operator in D’(Q;’,) is defined as the corresponding conjugate lin-
ear operator in the space of test functions D(Q’;). Let A : D(Q’;) — D((@';,)
be a linear operator. Then its conjugate operator A* : D/(Q’;,) — D’(Q';,) is
introduced by the equality

(A*f.9) = (f.Ap),  [eD@). VoeD@). (449

Itis clear that A* f € D'(Q')) and A* is linear. Then, according to Lemma 4.4.1,
A* is a continuous operator from D/(Q;')) to D’(Q’;).

A specific expression for the operator A* can be obtained in the following
way: taking into account (4.4.3), we apply the formula (4.4.9) to the case
fecll (Q;‘,), and transform the integral

loc

(. Ag) = /@ F@A '

to the form (A* £, ¢).
According to (4.4.9),ifa € S(Q’]’,), fe D/(Q’;,), then the product af exists
and it is defined as

(af, @) = ([ ayp), V¢ € DQ)).

Linear change of variables for distributions. Let A be a matrix, det A # 0,
beQ!, fe D/(Q’I’,). Similarly to the real case (see [236, §1.9.]), it is easy to
prove that for f € L] (Q7), by using (4.4.3) and the change of variables

loc
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formula (3.4.4), we obtain

(f(Ax +b), ¢) = | det A" (£ (), o(A~'(y = b)), (4.4.10)

forall ¢ € 'D(Q’[‘,). Then according to (4.4.9), a distribution f(y),y = Ax + b,
is defined by the same relation (4.4.10).
In particular, if f € D'(Q,), a € Q}, b € Q, then

(fax +b), ¢) = lal,'(f(). 9@ (y = b)), V¢ e D@,). (44.11)

We have (6(x — b), ¢) = ¢p(b), b € Q’Z,.

4.5. The direct product of distributions

Let f € D'(Q)) and g € D'(QY). Their direct product is defined by the formula

(f@) x g0, ) E(F(0), (8, 0(x, y)). Vo € DQ™).  (45.1)

Itis easy to see that definition (4.5.1) is correct. In view of the representation
(4.3.3), a test function ¢ € D(Q’]’fm) is represented by a finite sum of the form

P ) = Y GOVG). e D@, Y € D@L).  (4.5.2)

k

Then the operator ¢ — (g(x), ¢(x, y)) is linear from D(Q’I‘,’L”’) into D(QZ),
and thus the functional on the right-hand side of (4.5.1) is linear on D(Q’;,*’”).
Hence f(x) x g(y) € D'(Q,™).

Proposition 4.5.1. The direct product (4.5.1) is commutative:
Fx) x g(y)=g(y) x f(x). (4.5.3)

Proof. From (4.5.1) and (4.5.2), we have

(F0) x g(y), @) = Y (f(x), $i)(g(), Vi)

k
= (g x fx), @), ¢ eD@,™). (454

Thus the direct product is commutative. O

It follows from (4.5.4) that the direct product f(x) x g(y) is continuous
with respect to the joint factors f and g: if f — 0, kK — oo in D’(Q'I’]) and
g —> 0,k — oo in D'(D})) then fi x gx — 0,k — oo in D’((@';f’”).
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Note that for g = 1 the equality (4.5.3) is equivalent to the equality

<f(x), /@m o(x, y)d’”y> = /@m(f(x), (x,y)d™y, (4.5.5)

v € D@;™).

For example, §(x) = §(x1) X 8(xp) X - -+ X 8(xy).

The direct product f(x) x g(y) of distributions f € D'(O), O C Q), and
g € D'(0y), O1 C QY is defined in a similar way.

For example, §(x) = §(x;) X «-- X 8(xy), x = (x1...,x,) € R".

4.6. The Schwartz “kernel”’ theorem

Every distribution f € D’(Q;’f”‘) defines the linear operator A : D(Q’I’,) —
D/(Q’;f) by the formula

(AD), ¥) = (f(x, y), ()Y (¥)), ¢ € DQ,), ¥ eD@}). (46.1)

According to Lemma 4.4.1 and Corollary 4.4.2, every linear operator and
functional defined on D is continuous.
The inverse statement is also true.

Theorem 4.6.1. ([241, VIL7.]) Let B(¢, V) be a bilinear functional, ¢ €
D(QZ), Y oe D(Q’I’}). Then there exists a unique distribution f € D’(Q’l‘f”’)
such that

(f; oY () = B(, ¥), ¢ € D@, Vv eDQ). (462

Proof. Since every test function ¢(x, y) from D(Q’[‘f’") is represented by a
finite sum of the form (4.5.2), the bilinear functional B(¢, 1) defines some
linear functional

fio— ) B )
k
on D(Q’;ﬁ’”) and, consequently, f € D/(Q’;Jr’"). The distribution f satisfies the
equality (4.6.2). It is clear that f is unique. O

Corollary 4.6.2. ([241, VIL.7.]) (Schwartz ‘“kernels” theorem) Let ¢ — A(¢)
be a linear operator from D(Q’l’,) into D’(QZ‘). Then there exists a unique
distribution f € D’(Q’;f’“) such that the equality (4.6.1) holds.

The distribution f(x, y) is called the kernel of the operator A.
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Corollary 4.6.3. ([241, VIL7.]) Every bilinear form B(¢, V), ¢ € D(Q’),
/S D(QZ’), is continuous.

4.7. The convolution of distributions

Let f, g € D'(Q}). The convolution f * g of these distributions is defined as
the functional

(f*g,0) = kli)rgo(f(x) x g(y), Ax(X)p(x + ), 4.7.1)

if the limit exists for all ¢ € D(@’;)’ where Ay (x) is a canonical 1-sequence
(4.4.5). The right-hand side of the equality (4.7.1) defines a linear functional
on D(Q), and thus f * g € D’(Q'I’]).

The convolution g * f is defined in a similar way:

(g * fro) = lim (g(y) x f(x), A(e(x +y)). ¢ € D@)).  (4.7.2)

Theorem 4.7.1. ([241, VIL1.]) Let f, g € D’(Q’;). If the convolution f * g
exists then the convolution g x f exists, and they are equal:

frxg=gx [

Proof. By the condition of the theorem the convolution f % g exists. Let ¢ €
D((@;) sothat ¢ € Dﬁv (Q’;) for some N, ! € Z. By formula (4.3.4) the function
¢ is represented in the form of the finite sum

pn(N—l)

p(x) =Y pa)Ax —a"),

v=1

for some a” € BYy,, where A;(x — a") is the characteristic function of the ball
B/'(a"). Therefore it is sufficient to prove this theorem for the test functions of
the form

Pu(x) = Ay(x — a”).
It is clear that for sufficiently large k we have
Ar(x) = Qp~FIxlp) = Qp~FIx —a’|,)) = Aulx —a¥), x € Q). (47.3)

Thus (4.7.1) and (4.7.3) imply

(f*g @) = klir&<f(x) x g(y), Ap(x —a”)e,(x + y))
= k@g&(f(x) x g(y), Ar(x —a”)Ay(x +y —a")).
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Taking into account the following identity [241, VIL.1], [163]:

Q(Ip'x —al,)Q(Ip*x — bl,) = Q(Ip'x — al,)Q(1p* 'a —bl,). 4.7.4)
x,a,be Q;’, fork > 1, k,l € Z, we obtain that

Ar(x —a)Ai(x +y —a") = AAx +y —a”).
Consequently, we have
(fxg o) = lim () x g(y), Axlx = a")pn(x + ¥))
= lim ((0) x g0, Ae0pu(x + 1) = (g % f. 00).

Here we used the commutativity of the direct product (4.5.3). O

Lemma 4.7.2. ([241, VIL1.) If f, g € D/(Q;) and supp g C By, then the
convolution f * g exists and

(f*8.0)=(f(x) x gy), AN(Mex + ), Yo eDQy). (415
Proof. Formulas (4.7.1) and (4.4.8) imply that for all ¢ € D(Q;‘,)
(f xg,0) = lim (f(x) x g(y), Ae(P(x +))
= lim (f(x) x Av(y)g(y), Ax(»)e(x + )
= lim (£(x) x g(y), AV A)e(x + ¥))
= (f(x) x g(y), AN(Mp(x + y)).
Here we used the relation
A (AN +y) = Av(Me@ +y). k= oo, in D@
O

If the conditions of Lemma 4.7.2 hold, the convolution f % g is continuous
with respect to the joint factors f and g:if fy — f,k — ooin D’((@'I’)); g — &,
k — oo in D'(Q)), suppg C By then fi * gx — 0,k — 00 in D'(Q)).

This result follows from the representation (4.7.5) and the continuity of the
direct product (see Section 4.5).

Example 4.7.1.
f*8=8x%f=f, feD/(Q’;).
This follows from representation (4.7.5) and formula (4.5.1):

(fx8,¢) = (f(x) x8(y), An(Y)p(x + ¥))
= (f(0), 6, AvDex + ) = (f, ).
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In view of the continuity of the convolution, it follows from Example 4.7.1
and formula (4.4.7) that if f € D’(Q'[’,) then

f*8c— f, k—oo, in D(Q) (4.7.6)
where 8 is a canonical 8-sequence (4.4.6).
Proposition 4.7.3. ([241, VILL]) If f € D'(Q}), ¥ € D(Q%) then
(fxP)x) = (f(), ¥ (x —y) € EQ)), xe€Q, 4.7.7)

where the parameter of constancy of the function f % does not exceed the
parameter of constancy of the function .

Proof. Lety € Dé\,((@g). Using (4.7.5) and (4.5.5), we obtain the representation
4.7.7):

v 9) = (£, WOIAN DI + )
- <f(x), / Vol + y)d”y> - <f(x>, / e - x)co(é)d”é>
Qy Q;
= [lrw w6 - @ ds VoD@,
Q;

Here we take into account that ¥ (& — x)p(§€) € D(Qi’z). Since ¢ is locally
constant then (f(y), o(x — y)) € € (Q’;) is also locally constant. O

Proposition 4.7.4. Every distribution f € D’ is a weak limit of test functions:
D)) > Ak(f x8) —> f, k— o0, in D’(Q’;). (4.7.8)
Thus, D(Q’l’,) is dense in D’(Q;‘,).
In view of formula (4.7.5) we have

(f(x) x g(y), Ar(xX)p(x + ¥))
= (M) f(x) x g(¥), o(x + y)) = ((Arf) * g, 0),

and, consequently, definition (4.7.1) of the convolution f * g is equivalent to
the following one:

(Axf)xg— fxg, k—oo, in D(Q@Q)). (4.7.9)

It follows from definition (4.7.1) of the convolution that supp(f * g) is
contained in the closure of the set

[6:6€Q), &=x+y xesuppf yesuppg}
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In particular, if supp f C By and supp g C By then supp(f * g) C By. Thus,
the set of distributions with supports in By forms the commutative and asso-
ciative convolution algebra, where the § function plays the role of the unit
element.

4.8. The Fourier transform of test functions

The Fourier transform of a test function ¢ € D(Q’;,) is defined by the formula

9(§) = Flel®) =/ xp& - X)) d"x, §eQ, (4.8.1)
P
where x,(& - x) = xp(Ex1) - Xp(Eaa) = 7 T £ s the scalar
product of vectors, and the function x,(&;x,) = e*"&%)r for every fixed &; €
Q, is an additive character of the field Q, (2.3.3), {§;x,}, is the fractional part
of a number £;x; defined by (1.6.4), j =1,...,n.

Lemma 4.8.1. ([96, Ch.I1,§2.4.], [230, II1,(3.2)], [241, VIL.2.]) If ¢ € Dﬁ\,((@'l’,)
then (&) = F[(p](é) € D:ZN(QZ). Thus the map ¢ — F[¢] is linear and con-
tinuous from D(Q;) in D(Q;).

Proof. Letg € Dﬁ\,((@’]’]). Making the change of variable x = x” + a in (4.8.5),
where a = (ai, ..., a,) € Q) |axl, = pl.k=1,2,..., n, weobtain

&) = /@ & (& g +a)d'

= xp(§ -a)[@n Xp(& - xDp(xN)d"x" = ¥, (& - @)P(§). (4.8.2)

If|&], > p~' thenthereisak € {1,2, ..., n}suchthat |ax&l, = laklpl&l, >
1. Thus from formula (2.3.3) we have x,(§ - a) = xp(€1a1) - - xp(&nan) # 1,
and, consequently, (4.8.2) implies that () = 0 for |§|, > p~/, i.e., supp@ C
B",.

If & € B", then for |x|, < p" we have [§’ - x|, <1 and x,(& -x) = 1.
Consequently,

76 +6) = [ a(E ) g

= / Xp(€ - X)xpE - X)p(x)d"x =/ xpE - xX)px)d"x = @(&).
B}, B},

Thus for @ the parameter of constancy > —N. O
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Theorem 4.8.2. ([96, Ch. I, §2.4.], [241, VII.2.]) The Fourier transform is an
isomorphism of the linear spaces D(Q;’,) — D(QZ) and the following inversion
formula holds:

p(x) = [@ Xp(—x - OFR)E) " = F ']
= F[Flpl(=8)](x) = F[Flgl](—x). ¢ €D@}). (4.83)

Proof. From Lemma 4.8.1, the Fourier transform (4.8.1) maps D(Q;) into
D((@’;,). Let ¢ € Dﬁ\,((@;')). Taking into account that p(§) € D:IN(Q;’,), we cal-
culate

f@n xp(—=x - &)p(§)d"s

=/ xp(—X~$)</ xp(E-X’)w(x’)d"x’>d”€
B, BY

- / w(x’)( / e -(x’—x))d"é) &y
Q B",

n
4

- / go(x’)( / (& - —x))d”$> Y
|x'—x|,<p! B",

+/| | qo(x/)</3 xp(§-(x/—x))d"s) d'x'. (4.8.4)
x'—x|,>pht! Y

Let us consider the first integral in (4.8.4). If [x" — x|, < p', |&], < p~! then
xp(& - (x" — x)) = 1. Now taking into account that ¢ € DQ(QZ) and formula
(3.3.1), we have

/ ‘ P+ (x" — X))(/B xp(€ - (x" = X))d”E) d"x'
x'=x|,<p! "

— o) / / &"E &' = p(x)p" p = ().
B'(x) /B,

Now we consider the second integral in (4.8.4). Since |x'—x|, > p'*!
and 1§l < P_l, from (3.3.3), Xp(%_ ca) = xp(§1a1)- - Xp(%_nan) = 0. Conse-
quently, the second integral in (4.8.4) is equal to O.

Thus the inversion formula (4.8.3) holds and the map ¢ — @ is one-to-
one. O

Lemma 4.8.1 and Theorem 4.8.2 imply the following statement.
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Lemma 4.8.3.
¢ e D@ iff Fle] e D)@ (4.8.5)

Proposition 4.8.4. ([241, VIIL.2.]) The Parseval-Steklov equality
/@ , e Y d"x = [@ Flpl®) FIY1E)d"E, ¢. v € D)), (4.8.6)
and the equivalent equality
/Q o) Fly 1) d"x = /Q , Flpl©)¥(§)d"s, ¢. ¥ € D)), (48.7)

hold.

Proof. First let us prove (4.8.7):

/n 9(x) Fyl(x)d"x = / w(@(/@n v xpE -X)d"§> d"x

Q @

= f 11”(5)(/ QD()C)X[,(S . x) d"x) dng
Qy Q;

P

_ / gl y @) d'.

Q

If we denote n(&) = F[¥/](€) then by (4.8.3) ¥ (x) = F[n](x). Next, we can
see that (4.8.7) is equivalent to (4.8.6). O

Proposition 4.8.5. Let A be a matrix such that det A # 0, and b € Q. Then
for atest function ¢ € D(Q')) the following relation holds:

Flp(Ax + b)I(¢)
= |det Al x,(— A7'b - §)Flp()]((AT)7'E), x.6 €@, (488)

where A~" and AT are the inverse and transpose of matrix A, respectively. In
particular, if € D(Q)), a € Q;, b € Q, then

a

b
Flptax + 516 = lal, xp( — 26 ) Flpl(5). x6 @, @89)
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Proof. By (4.8.1) and (4.4.10) we have

Flp(Ax + b)I(E)
- [@ Xo€ - X)g(Ax + by d'x

n
3

~ det Al f@ 1o(& - (A7 = b)) p(md"y

P

— et Al xp(— A”'b - £) f@ (€ (A7) d"y

= |det Al x,(— A7 - §) /@n X (AN - y)p(y)d"y.

It is easy to calculate that
FIA(x) = 8(x), k€ Z, xeQ, (4.8.10)

where A, and §; are the canonical 1- and §-sequences (4.4.5) and (4.4.6),
respectively. In particular,

FIQ1(x) = Q). 4.8.11)

4.9. The Fourier transform of distributions

According to (4.4.9), the Fourier transform F[ f] of a distribution f € D’(QZ)
is defined by the relation

(FLf1 @) = (f. Flol), (4.9.1)

for all ¢ € D(Q;’,).

From Lemma4.8.1, the map ¢ — F[¢]is linear and continuous from D(Q;)
in D(Q;’,). Hence the functional in the right-hand side of (4.9.1) is linear on
D(QZ), and from Lemma 4.4.1 it is continuous. Thus F[f] € D/(Q’I’,) and the
map f — F[f]is continuous from D’(Q’;’) in D/(Q’;).

Proposition 4.9.1. The inversion formula holds:
[ =F[FLf1(=9)], f e D@). (4.9.2)

Thus the Fourier transform f — F[f] is the linear isomorphism D/(Q’I’,) onto

D@).
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Proof. By using definition (4.9.1) and the inversion formula (4.8.3) for test
functions, we obtain

(FI[FLf1(=8)], ¢) = (FLf1(=£), Flg])
= (FLf], Flpl(—=&)) = (f. F[Flpl(=&)]) = (f. ¢).

Example 4.9.1.
F[5] =1, F[l]=4.

Indeed, according to (4.9.1) we have the first equality

(F[8].¢) = (8, Flel) = Flel(0) :f px)d"x = (1, ).

n

The second one follows from Proposition 4.9.1.

Definition (4.9.1) and formulas (4.4.10), (4.4.11), (4.8.8) and (4.8.9) imply
the following statement for distributions.

Proposition 4.9.2. Let A be a matrix such that det A # 0, and b € Q’;,. Then
for a distribution f € D'(Q)) the following relation holds:

FLf(Ax + D)I(§)
=|det Al x,(— A7'b - E)FLfOI((AT)T'E), x.6€Q). (493)

In particular, if f € D'(Q,), a € Q, b € Q,, then
_1 b §
FIfax+b)16) = lal; %, (= 26) FIF@I(2). x6 Q) @94
Now we derive a formula for the Fourier transform for a distribution with a
compact support.

Theorem 4.9.3. (see [241, VIL.3.]) Let f € D’(Q’;}). We have supp f C By, if
and only if F[ f] € £(Q'), where for F[ f]a parameter of constancy is > —N.
In addition

FLAIE) = (£ (), An)xp(E - X)) (4.9.5)
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Proof. Let f € D'(Q)) and suppf C Bj. Definition (4.9.1) and formulas
(4.4.8) and (4.5.3) imply that

(FLFL9) = (A0, Flpleo)
= (£, av [ - 0@ ')

g

for all ¢ € D(Q;‘,). Thus the last relation implies (4.9.5).
Let & € B" . Hence

@

(£ Avx - )@ a7,

n
P

FLAIE +E) = (F(0), Av)xp (5 +8) - x)).

Since for x € By, we have |£ - x|, < 1, then x,(§'-x) =1 and

FIAIE +E) = (£, Av)xp(E - 1)) = FLAIE).

Thus, for F[ f] the parameter of constancy > —N.
Conversely, let F[f] € £(Q) and its parameter of constancy is > —N.
Applying the inverse Fourier transform to the equality

FLf1E +&") = FLf1&), £eQ), V&eB,,
and using (4.9.3), we obtain
xpE - 0fx) = fx), xeQ),, VE&eB,. (4.9.6)

However, for any |x|, > p" there exists some & such that |£|, = p~", and
xp(&' - x) # 1. Therefore, (4.9.6) implies that f(x) =0 for |x], > PV, ie.,
suppf C Bj. O

Theorem 4.9.4. ([241, VI, 53N If f, g € D/(Q’I’,), supp g C BYy then

F[f xgl=F[f]F[g]. (4.9.7)
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Proof. Using definitions (4.7.1) and (4.9.1), and also formulas (4.7.5) and

(4.9.5), we obtain
(FLf =gl fxg, Flel) = (f(x) x g(0), AW Flpl(x + y))

y
=<f(x) <g(y> An(y) / o(E) (& - <x+y>>d”s>>
<f(x) <g(y) Ay xp(E - y)><p($)xp(€ x)d"é>

f(X) F[g](f)fﬂ(é)xp(é X)d"$>

= (f@), F[F[g] 1) = (FLf1, Flglg) = (FLf1Flgl. ¢),
for all ¢ € D(QZ). Thus the formula (4.9.7) holds. O

Theorem 4.9.5. ([241, VII, (5.4)]) If for distributions f, g € D’ (Q’Z,) the con-
volution f x g exists, then

FLfxgl=F[fIFIgl (4.9.8)
Proof. From Theorem 4.9.4 and formula (4.8.10),
F[f*(Mcg)] = FIf1F[Acg] = FIf1(Flgl % &), keZ,

where Ax(x) = Q(p~F |x|,) is a canonical 1-sequence (4.4.5). Next, using rela-
tions (4.7.9) and (4.7.6), we conclude that (4.9.8) holds. ]
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Some results from p-adic £!- and £?-theories

5.1. Introduction

In this chapter we present some results related with £'- and £2-spaces, which
we need below.

5.2. L'-theory

Iffe £'(Q;’,) then formula (4.9.1) is equivalent to formula (4.8.1):

F&) = FIFIE) = / & Df0dy, EeQ,. (52D

P

There is an analog of the real Riemann-Lebesgue theorem.

Theorem 5.2.1. ([230, II, (1.6)], [241, VIL3.D If f € El(QZ) then F[f1(§)
is continuous on Q’; and

FLAIE) = /@ F@RE D0, & oo

Proof. Since |x,(& - x)f(x)| =1f(x)], x e Q", by applying the Lebesgue
dominated convergence theorem 3.2.4, we conclude that function F[f](§)
(which is given by (5.2.1)) is continuous.

Let us prove that F[f](§) — 0, as & — oo. From Proposition 4.3.3,
the space D(Q’Iﬁ) is dense in EI(Q;’,). Consequently, for any ¢ there exists
(NS D(QZ) such that f@jﬂ |f(x) — o(x)|d"x < e. Moreover, according to

Lemma 4.8.3, there are [, N € Z such that ¢ € Dﬁv((@’;), ie., F[f1¢§)=0

75
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for |§], > p". Therefore, if |£|, > p" we have

FLAIE) ’ [@ ()~ )y & W)+ /@ Pl E D d'

IA

/@,, | f(x) — ()| d"x + |Fel(&)| < e.

O

Using the standard scheme of a proof for the real setting (see [236, Ch. I,
84.1.]), one can obtain the p-adic version of the Young inequality.

Theorem5.2.2. Let f € L7(Q)),1 < p < 00,8 € L1Q}), where% + }4 > 1.
Then f * g € L™ (Q), where } = % + ﬁ — 1, and the Young inequality holds:

If gl < I1fllp 18- (522

In particular [230, 11, (1.7)], if f € U](Q:‘,), 1<p<oo and g € E'(QZ)
then f x g € Ep(Q;‘,) and

If =gl <1 flp gl (5.2.3)
Proof. Let us choose o, > 0 and s, ¢ > 1 such that

1 1 1
;+;+;=1, ar=p=0—-a)s, pr=pn=({1-7p)r.

Then p 4 2- =r = pu + &~ Next, using the Holder inequality and the Fubini
theorem 3.2.3, we obtain

(£ *gll,)’ =/@
5/@ ;
< [,(f

r/t
x (/ lgr = )| d"y) a"x = (1£1,) (leh)'-

Q

,
d"x

fgx —yd'y
o

( /@ FOFlg =IO “lgtx = »I'F d'y) d'

n
P
n
P

r/s
|FOI g = I d”y> <f | FonI d”y>

n
P P
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5.3. L*-theory

The set Ez(Q;',) is the Hilbert space with the scalar product
9= [@ fOR® A, fige @), (530
P

so that || flla = v/(f. f).
In L'Z(Q';, ) the Cauchy—Bunjakovsky inequality holds:

ICf Ol = I1F 12 1182, f.g € LX(Qp). (5.32)

Using the standard scheme of the proof for the real setting, one can prove
the following statement.

Theorem 5.3.1. ([241, VIL.4.]) The Fourier transform f — F[f] maps

Ez((@’[’,) onto Ez(Q;',) one-to-one and mutually continuous, where

FUAG = Fo = lin [ foE ods i C@y 633)

FTA = f(0) = lim / FExp(—x-5d"s in L@ (534
9] By
Moreover, the Parseval-Steklov equality holds:
(f,8) = (FLf], FlgD, U =1IFLAll, f g€ LX@)), (53.5)
cf. (4.8.6).

Proof. Let f € Ez((@;',). Then f, =A, € El((@’;,) for all y € Z, where
A, (x) = Q(p~7|x|p) is a canonical 1-sequence (4.4.5). From (5.2.1), there
exists the Fourier transform f, (§) = F[f, 1(§). Itis clear that

lim || f — £, = lim | f(0))?d"x =0, (5.3.6)
y—>00 y—>00

[x|p=p?

and hence
lim || f, Il = 1111l (5.3.7)
y—)OO

The Parseval-Steklov equality (4.8.6) for test functions ¢, ¢ € D(Q) can
be rewritten in the form of the scalar product (5.3.1) as

(. ¥) = (Flel, F[¥D, el = IF[]ll2, 9. ¥ € D@)). (53.8)
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According to Proposition 4.3.3, the space of test functions D(Q) is dense in
L%(O). Thus, taking into account (5.3.8) and (5.3.7), we conclude that

1l =1f 0= IFl. ¥ — oo, (5.3.9)
Ify = Flla=10fy = frla—>0, v,y —o0.  (53.10)

From relation (5.3.10), {ﬁ,, y — oo} is the Cauchy sequence in [,2(@’;,).
Then, according to the Riesz—Fisher theorem, there exists a function g €
L2(Q}) such that fy — g asy — oo in LX(@Q). On the other hand fy -~ f
asy—>oomD/Q") Hence, f_geﬁzQ”)andfyefasyaoom
Ez((@”) Thus the representation (5.3.3) holds. Since ||fy I, — ||f\| y — 00,
takmg into account (5.3.9), we conclude that the equalities in (5.3.5) hold.

From (5.3.3), the inversion formula f = F[f(—f)], which is given by
(4.9.2), takes the form (5.3.4).

Thus, f — f is one-to-one and a continuous map from LZ(Q’;,) onto
L@y, 0
Corollary 5.3.2. ([241, VIL.4.]) The Fourier transform f — fis a unitary
operator in /JZ(Q’;,).

Lemma 5.3.3. ([241, VILA) If f € LX(Q) then

lim p~"2 | |f(x)|d"x = 0.

y—00 B

Proof. Let f € EZ(Q’[‘,) and ¢ > 0. Then there exists N € Z such that

82
/ [fOPd"x < —.
@\B} 4

Assuming that y > N and applying the Cauchy—Bunjakovsky inequality, we
obtain

p™ | Ifold"x = p? /

By BI\B},

1/2 1/2
< p‘"W(/ |f<x)|2d"x) (/ d”x)
BI\BY, BI\B},
12 1/2
v foren) ([, o
B i
1/2 172
5(/ If(x)lzd"x) +p—"V/2p"N/2</ |f<x>|2d"x)
Q\B, Q

&
<3+ RIS .

FCOldx + p7 P / GOl dx
5
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For all y such that p~"=M72|| f||, < % we have

p | I f)ld"x <e.
By
O

Remark 5.1. In Chapter 8 we construct an infinite set of different wavelet
bases in L*(Q7).
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The theory of associated and quasi associated
homogeneous p-adic distributions

6.1. Introduction

In this chapter we construct and study associated homogeneous distributions
(AHD) and quasi associated homogeneous distributions (QAHD) in the p-adic
case. These results are based on the papers [16], [17], [223]. The results of this
chapter will be used below in Chapters 9, 10 and 14.

In Appendix A, Sections A.2—A.7, we recall the theory of QAHDs in the
better known case where the underlying field consists of the real numbers (“real
QAHD”). By analogy with the theory of real QAHDs, in Sections 6.2—6.5 we
develop the theory of p-adic associated and quasi associated homogeneous
distributions. In Section 6.2, we recall the facts on p-adic homogeneous dis-
tributions from classical books [96, Ch.II, §2], [241, VII]. In Section 6.3,
Definition 6.2 of a p-adic QAHD is introduced. We prove Theorems 6.3.3
(Section 6.3) and 6.4.1 (Section 6.4) which give a description of all quasi asso-
ciated homogeneous distributions and their Fourier transform respectively. In
Section 6.5, a new type of p-adic I'-functions is introduced. These I"-functions
are generated by QAHDs.

6.2. p-adic homogeneous distributions

6.2.1. Definition and characterization

Let 7, be a multiplicative character of the field Q,. We recall some facts from
the theory of m,-homogeneous Bruhat-Schwartz p-adic distributions, where
Ty is a multiplicative character of the field Q, [96, Ch.II, §2.3.], (241, VIIL.1.].

Definition 6.1. (a) ([96, Ch.IL §2.3.], [241, VIIL.1.]) A distribution f € D'(Q,)
is called homogeneous of degree 7, if for all ¢ € D(Q)) and 7 € Q we have

80
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the relation

(£:0()) = matotlp (1. 0).

ie., f(tx) =m,(t) f(x), t € Q;.
(b) (121]) We say that a distribution f € D'(Q))) is homogeneous of degree
. ifforall ¢ € Q; we have

fx)= f(txy, ..., txy) =m, () f(x), x=(x1,...,Xy) € Q;’,. 6.2.1)

A homogeneous distribution of degree m,(x) = |x |?‘,’1 (o # 0) is called homo-
geneous of degree o — 1.

For every multiplicative character m,(x) # my = |x|3', x # 0 a homoge-
neous distribution 7, € D'(Q,) of degree 7, (x) is defined by the formula [241,
VIII, (1.6)]

(Mo 9) = | 1x[57 ' M) (p(x) — 0(0)) dx
Bo
+ / [~ m()e(x) dx + p(O) (@),  (62.2)
Q,\Bo
for all ¢ € D(Q,). Here, from (3.3.2) and (3.2.3), for Re & > 0 we have

Io(a) = / e[~y (x) dx = { ,_pf)’ me) # 1, (6.2.3)
By

e T =1

For a # pu; = lznllij, Jj €Z, we define Ip(e) by means of an analytic
continuation.
In the one-dimensional case the following characterization theorem holds.

Theorem 6.2.1. ([96, Ch.II, §2.3.], [241, VIII.1.]) Every homogeneous distri-
bution f € D'(Q)) of degree m,(x) = |x|7,’1m(x) has the form

(a) Cmy, if either m(x) £ 1 or o # 0;

(b) C6, if m1(x) =1 and o = 0, where C is a constant.

The multidimensional (n > 2) homogeneous distribution |x|‘;‘,‘” € D’(Q']’])
of degree @ — n is constructed as follows. If Re @ > 0 then the function |x |j‘,‘”
generates a regular functional

(Ixlo™", p) = / K4 "e)d'x, Yo e D@,  (624)

4
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If Re @ < O this distribution is defined by means of analytic continuation [229,
(M1, (230, 111, (4.3)], [241, VIII, (4.2)]:

(Il g) = fB Il (o) — p(0) d"x

+/ XI5 " p(x) d"x + ¢(0)
\B}

—n

. (6.2.5)

I—p
1_

for all 9 € D(Q)), & # pj = %j, J € Z, where |x|,, x € Q7, is given by
(1.10.1). The distribution |x|7™" is meromorphic on the whole complex plane

«a, and it has at the points u;, j € Z simple poles with residua llgé’ : 8(x).

6.2.2. The Fourier transform

Let us recall the theorem describing the Fourier transform of a homogeneous
distribution.

Theorem 6.2.2. ([96, Ch.II, §2.5], [241, VIIL.2.]) Let f € D'(Q,) be a homo-
geneous distribution of degree 7, (x) = |x |‘;‘,’1n1 (x). Then its Fourier transform

F[f]is a homogeneous distribution of degree 7z, (x)|x|,! = |x|;°‘rrl_'(x).

Consequently, the Fourier transform of the homogeneous distribution 7, (x),
7, # my = |x|7', is proportional to the homogeneous distribution |& I,y L),
and the coefficient of proportionality I, (77 ) is called the I"-function. Here the
["-functions are given by the following integrals (see [24 1, VIII, (2.2), (2.17)]):

def . . 1— pa—l
Fole) ™ Tl = /@ el ds = 70 620
Tp(te) 2 Fl,l(l) = / e[ 11 () () dx. (6.2.7)

P

The integrals on the right-hand sides of (6.2.6) and (6.2.7) are defined by
means of analytic continuation with respect to the parameter «, or as improper
integrals (see [229, §1])

f(x)dx = lim/ f(x)dx.
k pk<lxl,<p*

Qp -
Thus,
Flme(0)]E) = Fp(ﬂa)lél;“ﬂfl(é), if 7y # 7o = Ix],",
(6.2.8)
F[8(x)](6) = 1, if 7y = mo = |x]}",

where I',(7r,) is the I'-function (6.2.7).
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If 7(x), 75(x) are homogeneous distributions then the following relation
holds [241, VIIL, (3.6)]:

(4 % 75)(xX) = By(ry, wp)lx |5 w0 f(x), x €@, (6.2.9)
where
()T p(f)

B,(z!, 72) =
P N AR TS

o

(6.2.10)

is the B-function [241, VIII, (3.5)].

Similarly, the Fourier transform of the multidimensional homogeneous dis-
tribution (6.2.5) is proportional to the homogeneous distribution |x| ¢, and the
coefficient of proportionality F;")(Ol) is called the multidimensional I"-function.

In the n-dimensional case the Fourier transform of the distribution (6.2.5)
|x |‘[",’” is given by the formula [228], [229, Theorem 2.], and [230, III, Theorem
(4.5)], [241, VIII, (4.3)]

Fllx|5™" =T (@)L, a#0, n, (6.2.11)

where F‘E,”)(a) is the n-dimensional I"-function given by the following formula
(see [228], [229, Theorem 1.], [230, III, Theorem (4.2)], [241, VIII, (4.4)]):

def

'(a) lim |27, (u - x) d"x
g k=00 J p—k<|x|, <pt roar
a—n n 1 — pa—n
= |x|p Xp(x)d"x = W (6.2.12)

%
in a sense of the principal value integral (3.2.5), where |u|, = 1, and the
distribution |x|‘;‘)’” is given by (6.2.5). Here F;,l)((x) =TI, ().

6.3. p-adic quasi associated homogeneous distributions

6.3.1. Definition and characterization
In order to introduce the p-adic analog of QAHDs, we adapt Definitions A.10
and A.12 of the real QAHDs from Appendix A.

Definition 6.2. ([16], [17], [20], [21]) (a) A distribution f,, € D'(Q)) is said
to be quasi associated homogeneous of degree m, and order m, m € Ny =
{0} UN, if
X “ i
(£ 9(2)) = 1Ot s 0) + 3 a1 108} It Fr s )
j=1

for all ¢ € D(Q,) and t € Q%, where f,,_; € D'(Q,) is a quasi associated
homogeneous distribution of degree m, and order m — j, j=1,2,...,m,
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ie.,

Fnt2) = 7o) fu () + > 7O log) |1l fuj (), 1 € Q.

j=1

If m = 0 we say that the above sum is empty.
(b) We say that a distribution f € D’ (Q;) is quasi associated homogeneous
of degree 7, and order m, m € Ny, if for all 7 € Q[f we have

Sn(tx) = fultxy, ..., tx,)
Ta(0) fn(X) + Y T l0g) 111 fru (), (6.3.1)

j=1

where f,_; € D’(Q’,‘,) is a quasi associated homogeneous distribution of
degree m, and orderm — j, j=1,2,...,m.
A quasi associated homogeneous distribution of degree m,(t) = |t|‘;§’1 and
order m is called quasi associated homogeneous of degree o« — 1 and order m.
(c) Quasi associated homogeneous distributions of order m = 1 are called
associated homogeneous distributions (see [95] and [16], [17]).

Remark 6.1. The sum of a QAHD of degree m,(x) and order m and a QAHD
of degree 7, (x) and order k < m is a QAHD of degree 7, (x) and order m.

For every multiplicative character m,(x) # mo(x) = |x|l‘,1, x # 0, and for

every m € N, we define the distribution 7, (x) log’;j |x|, € D'(Q,) by an ana-
lytical continuation with respect to a:
(o (x)logly |x1p, p(x))

= | x5 mi@) log) x],(9(x) — 9(0)) dx

By

+ / xl5 I (x) loglt [x|pp(x) dx + p(O)g(as ), (6.3.2)
@p\BO

for all ¢ € D(Q). Here for Re o > 0

Io(a;m)

0
|4 () logly x|, dx = Y y"pr@V / m1(x) dx

BO y=—00 SY

0, m@x) #1,

- 6.3.3
{log','f e(l — P_l)#(ﬁ), mx) =1, ( )

and forall @ # a; = lzni[’;j, J € Z, we define the integral Iy(o; m) by means of

an analytic continuation with respect to . Relation (6.3.2) can also be obtained
by differentiation of (6.2.2) with respect to «.
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For the multiplicative character mo(x) = |x|7!, x # 0, we define the dis-
tribution P( ) € D'(Q,) (the principal value of the function lxI, 1) by the
formula [241 VIII (1.10)]:

(P(=)0 f X1, () = 9(0)) dx

|x |p

+/ x|, 'p(x)dx,  @(x) € D. (6.3.4)
Q,\Bo

By analogy with formula (6.3.4), for m € N we introduce the distribution

(P (%)@ = /B 8 o ) — p(0)) i

x1p |x1p

log" |x
~|—/ M(p(x)dx, o(x)eD. (6.3.5)
QB |Xlp

Lemma 6.3.1. The distribution na(x)log'" |x|,, where either mi(x) # 1 or
o #£ 0, and the distribution P(|x| 1Iogm Ux| )are QAHDs of degree m,(x) =
x5~ U1(x) and order m € N.

Proof. 1.Forall ¢ € DQ), t € Q; we have the following.

(@) If |¢], < 1 then
(r(p)(0)
= /BO IXI,Z1<¢<§) - q0(0)> dx + /Q,,\Bo |x|;1<p<)t—c) dx

:/s . ISI;I(w(é)—w(O))d§+/ el e

1> 117
1

=(r(;

Ix1p

): 6(0)) = ¢(0) 1, de, (6.36)

-1
pSIEipSitip

where (see (3.3.1), (3.2.6), and (B.2) from Appendix B),

Yo
/ I|s|;1ds=2/ €1, de=(1—p ) 1=(1—-p "),
p<Ilp<ltl, y=1Y5

and 1 1=So(v0) =y° ltl, = p77, 0 = —log, lt], > 1.
(b) If|t|p — 1 then

1
P

xp

)it} = (o

1x1p

) 9.
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(c)If |#], > 1 then

(P()#(0)
= /|g|,,5t;‘ &1, (9(6) — 9(0)) d& +/ | £17 06 d

1>l
1

=(r(5

x| p

where (see (3.3.1), (3.2.6), and (B.2) from Appendix B)

“iy o
/lllp‘<|§p<l 1, d& Z / &1, d&

y=rotl

). #0)) + 9(0) 1, d. (6.338)

-1
Ity <l&lp=1

= Z 1=—(1-=p ), (639

y=rot+l

and Y o 1=—y"=—So(n0). It], = p", yo=—log, lt], < —1.
Thus from (6.3.6)—(6.3.9) we obtain

(p(0)- () = 1 ()]
+1tlple1, Tog, 1t],(1 = p~')(8(x), p(x)),  (6.3.10)

i.e., according to Definition 6.2 (a), P(ﬁ) is a QAHD of degree |x|;l and
order 1.
2.Form € N, all p(x) € D(Q), ¢ € Q%, from (6.3.5) we have the following.
(a)If |t], < 1 then

log’) |x|
(P(Z5)-o(5)
log” |x| g 1
:/I;OO‘C’]Z—JPQ/J(I—C) _<P(0)) dx—i—/@p\ﬂo Ogli—ljp(p()t_c) i

1 m
- / 8 1810 6) - o0)
£l,<ltly! |5|p

lo
1,11l ISI,,
o log;”_j &1,
= ;Ci log/, |t|p{<P<T)9 ‘P(§)>

J
—w(O)/ Mdé}. (6.3.11)
peiel, =it 1Elp
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Here [t], = p™", v = —log,|t], = 1, and (see (3.3.1), (3.2.6), and (B.2)
from Appendix B)

/ log ™/ |s|p VZ / logy ™ [£1, it
p<lEl,<lrl;' &1, |§|p

Yo

=(1-p ")) v, (6.3.12)

y=I1

where Z;ozl ymi = Sn—j(v), j=0,1,....,m
(b) If |¢], = 1 then

(P20, )= (ZE ) oo,

Ixlp p

() If ||, > 1 then

(P () ()

log” ||
=f 2 Ehr (6 — o)) d
elo<ilyt 1Elp

log™ |t
+/ % U e e
e~y 15Dy

=éq{,log{, |t|,,{< (%) ¢(§)>

J
+ ¢(0) Bﬁ—Ekd%. (6.3.13)
Itl;" <lgl, <1 &1,

Here |t], = p77, yo = —log,, [t], < —1, and (see (3.3.1), (3.2.6), and (B.2)
from Appendix B)

logh =/ |€], / logy™/ 11, €,
2P 7 g =
/|t|p‘<sp<1 1€1p : Z €1, a

y=n+1
E y", j=0,1,...,m.
y=n+l

(6.3.14)

Using equality (B.2) from Appendix B, and taking into account that
according to Lemma B.2, Z?/:)/OH y"i = —8,,—j(y0), we obtain from
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(6.3.11)=(6.3.14)

(P () ())

— i1l (P (E2) )

x|,
" o - log" ™ x|,
+ 3 el le1, " tog) |r|p<cznP(”|T’), o))
j=1 P
+ log ity (1= P71 800, ¢(0)) + (), 9(x) ;a,« log), |11,
for all + € Q%, where
1
an = —(1— p~")B 524,
_ (6.3.15)
_ cl, .
Amyl—j = (1 —-p 1)Bjm’ﬁH‘, j=2,3,...,m.
We have thus proved that for all 7 € Q
log” |tx], log” |x],y A
P(p—)zt“P<p—>+ t1 = og? |t Furi— i (X),
P 17l s ];W |, gl 11 fon1-j(x)
(6.3.16)
where
—_ (o5 Ixly P
Sur-@) = Ch(E )+ a8, j =12 m,
6.3.17)

fox) = =5 (1= p7")s(x).

Taking into account Remark 6.1, we can prove by induction that a dis-
tribution P(|x|;llog;” |x|,,) is a QAHD of degree |x|[j1 and order m + 1,
m € N.

3. For Re @« > 0, m € N and for all ¢ € D(Q), ¢ € Q; from (6.3.2) we
have

(12 (0) logl! |1, 9(0)) = f (% () Togt [x| () dx

P
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and

(a0 108 1150 0())
= [ st i mae tog 51,06 dae)

P
m

= ()lt], Y C}log) ltl, f@ E157 (&) logly ™ € (&) d (&)

j=0

= Ta(O)lt] (e (x) log? |x]9(x)

+ D maDt]p1og) 1], (i (), 9(X)),

j=1

where f,,_;(x) = Chia(x)logh 7 |&,, j =1,2,....m. Thus, for Re & > 0
we can prove by induction that 7z, (x) log’;f |x], is a QAHD of degree 7, (x) and
order m in the sense of Definition 6.2 (a), m € N. For other o # o; = ﬁ]i[’;j,

J € Z, this statement follows by the principle of analytical continuation. [

Lemma 6.3.2. Let f(x) be a QAHD of degree m, (x) = |x|zl_'7r1(x) and
order ms, s = 1,2, ...,r, where all oy or mg are different. Ifzgzl fix)=0
then f;(x)=0,s5s =1,2,...,r. Thus QAHDs of different degrees and orders
are linearly independent.

This lemma is proved in the same way as the corresponding lemma on linear
independent homogeneous distributions from [241, VIII.1.].
Let us prove the following theorem which describes all QAHDs.

Theorem 6.3.3. Every QAHD f € D'(Q)) of degree mo(x) = |x|‘;‘lm(x) and
order m € N (with accuracy up to QAHD of order < m — 1) has the form
(a) Crrp(x) logy [x1p, if o (x) # 7o(x) = |x],';

(b) CP(|X|;1 log:f‘_l |x|p), ifma(x) = mo(x) = |x|7 !, where C is a constant.

Proof. (a) Let f s 0 be a QAHD of degree 7, (x) # mo(x) = |x|;1 and order
m € N. It is clear that supp f = {0}. Therefore there exists a function ¢ €
D(Q), x € Qp, ¥(0) = 0 such that

Ao = (f(0), ¥(x),  Bo= (ma(§)log &l,, ¥(§)) #0,
Aj = (fu-j), ¥(x),  Bj = (ma()log, ™/ [&],, ¥ (§)) # O,
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j=1 ..., m, for which by virtue of Definition 6.2 (a) we have

(£ 9 (%)) = 7l (£, w0

+ D @il log) 1], (fuj (), ¥(x), 1 €Qy,

j=1

where f,,_;(x)is a QAHD of degree m, (x) andorderm — j, j =1,2, ..., n.
Hence we have

/(f( ot ))T’t(": r

m

= Ao(ma(1), (1)) + Y Aj{ma(t)log) |t],, 9(1),  (6.3.18)
j=1

for all ¢ € D(Q), ¢(0) =0
Since ¥(0) = 0 and @(0) = 0, we have ¥ (% )“’<’> € D(Q?), and (6.3.18)

implies i
p(1) >
, d
(7o f@ﬂw( )i

= Ao (1o (1), 9(1)) + Z Aj(ma()log) It]p, 9(1).  (63.19)

Jj=1

Making the change of variables (for x # 0) t = Jg—‘, dt = %dé in the inner

integral on the left-hand side of (6.3.19), using relation (3.4.3), and taking into
account that lw;f)q)(x /&) € D(Q?), we have

/@ p Igi)<f(x),¢(;—c)>dé

= Ao(ma(0), 0(1)) + Z Aj(ma(t)log) |t],, 9(1).  (6.3.20)
j=1

By using Definition 6.2 (a), from (6.3.20) we have

(70 (8), Y (EN(f (x), p(x)) + Z(ﬂa(é)log{, &1p W (E)) (fin—j(x), 9(x))

j=1

= Ao{ma (1), 0(1)) + Z Aj(ra (1) log) 1], (1)),
j=1
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for all ¢ € D(Q), ¢(0) = 0. The latter relation can be rewritten as

(B f () = Ao logy Il
+> (Bm_ i) = Ao (x) logh ™ |x|p), go(x)) =0.  (6.321)
j=1

It follows from equality (6.3.21) that either

Bmf(x) - Amna(x) logr,;l |x|p
+3 (Bm_jfm_j(x) — Ay (x) log ™ |x|,,) —0 (6322
j=1
or

Bmf(x) - Amna(x) logrg |x|p
+) (Bm_jfm__,-(w — Ap o (x) logy ™ |x|p) =Cé(x),  (6323)
j=1

where C is a constant.

Since 1y (x) # mo(x) = |x|3 1, according to Lemmas 6.3.1, 6.3.2 and The-
orem 6.2.1, relation (6.3.23) holds only for C = 0. Thus we have relation
(6.3.22).

Suppose that any QAHD f,,,_;(x) is a linear combination of the following
QAHDs na(x)log’; |x|,,k=0,1,....m—j—1, j=1,2,..., m. Then by
induction we have from (6.3.22) that

Ay
f() = Zma(o)logy 1,

m

up to a QAHD of order < m — 1.
(b) Let my (x) = mo(x) = |x|;'. Itis clear that supp f £ {0}. Then repeating
literally the previous arguments, we obtain the following relation:

log " |1,
.

m—1 1 m—1—j
Y <Bm_,~fm_ 1) = A JP((’gﬂg—b'S'”)) = o), (6324)

By f(x) — AmP<

j=1

where
— _ logy =/ [¢1,
Av= (v, By = (P(2EE), @) # 0,
Ajrt = g0 ), Bu = (P(F) w@)  #0,
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j=1,2,...,m—1, Cisaconstant. Similarly to the previous case, by induc-
tion we have from (6.3.24) that

) = Bm (log . |p|€ |p).

up to a QAHD of order < m — 1. The theorem is thus proved. O

Lemma 6.3.4. A QAHD of degree m,(x) and order m is periodic in the vari-

2mi

able a with period T = o) = inp’ ie.,
7Ta+T(x)10gp |-x|p - n(x(-x)log |x|pv Ty 75 |x|;]a
log” |x log” |x
(M) p(RE ) o,
N x}

Proof. The integrals in (6.3.2) and (6.3.5) can be rewritten as

el '71(x) log)y [x], (p(x) — ¢(0)) dx
0
= Y prehy" / 71(0) (p(x) — 9(0)) dx
y=—00 Y

/ x| 1 (x) loglt [x[pe(x)dx = pr@ Dy / 1 (0)@(x) dx.
Q/}\BO

y:] SV

Since p” =1, one can see that all terms on the right-hand side of the latter
relation are T -periodic in the variable o, T = o = 2’” . The integral Io(ce; m)
given by (6.3.3) is also T -periodic. Thus from Theorem 6.3.3, the lemma is
proved. O

6.3.2. Multidimensional case

Similarly to the one-dimensional case (6.3.4), one can construct the distribution

P ( 7 ) called the principal value of the function le\” :

1 — (0
(p( n),g0>=/ L}f"“d”ﬁ/ 20 iy, (6325)
|‘x|p 6‘ |'x|p QT)\BS |x|p

for all ¢ € D(Q’;). It is easy to show that according to Definition 6.2 (b), this
distribution is quasi associated homogeneous of degree —n and order 1.
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6.4. The Fourier transform of p-adic quasi associated
homogeneous distributions

Now we prove the theorem describing the Fourier transform of p-adic QAHDs.

Theorem 6.4.1. Let f € D'(Q),) be a QAHD of degree w, = |x|g"m(x) and
order m. Then its Fourier transform F[f] is a QAHD of degree m ! |x|;1 =
|x|;°‘rr1_l(x) and order m, m € N.

Proof. If m =1 then using (4.9.4) and Definition 6.2 (a), for all ¢ € Q; we
have

FLrwles) =1, F () ]©
= ltl, "7 () F[FO]E) + 111, 7 (171 log, [ 7] F fo)]©)
= 1], %7 O F[ £ )] — 2], %7 (0) log,, 1], F[ fo(x)] (&),
where fy is a homogeneous distribution of degree m,(x). From Theorem
6.2.2, F[ fo(x)](€) = Col€ |;°‘n1_1(§) is a homogeneous distribution of degree

|E |;°‘nf1(§), where C is a constant.
Thus for ¢ € Q;

F[f@)])
= |t m {(OF[f@)]©&) — 1e], % () log, |t],Col€ |, ;' (&),
i.e., according to Definition 6.2 (a), the distribution F[ f(x)](§) is a QAHD of
degree |E|;"‘n1—1(§) and order 1.

Let f be a QAHD of degree m,(x) and order m, m = 2,3, .... By using
(4.9.4) and Definition 6.2 (a), for all t € Q; we have

Flrmlee) =1l F ()] ®

= |t], 7o (17" ) F[ £ ()] <$>+Z|f|‘ 7o (71) Togl 1171, F [ fin (0] (€)

j=1

= |t 2 OF[F(0)]&) + Z le], %y () log), 111 (= 1) F[ fuu— (0] (),

j=1

where f,,_;(x)is a QAHD of degree mo(x) andorderm — j, j=1,2,...,m
Suppose that the theorem holds for a QAHD of degree 7,(x) and order
k=1,2...,m — 1. Then, by induction the last relation implies that F' [ f ](?; )
is a QAHD of degree | |;“71f1(§) and order m.
The theorem is thus proved.
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Taking into account Theorem 6.3.3 and Remark 6.1, one can prove this
theorem directly, by calculating the Fourier transform of the distributions

Tog |x|
o (x)log) |x1,, P ( Ifc\p ﬁ)_ O

Example 6.4.1. According to [241, IX, (2.8)],

rlp <||p

Here P(ﬁ) is a QAHD of degree 7o(x) = |x|," and order 1, and log |§|, is
a QAHD of degree 0 and order 1.

)& =L tog, ¢, - %

6.5. New type of p-adic I'-functions

According to Remark 6.1, and Theorems 6.3.3 and 6.4.1, for the QAHD
7o (X)10g) x| p, e (x) # 7o(x) = |x],', m € N, we have

Flra@)logh 1x1,]€) = Y Auil€ ], ) logh ™ [€l,.  (6.5.1)

and for the QAHD P (|x|;" log) ™" |x],), ma(x) = mo(x) = |x],;', m € N, we
have

F[P(x[," logy ™" 1x1,)]) = ) Bu-xlogy ™ €],, (6.5.2)
k=0
where Ay, By are constants, k =1, ..., m.

By analogy with (A.7.5) and (A.7.6), the coefficients A; and By
from relations (6.5.1) and (6.5.2) we will call I'-functions of the types
(kym, my) and (k;m, ), respectively, where m,(x) # mo(x) = |x|5!, m € N,
k=0,1,...,m. We denote A; by ['y(7y;m), and By by 'y (;ro; m).

By setting £ = 11in (6.5.1) and using (2.3.13), we obtain

Flma(x)log) |x|,](1) = Ag = To(mma; m).
Using (6.2.7), we obtain
. def a—1 m
Co(tas m) 4 / %1 () log™ [ xp (0)

d"T'p(me) .
= — log]) e. (6.5.3)

Here the integrals, just as above, are defined by means of an analytic continua-
tion with respect to the parameter «, or as improper integrals.
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Next, by successively substituting p, p?,..., p” into (6.5.1), we obtain
a linear system of equations for Ay, ..., A,. Solving this system, we can
calculate the I'-functions I'y(7ro;m), k=1,...,m — 1.

By setting £ = 1 in (6.5.2), we obtain
F[P(Ix|," logy~" x],)](1) = By = To(mo;m — 1).

Here the integral is defined as an improper integral. Thus, by definitions (6.3.4)
and (6.3.5),

log" ! |x
Co(mo;m — 1) = f P(g”—"”)xp(x)dx

) lx1p
. log” ! |x
= lim/ P(gp—w)xp(x)dx
k=00 J p=k <|x|, < pk Ix1p
10:‘%”'71 [x]p
= lim / —F " P(x,(x)—1)dx
""00( phsixl,<t 1Xlp < )
log” ! |x
+ / g"—"”X,,(x)dx). (6.5.4)
p=Ixl,<p x1p

Since x,(x) = 1for |x|, < 1, we see that the first integral in (6.5.4) is equal
to zero. Let us calculate the second integral in (6.5.4), fp
(3.3.1), (3.2.6) and (3.3.4), we have

logy " || logyy ™" |x] 1
f M}(,,(x)dx:/ Mxp(x)dxz_—.
p<lxlp,<pt X1, s |x]p p

<Ixl,<pt According to

Thus

1
Fo(rg;m — 1) = —;. (6.5.5)

Let us calculate I'y(79; 0). According to (6.5.2) and (6.5.5), we have
» 1
F[P(|x],")]¢) = Bilog, |£], — >

By substituting p into the latter relation, we have

1
F[P(IxI;")](p) = —B; — >
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Just as above,

1
I'i(70:0) = By = —/ P(

1
)xptp)dx = —
P | |P P

1
= — lim / xXp(px) — X
k—)oo( pr<ix|,<1 |X|p( P )
1 1
+ / —Xp(px)dx — — (6.5.6)
p<ixl,<pt 1Xlp P
Since according to (3.3.1), (3.2.6) and (3.3.4),
pr(1=p7"), v <=1,
| xotweras = —p oy =2
5 0, v =3,
and x,(x) = 1 for |x]|, < 1, relation (6.5.6) implies that
1 1
Ty(m:0)=—p(1—p )p~ +pp° — S=5 0 (6.5.7)

Relations (6.5.5) and (6.5.7) are in accordance with Example 6.4.1, since

oy

Po(ro;0) = F[P (| |,,

Iy 0) = F[P( )](1)— = -
lx1p
By successively substituting p, p?, ..., p”~!into (6.5.2), we obtain a linear
system of equations for By, ..., B,. Solving this system, we can calculate the

I'-functions I'y(mg;m), k=1,...,m — 1.
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p-adic Lizorkin spaces of test functions
and distributions

7.1. Introduction

Itis well known that fractional operators play a key role in applications of p-adic
analysis. However, the Bruhat—Schwartz space of distributions D’(Q’;) is not
invariant under fractional operators (see Chapter 9, Section 9.1). To deal with
fractional operators we need “natural” definition domains for them. Similar
problems also arise for the usual fractional operators on functions from R" into
C([206], [210], [211]): in general, the space of Schwartzian test function S(R")
is not invariant under fractional operators. A solution of this problem (in the
real case) was suggested by P. I. Lizorkin in the excellent papers [180]-[182],
where a new type of spaces invariant under fractional operators was introduced.

In this chapter using classical Lizorkin’s ideas, we introduce and study a p-
adic analog of the well-known Lizorkin spaces. These results are based on [21]
and [22].

At the beginning, in Section 7.2, we recall some facts about the well-known
Lizorkin spaces of test functions and distributions on R”. These spaces were
introduced by P. I. Lizorkin in the papers [180]-[182] (see also [208], [209]).
One of the their important properties is the following: they are invariant under
fractional operators.

The aim of Section 7.3 is to introduce and study the p-adic Lizorkin spaces
of test functions and distributions. In Section 7.3.1 we introduce the spaces
of test functions CDX(Q';,) and distributions @', (Q’]’)) of the first kind, and in
Section 7.3.2 we introduce the spaces of test functions CID(Q’]’,) and distributions
CD/(Q'[’)) of the second kind. The Lizorkin spaces ® (Q;‘,) and ®(Q'I’,) admit the
characterizations (7.3.1) and (7.3.3), respectively.

In Section 7.4, by Theorems 7.4.3, 7.4.4, we prove that the Lizorkin spaces
of test functions &, (Q’;,) and CD(Q’;,) are dense in L” (Q;')), 1 < p < o0. Infact,
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for n =1 and p = 2 this statement was already proved in [241, IX.4.]. We
point out that for p = 2 the statements of Theorems 7.4.3 and 7.4.4 are almost
obvious, but for p # 2, as for the real case [210], these statements are nontrivial.
Our proofs of these theorems follow closely the proofs developed for the real
case in [209] and [210].

In fact, the one-dimensional Lizorkin space of test functions ®(Q,) was
introduced in [24 1, IX.2]. More exactly, in order to define the one-dimensional
fractional Vladimirov operator D~! in [241, IX.2] the subspace of test functions
¢ in D(Q,) which are such that pr @(x)dx = 0 was constructed (cf. (7.3.3)).
A similar idea was used in [96, Ch.II, §3.8, (3)]. More recently, in [25], a
Lizorkin type space was introduced for the case of ultrametric spaces.

The Lizorkin spaces are useful for some applications in p-adic analysis.
It turns out that the p-adic wavelets constructed in Chapter 8 belong to the
Lizorkin spaces of test functions CID(QZ). Moreover, there are characterizations
of the p-adic Lizorkin spaces CD(Q;) and CD/(Q’I’,) in the terms of the wavelet
functions (see Lemma 4.3.1 and Proposition 8.14.3). Next, in Chapters 9 and
10, the Lizorkin spaces play a key role in the theory of pseudo-differential
operators. The point is that the Lizorkin spaces are invariant under these p-
adic operators, i.e., these spaces are “natural” definition domains for them.
These two facts are used in Chapter 10 to solve pseudo-differential equations
in Lizorkin spaces. The Lizorkin spaces are also used in Chapters 12 and 14.
Note that in [159] the Lizorkin space is used to solve the Cauchy problem for
a p-adic wave equation.

7.2. The real case of Lizorkin spaces

Fory =i, ..., vw) € Ngjand x = (xq,...,x,) € R" we set |y| = ZZ:I Vi
and x? = x]'---x,". We shall denote partial derivatives of the order |y| by
3;/ _ alvl

Now we recall the definition of one type of Lizorkin spaces for the usual

(real) functions (for details, see [182], [210], [211]). Let us consider the fol-
lowing subspace of test functions:

YR = {Y&): ¥ € SR : @ Y)O0) =0, [y|=1,2,...}. (7.2.1)
The space of functions
SR") ={p:¢ = F[¥], ¥ € YR")} C SR"), (7.2.2)

where F is the Fourier transform, is called the Lizorkin space.
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This space admits a simple characterization: ¢ € ®(R") if and only if ¢ €
S(R™) and

/ x’ox)d"x =0, |y|=0,1,2,.... (7.2.3)

Thus ®(R") is the subspace of Schwartzian test functions, for which all the
moments are equal to zero.

The Lizorkin space has many “useful” properties. One of them is the follow-
ing: the Lizorkin space ®(R") is invariant under the Riesz fractional operator
D%, a € C, given by the formula

def

(D) (x) = (—A)Pp(x) = (ko ) (x), ¢ € DR, (7.2.4)
where the Riesz kernel is defined as
F(I‘l;d)
207 2I(%)

Ke(x) = lx]*",

where |x| = 1/x,2 +---4x2,and |x|* € S'(R") is a distribution, and A is the
Laplacian on R” (see [210, Lemma 2.9.], [211, (25.19)]). This property shows
that the Lizorkin type spaces are “natural” definition domains for fractional
operators.

Moreover, these spaces are “natural” definition domains for some types of
pseudo-differential operators and are used in applications [210] and [211].

7.3. p-adic Lizorkin spaces

7.3.1. Lizorkin space of the first kind

Consider the subspace of the space of test functions D(Q’,) given by
(@) = {v(§) e D@)):

V. 621,084, ... E) =0, j=1,2,...,n}.
Obviously, \IJX(Q';)) # 0.
Definition 7.1. The space

D, = 0. (@) = {¢: 0 = Flyl, ¥ € V. (Q))}

is called the p-adic Lizorkin space of test functions of the first kind.

Since the Fourier transform is a linear isomorphism D(Q’I’,) into D(Q’,’,), we

have @, (Q}) # 8, ®(Q)) C D(Q)).
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By analogy with the real case ([210, 2.2.], [211, §25.1.]), QDX(Q’;’) can
be equipped with the topology of the space D(Q))) which makes @, (Q}) a
complete space.

The Lizorkin space ®, admits the following characterization.

Lemma 7.3.1. ¢ € CDX((@’;,) ifand only if ¢ € D(Q’I’,) and
QX1 oy Xj1, Xy Xjy1s oo, X)) dxj =0, (7.3.1)

where(xl,...,xj_l,xj+1,...,x,,)eQ’l’, ,Jj=12,...,n

The space @', (Q7) is called the p-adic Lizorkin space of distributions of the
first kind.

Let WHQ) =(f e D(@)): (f¥) =0, V¥ e W (@), ie, Lt
\I/i- (Q;‘,) be the set of functionals from D/(Q;')) concentrated on the set
U7=1 {xeQ):x; =0} Let @i((@’},) = {feD’(Q;’,) {f,9) =0,V e
CDX(Q'[‘))}. Thus @i((@:})) and \IJi-((@’l’)) are subspaces of functionals in
D’(Q;’,) orthogonal to CIDX(Q’;,) and \I'X(Q'[')), respectively. It is clear that
the set “I’i,g@;) consists of linear combinations of functionals of the form
fGr,....§;,...,&), j=1,2,...,n, where the hat - over &; denotes
deletion of the corresponding variable from the vector & = (&, ..., &,).
The set CDi(Q’;,) consists of linear combinations of functionals of the form
gXi, . Xy, X)) X B(x)), j=1,2,... 1.

Theorem 7.3.2. The spaces of linear and continuous functionals @', (Q’;) and
V. (Q)) can be identified with the quotient spaces

Q) =D @)/ PL(@),  Y(Qp) =D'(@Q)/ V(@)
modulo the subspaces CI>§(QZ) and \Ili((@g), respectively.

Proof. The statement follows from the well-known assertion (for example,
see [213, Ch.IV, 4.1, Corollary 1.]): if E is a topological vector space with
a closed subspace M and E’ is a topological dual of E, then the space M’
can be identified with the quotient space M’ = E'/M~, where M+ = {f €
E' :{f,¢) =0, Vo € M} is a subspace of all functionals in E’ orthogonal to
M. O

It is natural to define the Fourier transform of distributions f € &', (Q’;) and
g eV, (Q7,) by the relations

(FLfFLY) = (f, FI¥ D), V¢ € W, (Q)),
(FIgl. ¢) = (g, Fl9]), V¢ € .(Q)).

(7.3.2)
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By definition, F[®.(Q))] = W(Q}), FIW.(@)] = ®x(Q)), ie. (7.32)
gives well-defined objects. Moreover, we have

FI®L @] = VL@,  FIWL.(Q)] = & (@Q)).

7.3.2. Lizorkin space of the second kind

Now we consider the space

Y(Q)) = {¥ () € D@,) : ¥(0) =0}.
It is clear that \II(QZ) # 0.
Definition 7.2. The space

Q) ={¢p:¢=Flyl, ¥ € ¥(Q,)}
is called the p-adic Lizorkin space of test functions of the second kind.

We have dD(QZ) #+ 0, dD(QZ) C D(Q’;). Similarly to CDX((@’;,), the space
®(Q7},) can be equipped with the topology of the space D(Q’,) which makes
(b(Q;) a complete space.

It is easy to see that the p-adic Lizorkin space ®(Q)) is an analog of the
Lizorkin space ®(R") defined by (7.2.2).

Since the Fourier transform is an automorphism of the linear space D(QZ),
from (4.8.5) the space ® admits the following characterization.

Lemma 7.3.3. (a) ¢ € @(Q;) iff o € D(Q’;) and

o(x)d"x = 0. (7.3.3)
Q;
(b) ¢ € DY@ NOQ)), ie. [p¢@)d"x=0, iff v=F"[¢]e
DN Q@) NW(Q)), ie, Y(§) =0for& & B",\ B" .

In fact, for n = 1, this lemma was proved in [241, IX.2.]. Unlike the real
case (7.2.1), (7.2.2), any function () € ® is equal to zero not only at £ = 0
but in a ball B” > 0 as well.

It follows from (7.3.3) that the space @(Q’;) does not contain real-valued
functions which are everywhere different from zero.

Let @' = ®'(Q}) denote the topological dual of the space ®(Q7,). We call
it the p-adic Lizorkin space of distributions of the second kind.

By \DL(Q;’,) and @l((@’;) we denote the subspaces of functionals in D’ (Q’;)
orthogonal to \IJ(Q;‘,) and CI>(Q'I’,), respectively. Thus

V@) =1{feD(@,): f=Cs CeC}
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and
Q) ={feD@): f=C, CeC}.
Theorem 7.3.4.
(@) =D'(@)/PH(Q), V(@) =D@)/¥HQ@)).

This assertion is proved in the same way as Theorem 7.3.2.

The space @’(Q;‘,) can be obtained from D’(Q;‘,) by “sifting out” constants.
Thus two distributions in D/(Q;')) differing by a constant are indistinguishable
as elements of CD’(QZ).

We define the Fourier transform of distributions f € CD’(Q;‘,) and g €
\II’(Q’;,) by an analog of formula (7.3.2):

(FLfL¥) = (f, FL¥ D), Vi e W@,
(Flgl. ¢) = (g, Flgl), V¢ e Q).

(7.3.4)

It is clear that

FIO(Q)] = W'(@),  FIV(@Q)] = (@)

7.4. Density of the Lizorkin spaces of test functions in £ (Q;’,)

The proofs of the assertions for the p-adic case follow closely the proofs
developed for the real case in [209] and [210, 2.2, 2.4.].

Lemma 7.4.1. Ler g(-) € EI(Q’I‘]) and f(-) € LP(Q}), 1 < p < oo. Then for
x € Q)

o) /@ ¢ f(x — 1) d"y

n
P

il
21, Jo

Proof. For the case p = 2, taking into account the Parseval-Steklov equality
(4.8.6), formula (4.9.3), and using the Riemann—Lebesgue Theorem 5.2.1, we
have

g(%)f(x_g)d"giio, 1], > oo, 1€Q%, (T4.1)

n
P

lWhellz = [IF[h:]ll2

1

= (f@ |F[g](l‘y)F[f](y)|2d,1y>2 — 0, |t|, > oco. (7.4.2)
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Here the passage to the limit under the integral sign is justified by the Lebesgue-
dominated convergence Theorem 3.2.4.

Let now p # 2. In view of the Young inequality (5.2.3), we have h, €
Lr(Q),) and

Wellp < gl 1F 1o, (7.4.3)

where the last estimate is uniform.

Clearly, it is sufficient to prove (7.4.1) for f € D(Q}). Let r > 1 be such
that p is located between 2 and r. Using the Holder inequality and taking into
account that f € D(Q;’,), we obtain

Whellp < Aol 1A 15, (7.4.4)

1 1-A e _ 2p—r) : _ .
where 5= 5 +5 (e, A= m). Since the lemma holds for p = 2, i.e.,

[lhill2 — 0, |t], — oo, by (7.4.2) and (7.4.3), we have

I—A X
hell, < (el 1) Al = 0, tl, = 00, 1 €Qy.
The lemma is thus proved. O

Lemma7.4.2. Letg(-) € EI(Q’;,*’"), m<n-—1land f(-) € D’((@’[’,), l<p<
oo. Then

! 4 n—m Lp
h,(x):/’kmg(y)f(x,x —ty)d" "y =0, |t|, >o00, teQ,

)

(7.4.5)
wherex' = (x1,...,xp) € Q" x" = (Xpa1,..., %) € Q;_m, l<m=<n-—1

Proof. If p = 2, just as above, using the Parseval-Steklov equality from [241,
VII, (4.4)], and formula (4.9.3), we have

1

Wil = [1F Rl |2 = ([@ |Flglty") FLA1(y) ’za'”y)2 — 0, (7.4.6)

P

as [t|, — oo.
Let now p # 2. In view of the Young inequality, we have the uniform
estimate

el Loy < N8l 11 f ooy (7.4.7)

Let r > 1 be such that p is located between 2 and r. Setting f € D(QZ),
using inequality (7.4.4), and taking into account that ||A,||, — O, [t], — oo,
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we obtain

1-x
illesay < (Igllegym 1 lle@p) ™ il = 0. ltl, — 0.
The lemma is thus proved. O

Theorem 7.4.3. The space <I>(Q’;,) is dense in EP(QZ), 1 <p<oo.

Proof. Since D(Q’I’,) is dense in E"(Q’I‘]), 1 < p < oo (see [241, VI.2.]), it is
sufficient to approximate the function ¢ € D((@;) by functions ¢; € CD(Q’;)) in
the norm of L” (Q’]’?).

Consider the family of functions

Yi(§) = (1 — A E)F ' [9](§) € w(Q)),

where A,(§) = Q(|t§],) is the characteristic function of the ball B

—1
log,, It];"’

X € ’]’,, t € Q%, the function Q2 being defined by (4.2.2). From (4.9.8), we

have

¢(x) = Fly](x) = FI(1 = A(§))1(x) * p(x)
8(x) * @(x) — FLA(E)](x) * p(x) € Q).

According to (4.8.10), F[A(&)](x) = LQ(&), i.e., the latter relation can be

i >\,
rewritten as follows:

¢i(x) = p(x) — / Qlylpe(x —1y)d"y.

P

Applying Lemma 7.4.1 to the latter relation, we see that [|¢, — ¢||, — 0 as
t], = o0. O

Theorem 7.4.4. The space CDX(Q';) is dense in C”((@’;), 1 <p<oo.

Proof. The proof of this lemma is based on calculations similar to those carried
out above. In this case we set ¢ € D(Q';)) and

Y€)= (1= A€ - — AEDF ' [l(§) € W, (Q)),

where A;(§;) = Q(|t§;],) is the characteristic function of the ball Blog,, HEE
x;€Qp, te Q;, j=1,...,n. By (4.9.8), we obtain
G (x) = (x) = (8(x2, ..., xa) X FIA(ED](x1)) % p(x)
T ((S(.X], REE] xn—l) X F[AI(Sn)](xn)) * @(X) € qu(Qr;))
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Since F[A(E)](x;) = ﬁsz(
can be rewritten as

$,(0) = (x) — / QU | — 191, a2 Xy

Qp

e _/ Q(|yn|p)§0(xl, e Xp 1, X = tYp)dyy.

P

'J‘;"‘"’), xj € Qp, j=1,...,n, the latter relation
P

According to Lemma 7.4.2,

LP
hj(x) =/ Qy;jlpex1, ..o X1, X — 1y, Xjg1, .-, X)dy; — 0

P
asltlp > o0, j=1,....,n.Thus|¢, — ¢ll, < lh1llp + -+ llhaill, > O
as |t], — oo. O

For n = 1 and p = 2 the statements of Theorems 7.4.3 and 7.4.4 coincide
with the lemma from [241, IX.4.]. In this case the statement is practically
obvious, and is proved by using the Parseval-Steklov equality.
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The theory of p-adic wavelets

8.1. Introduction

Nowadays it is difficult to find an engineering area where wavelets are not
applied. The first wavelet basis was introduced by Haar [101] in 1910. In this
paper Haar constructed an orthogonal basis for £2(R) consisting of the dyadic
shifts and scales of one piecewise constant function:

yh@) =27y (277 x —n), teR, jeZ neZ (811

where

=

1 <t
vl ={-1 }<t<l =xu®O-xu,@®, t€R, (812
0, t

is called the Haar wavelet function (whose shifts and scales form the Haar basis
(8.1.1)). Here x4(x) is a characteristic function of the set A C R.

A lot of mathematicians actively studied the Haar basis (8.1.1), different
kinds of generalizations were introduced, but for almost a whole century nobody
could find another wavelet function (a function whose shifts and scales form
an orthogonal basis). Only in the early 1990s a method for more general
construction of wavelet functions appeared. This method is based on the notion
of multiresolution analysis (MRA below) introduced by Y. Meyer [186] and
S. Mallat [184], [185]. Smooth compactly supported wavelet functions were
found in this way, which have been very important for various engineering
applications. Now the wavelet theory is intensively developed.

Compared with the theory of wavelets for the reals, p-adic wavelets the-
ory is still at an early stage of investigation. In 2002, S. V. Kozyrev [163]
found a compactly supported p-adic wavelet basis for £2(Q,) which is an
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analog of the real Haar basis:

Ok ja(X) = p 21 (P k(p'x — @) Q(Ip'x —al,), x€Q, (8.13)

keld,=1{1,2,...,p—1},j € Z,a € I, = Q,/Z,. Here shifts and scales of
the wavelet function

O(x) = xp(p 'kx)Q(Ix]p)., x € Q,, (8.1.4)

form the Kozyrev basis (8.1.3). A multidimensional p-adic basis obtained
by direct multiplying out the wavelets (8.1.3) was considered in [21].
The Haar wavelet basis (8.1.3) was extended to the ultrametric spaces by
S. V. Kozyrev [164], [165], A. Yu. Khrennikov, and S. V. Kozyrev [131], [132].
The authors of the cited papers have not yet provided a general theory describ-
ing common properties of p-adic wavelet bases and giving methods for their
systematic finding.

J. J. Benedetto and R. L. Benedetto [50], and R. L. Benedetto [52] sug-
gested a method for finding wavelet bases on the locally compact abelian
groups with compact open subgroups. This method is applicable to the p-
adic setting. These authors did not however develop the MRA approach; their
method is rather based on a theory of wavelet sets. In fact their method only
allows the construction of wavelet functions whose Fourier transforms are the
characteristic functions of some sets (see [50, Proposition 5.1.]). Moreover,
they doubted that the development of the MRA approach would be possible:
“Kozyrev [163] produced one specific set of wavelet generators, analogous to
Haar wavelets on R?, using a discrete set of translation operators which do not
form a group. However, ... those operators allow the Haar wavelets, but they
preclude the possibility of general theory of wavelet sets or multiresolution
analysis in £*(Q,)” [52], and “there are substantial obstacles to generalizing
Kozyrev’s method to produce other wavelets, even for Q,” [50].

In this chapter we develop systematically the p-adic wavelet theory. In spite
of the above opinions and arguments [50], [52], we develop the p-adic MRA
theory in L*(Q ») and find new p-adic wavelet bases. These results are based
on [21], [141], [142], [143], [144], [146], [147], [148] and [225].

To construct a p-adic analog of a classical MRA we need a corresponding
p-adic refinement equation. In [142] the following conjecture was proposed:
the equality

p—1

Px) = Zqﬁ(%x - %) xeqQ,. (8.1.5)
r=0
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may be considered as a p-adic “natural” refinement equation. A solution ¢ to
this equation (a refinable function) is the characteristic function Q(|x| ,,) of the
unit ball.

Equation (8.1.5) reflects a natural “self-similarity” of the space Q,: accord-
ing to (1.8.5), the unit ball By(0) = {x : |x|, < 1} is represented as the union

of p mutually disjoint balls B_(r) = {x Hx—rl, < p’l} of radius p~!:

By = B U (U BL1().

For p = 2 equation (8.1.5) is the 2-adic refinement equation

1 1 1
d(x) = ¢<§X) + (ﬁ(zx - E), x € Qy, (8.1.6)
which is an analog of the refinement equation
o) =ty + 2t — 1), teR, 8.1.7)

generating the Haar MRA and the Haar wavelet basis (8.1.1) and (8.1.2) in the
real case.

A solution of equation (8.1.6) (a 2-adic refinable function) ¢(x) = Q(lxlz)
is the characteristic function of the unit ball, whereas a solution of equation
(8.1.7) (a real refinable function)

1, t€[0,1],

0, l‘¢ [O, 1], = X[()’]](x), IS R, (818)

¢"(1) = {
is the characteristic function of the unit interval [0, 1], an analog of the refinable
function.

First, in Section 8.2 (which follows Kozyrev’s paper [163]), we consider a
connection between the p-adic Haar type wavelet basis (8.1.3) in LZ(QP) and
the real Haar wavelet basis (8.1.1) and (8.1.2) in Ez(R+). This connection is
established by the Monna map (1.9.3) from Q, to R

Next, in Section 8.3, we introduce Definition 8.1 of MRA in EZ(Q,,).
In Section 8.4, using equation (8.1.5) as the refinement equation we con-
struct a concrete p-adic MRA which is an analog of Haar MRA in L£%(R).
However, the p-adic Haar MRA is not an identical copy of its real ana-
log. In Section 8.5, we prove that, in contrast to the Haar MRA in
L2(R), in the p-adic setting (for p = 2) there exist infinity many differ-
ent Haar orthogonal bases for £2(Q,) generated by the same MRA. By
Theorem 8.5.1 explicit formulas for generating wavelet functions are given.
In Section 8.6, we realize our scheme for arbitrary p: namely, for arbi-
trary p we prove Theorem 8.6.1, which gives a description of all Haar
bases generated by wavelet-functions. It turns out that the Kozyrev wavelet
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basis (8.1.3) (see (8.4.8) and (8.4.6)) is one of our bases, which are given by
Theorems 8.5.1 and 8.6.1. This basis can be found also in the framework of
the approach [50, Proposition 5.1.]. According to Remarks 8.2 and 8.3, except
for some particular cases, our other bases (8.5.4), (8.5.5) and (8.6.2), (8.6.3)
cannot be constructed by Benedettos’ method [50]. Thus, by Theorems 8.5.1
and 8.6.1 we construct wavelet functions which generate an infinite family of
new Haar wavelet bases.

Note that an MRA theory was also developed for the Cantor dyadic group
[170], [171] and for the half-line with the dyadic addition [91]. These setting
may seem very similar to the p-adics at first sight, but the existence of infinitely
many different orthogonal wavelet bases generated by the same MRA does not
hold there. This effect is provided by the non-Archimedean metric in Q,.

In Section 8.7, we study the p-adic refinement equations (8.7.1) and their
solutions. One of them coincides with the “natural” refinement equation (8.1.5).
A wide class of p-adic refinable functions generating a MRA is described. All
of these functions are 1-periodic and such that their translations are mutually
orthogonal (orthogonal refinable functions). It was proved in [4]-[6], [90] that
orthogonal test refinable functions different from those described in this section
do not exist. Moreover, it was proved in [4]-[6], [90] that all these functions
generate the same p-adic Haar MRA. It was proved in [4] that there are no
orthogonal MR A-based wavelet bases except for those described in Sections 8.5
and 8.6.

In Section 8.9, using a standard approach of Y. Meyer and S. Mallat (see,
e.g., [192, §2.1]), we construct a multidimensional MRA by means of a tensor
product of one-dimensional MRAs. In Section 8.8, using results of Section 8.9,
the Haar multidimensional wavelet bases are constructed. These bases are
described by Theorems 8.9.2 and 8.9.4.

In Section 8.10, the non-Haar p-adic compactly supported one-dimensional
wavelet basis (8.10.3) is constructed. In contrast to (8.1.3), the number of gener-
ating wavelet functions for (8.10.3) is not minimal; for example, if p = 2, then
we have 2"~! wavelet functions (instead of one wavelet function as it is for the
basis (8.1.3) and for real wavelet bases obtained by the classical MRA scheme).
According to Remark 8.4, Kozyrev’s wavelet basis (8.1.3) is a particular case
of the basis (8.10.3) for m = 1. According to the same remark, our non-Haar
wavelet basis (8.10.3) can be obtained by using the algorithm developed by
Benedettos [50]. However, using our approach, we obtain the explicit formu-
las (8.10.3) for this basis. Moreover, our technique allows us to produce new
wavelet bases (see below). In Section 8.11, we give explicit formulas for gen-
erating wavelet functions (8.11.8), (8.11.2), (8.11.3), which generate an infinite
family of different non-Haar wavelet bases (which are distinct from the non-
Haar wavelet basis (8.10.3)). According to Theorems 8.10.1, 8.10.2 and 8.11.1,
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these bases cannot be obtained in the framework of the standard scheme of
the MRA developed in Sections 8.3-8.9. According to Remark 8.5, except
for some particular cases, our bases (8.11.8), (8.11.2), (8.11.3) cannot be con-
structed by Benedettos’ method [50]. Thus, by Theorem, 8.11.1, we construct
wavelet functions which generate an infinite family of new wavelet bases. In
Section 8.12, n-dimensional non-Haar wavelet bases (8.12.1) and (8.12.7) are
introduced as n-direct products of the corresponding one-dimensional non-
Haar wavelet bases. In particular, we construct n-dimensional wavelet basis
generated by the one-dimensional Kozyrev wavelet basis (8.1.3) as the n-direct
product of the one-dimensional wavelets.

The non-Haar basis cannot be constructed by classical MRA techniques,
i.e., by using Definition 8.1 and the refinement equation of the form (8.3.5)

¢=) ad(p ' —a), a,eC

acl,

Due to this fact, the multidimensional wavelet basis (8.12.1) is constructed as
the n-direct product of one-dimensional wavelets (8.10.3).

All the above-mentioned wavelets belong to the Lizorkin space of test func-
tions @(Q’I’J) which was introduced in Chapter 7, Section 7.3.2.

It is well known that the theory of p-adic pseudo-differential operators
(in particular, fractional operators) and equations is closely connected with the
theory of p-adic wavelets. Itis typical that p-adic compactly supported wavelets
are eigenfunctions of p-adic pseudo-differential operators [21]-[23], [131],
[132], [142], [163]-[165]. Thus the p-adic wavelet analysis is related to the
spectral analysis of pseudo-differential operators. Therefore, the wavelet theory
plays a key role in applications of p-adic analysis and gives a powerful new
technique for solving p-adic problems. Below, in Chapter 9, Section 9.4, we
prove that the above-mentioned p-adic wavelets (under some conditions) are
eigenfunctions of p-adic pseudo-differential operators. In Chapter 10, we use
the wavelet bases to construct solutions of pseudo-differential equations.

In Section 8.13, we prove the multidimensional p-adic version of the
Shannon—Kotelnikov theorem (in the paper [141] one-dimensional case was
proved). It is well known that the series reconstructing a signal in the standard
version of the Shannon—Kotelnikov theorem (8.13.1) converges rather slowly.
Unlike the standard case (8.13.1), in the p-adic case given by Theorem 8.13.2,
a series reconstructing a signal has only one term at any point x € Q,. It turned
out that the Shannon—Kotelnikov basis (8.13.4) is generated by dilatations and
shifts of the Haar refinable function ®(x) = (|x,), x € Q. Thus the p-adic
Shannon—Kotelnikov theorem gives the representation (8.13.3) of any element
fromthespace V; = F [EZ(B_?)] (see (8.8.3)). According to Theorem 8.13.2 and
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Corollary 8.13.3, in the p-adic case, the Shannon—Kotelnikov MRA coincides
with the Haar MRA.

The problem of reconstructing band limited signals and images from reg-
ular and irregular samples has attracted many mathematicians and engineers.
Many theoretical results and efficient algorithms have been derived in recent
years (see [51], [253] and the references cited therein). So it is tempting to
assume that the p-adic Shannon—Kotelnikov theorem can also be used in such
applications.

In Section 8.14 characterizations of the p-adic Lizorkin spaces are given in
terms of the wavelet functions. Namely, we prove an analog of Lemma 4.3.1
for test functions from the Lizorkin space CID(QZ) (see Lemma 8.14.1). By
Proposition 8.14.3 we also prove that any distribution f € CD/(Q’;,) can be
realized as an infinite linear combination of wavelets of the form (8.14.4).
In [25], assertions of the type of Lemma 8.14.1 and Proposition 8.14.3 were
proved for ultrametric Lizorkin spaces.

8.2. p-adic Haar type wavelet basis via the real Haar
wavelet basis

Now we consider the connection between the p-adic Haar type wavelet basis
(Kozyrev’s basis) (8.1.3) and the real Haar wavelet basis (8.1.1), (8.1.2) in
L2(R.). For simplicity we consider the case p = 2.

In Section 1.9.4, the Monna surjective map p : Q, — R, which is given
by (1.9.3), is introduced. Its properties are described by Lemmas 1.9.9-1.9.12.
Lemma 1.9.12 shows that if p : Q, — R then the corresponding map

P L2RY) > L2Q,)), o @ Fpk), xeQ, (821

is a unitary operator.
The following statement is a direct corollary of Lemma 1.9.11.

Lemma8.2.1. ([163]) Let p = 2. The Monna map p induces the transformation
(8.2.1) of the real Haar wavelet function (8.1.2) to the Kozyrev’s wavelet
function (8.1.4) (p-adic Haar type wavelet function):

p ) Yy (p(x) = 6,(x). x €Q,, (8.2.2)

where this formula is understood as an equality in L*: it may fail on a set of
measure zero.

Moreover, the following theorem holds.
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Theorem 8.2.2. ([163]) Let p = 2. The Monna map p induces the transfor-
mation (8.2.1) of the real Haar wavelet basis (8.1.1) to the Kozyrev’s wavelet
basis (8.1.3) (p-adic Haar type wavelet basis):

d
p ) Lyl () =01, u(x),  x €Q,, (8.2.3)
where j e Z,neN ael, =Q,/Z,.

Proof. Using the properties of the Monna map (1.9.5), (1.9.8), and (8.2.2), we
obtain for the real Haar wavelet function (8.1.1):

P Lyl (o) = 27y (27 p(x) — (@)
= 2772y H (p2Ix — a)) = 2777201, ;.2 x — a) = 0y ju(x).

O

For arbitrary p the above connection between p-adic and real Haar wavelet
bases was considered in Kozyrev’s book [162, 2.4.].

8.3. p-adic multiresolution analysis (one-dimensional case)

8.3.1. Definition of the p-adic multiresolution analysis

Let us consider the set

I, = {xe(@p: {x}pzx}
={a=p7(a+ap+--+a,_1p’"):
yeN;a;=0,1,...,p—1,j=0,1,...,y —1}. (83.1)

This set can be identified with a set of elements of the factor group Q,/Z,,.

It is well known that Q, = By(0) U U)°/°ZISV, where S, ={x e Q,:
|x|, = p¥}. Because of (1.6.2), xe€S,, y>1, if and only if x =
Xy p 7V x_yp P b x pTh+ €, where x_, #0, & € By(0).
Since x_,p~7" + )c_),Jrlp’V+1 + -+ )c_lp’1 €1,, we have a “natural”
decomposition of @@, into the union of mutually disjoint balls:

Q, = | Bo(@.

ael),

So I, is a “natural” set of shifts for Q,, which will be used below.
Now we introduce the p-adic adaptation of the standard definition of
multiresolution analysis (MRA) (see, e.g., [192, §1.3]).
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Definition 8.1. A collection of closed spaces V; C L£2(Q p)s ] € Z,is called a
multiresolution analysis (MRA) in L*(Q ») if the following axioms hold:
(@) V; C Vjy forall j € Z;
(b) U V; is dense in £X(Q,);
JEZ
(© N V;={0}
Jj€EZ
) f()eV; < f(p') € Vjy forall j € Z;
(e) there exists a function ¢ € Vj such that the system {¢(- — a),a € I,} is
an orthonormal basis for V.

The function ¢ from axiom (e) is called refinable or scaling. One also says
that an MRA is generated by its scaling function.

It follows immediately from axioms (d) and (e) that the functions
p/2¢(p~/ - —a), a € I, form an orthonormal basis for V;, j € Z.

According to the standard scheme (see, e.g., [76] or [192, §1.3]) for the
construction of MRA-based wavelets, for each j, we define a space W; (wavelet
space) as the orthogonal complement of V; in V., i.e.,

Vimi=V; @ W, Jj €Z, (8.3.2)
where W; L V;, j € Z. Itis not difficult to see that
feW, < f(p~')e W, foralljeZ (8.3.3)
and W; L Wy, j # k. Taking into account axioms (b) and (c), we obtain

@ W, = Ez(Q,,) (orthogonal direct sum). (8.3.4)
JEZ
If we now find a finite number of functions v, € Wy, v € A such that the

system {{,(x —a),a € I,,v € A} is an orthonormal basis for Wy, then, due
to (8.3.3) and (8.3.4), the system

{pj/zlﬂu(]?_j -—a),a€l, jeZ, veA}

is an orthonormal basis for £2(Qp). Such functions ¥, v € A, are called
wavelet functions and the corresponding basis is called a wavelet basis.

8.3.2. p-adic refinement equation

Let ¢ be a refinable function for an MRA. As was mentioned above, the system
(p'?p(p~" - —a),a e I,} is a basis for V;. It follows from axiom (a) that

= ap(p” - —a). a,eC. (8.3.5)

acl,
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We see that the function ¢ is a solution of a special kind of functional equa-
tion. Such equations are called refinement equations, and their solutions are
called refinable functions'. The investigation of refinement equations and
their solutions constitutes the most difficult part of the wavelet theory in real
analysis.

A natural way of constructing an MRA (see, e.g., [192, §1.2]) is the follow-
ing. We start with an appropriate function ¢ whose /,,-shifts form an orthonor-
mal system and set

Vi =span{¢(p~/ - —a):a€l,}, jeL. (8.3.6)

It is clear that axioms (d) and (e) of Definition 8.1 are fulfilled.

Of course, not every such function ¢ meets axiom (a). In the real setting, the
relation V) C V; holds if and only if the refinable function satisfies a refinement
equation. A different situation arises in the p-adic case. Generally speaking,
a refinement equation (8.3.5) does not imply the including property Vo C V.
Indeed, we need all the functions ¢(- — b), b € I, to belong to the space Vi,
i.e., the identities

P —b) = aapp(p'x —a)

acl),

should be fulfilled for all b € I,,. Since p~'b+a is not in I, in general, we
cannot state that

$px—b) =Y aup(p'x—p'b—a)eV

acl,

forall b € I,. Nevertheless, it may happen that some refinable equations imply
the including property.

The refinement equation (8.3.5) reflects some “self-similarity”. The struc-
ture of the space @, has a natural “self-similarity” property which is given by
formulas (1.8.4) and (1.8.5). By (1.8.5), the characteristic function Q(|x|,,) of
the unit ball By(0) is represented as a sum of p characteristic functions of the
mutually disjoint balls B_(r),r =0,1,..., p — 1, 1ie.,

p—1 p—1
Q(Ixl,) = > Q(plx - rl,) ZQ(’—X——‘ ) xeQ, (837
r=0 r=0

! Usually the terms “scaling function” and “refinable function” are synonyms in the literature,
and they are used in both senses: as a solution to a refinement equation and as a function
generating MRA. We separate the meanings of these terms.



8.4. Construction of the p-adic Haar MRA 115

Thus, in p-adics, we have a natural refinement equation (8.1.5) whose solution
isp(x) = Q(|x |,,). This equation is an analog of the refinement equation (8.1.7)
generating the Haar MRA in real analysis.

The refinement equation (8.1.5) is a particular case of (8.3.5).

8.4. Construction of the p-adic Haar multiresolution analysis

8.4.1. Construction of the p-adic MRA generated by the
refinable function ¢(x) = Q(|x],)

To construct the p-adic multiresolution analysis, we use the refinement equation
(8.1.5), and define a collection of closed spaces V; C £2(Qp), j € Z,by (8.3.6),
where ¢(x) = Q(|x|,) (the refinable function) is the solution of (8.1.5).

Theorem 8.4.1. In L*(Q,) there exists an MRA generated by the refinable
function ¢(x) = Q(|x|p).

Proof. 1. It is clear that axioms (d) and (e) of Definition 8.1 are fulfilled and
the system {p//?¢(p~/ - —a),a € I,} is an orthonormal basis for V;, j € Z.
Since the numbers %, % + % arein [, foralla e I, andr =0,1,...,p—1,
it follows from the refinement equation (8.1.6) that Vy C V). By the definition
(8.3.6) of the spaces V;, this yields axiom (a). From the refinement equation
(8.1.6), we obtain that V; C Vi, 1.e., axiom (a) from Definition 8.1 also holds.

Note that the characteristic function of the unit ball Q(|x | p) has a wonderful
feature: Q(| - +&1,) = (| - |,) forall £ € Z, because the p-adic norm is non-
Archimedean. In particular, Q(| - £1|,) = Q(] - |,), i.e.,

px £1)=¢(x), VxeQ,. (8.4.1)

Thus ¢ is a 1-periodic function.
2. Let us prove that axiom (b) of Definition 8.1 holds, i.e., m =L*Q p)-
According to (4.3.4), any function ¢ € D(Q,) belongs to one of the spaces
Dﬂv (Q)), and consequently, is represented in the form

pN—I

e =Y @()pIx ="l x € Q. (8.4.2)

v=1

where ¢’ € By(0), v=1,2,...pN!; I =1(¢), N = N(p); [ € Z. Taking
into account that Q(p~'|x — ¢”|,) = Q(Ip'x — p'c”l,) = ¢(p'x — p'c”), we
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can rewrite (8.4.2) as

prl
e(x) =Y a,p(p'x — ple"),x €Q,, ¢ €By(0), a,€C.
v=1

Since any number p’ ¢’ can be represented in the form pl ¢ =a"+b",a" €lp,
b’ € Z,, using (8.4.1), we have

pN—I
o) = a,p(p'x —a"), x€Q, a'€l, aeC,
v=1

i.e., (x) € V_;. Thus any test function ¢ belongs to one of the space V;, where
i=J), jEL

From Proposition 4.3.3, the space D(Q),) is dense in EZ(Q,,), therefore
approximating any function from £2(Qp) by test functions ¢ € D(Q,) we
prove our assertion.

3. Let us prove that axiom (c) of Definition 8.1 holds, i.e., NjezV; = {0}.

Assume that NjczV; # {0}. Then there exists a function f € D(Q,) such
that || f|| #0and f € V; forall j € Z. Hence, from (8.3.6), we have

f@) = "cjup(pix—a)., VjeL

acl,

Letx = p~N(xo+x1p —l—xzpz +...).Ifj < —N,thenp~/x € Z,, which
implies that |p~/x — al, > 1foralla € I,,a # 0. Thus,¢(p~/x —a) = Ofor
alla € I,,a #0, and ¢(p~/x) = 1, whenever j < —N. So we have f(x) =
cjo forall j < —N. Similarly, for another x" = p‘N'(x(’) +xip+ xép2 +--0),
we have f(x) = cjy for all j < —N’. This yields that f(x) = f(x). Conse-
quently, f(x) = C,where C is aconstant. However, if C # 0, then f ¢ L£2(Q p)-
Thus, C = 0 which was to be proved. O

The p-adic refinement equation (8.1.5) for p = 2 is an analog of the real
Haar refinement equation (8.1.7). Thus, the MRA constructed by Theorem 8.4.1
is a p-adic analog of the real Haar MRA and we will call it the p-adic Haar
MRA. But in contrast to the real setting, the refinable function ¢(x) = Q(|x| p)
generating our Haar MRA is periodic with the period 1 (see (8.4.1)), which
never holds for real refinable functions. It will be shown below that due to this
specific property of ¢, there exist infinitely many different orthonormal wavelet
bases in the same Haar MRA (see Section 8.4.2 below, and Sections 8.5 and 8.6).

8.4.2. The Haar wavelet basis

According to the above scheme, we introduce the space W, as the orthogonal
complement of Vj in V.
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Set

p—1
O\ _ omite (1T
e () = rE:Oe ; q&(px p)’ x € Qp, (8.4.3)

where k =1,2,...,p— 1.

Proposition 8.4.2. The shift system {1//,50)(- —a), k=1,2,...,p—1;a € l,}
is an orthonormal basis of the space Wj.

Proof. Let us prove that Wy L V. It follows from (8.1.5) and (8.4.3) that

(WO — a). ¢(- — b)) = / YO — a)p(x — b)dx

P

a LS| s b
kr
[ (Zeea 2o 0)(So(a- 22
p N =0 p = P PP

forall a,b € I,. Let a # b. Since it is impossible thata +r =b + s, 7,5 =
1,2,..., p — 1, taking into account that the functions p'/?¢(p~! - —c),c € I,
are mutually orthogonal, we conclude that (W,EO)(x —a), p(x — b)) =0.Ifa =
b, again due to the orthonormality of the system {p'2¢(p~' - —c),c € 1},

taking into account that %, % + % el,forr=1,2,..., p—1, and the first
formula in (3.3.1), we have
(0) = ik o1 r a
W~ ). o — ) = g (—x === 2) ) ax
= P p P
P! 1 r a
kr
e [ (et
prs o \p P D
1 S ik 1 2wikr
= ¢ = 2mi =
p r=0 p(l e )

Thus, ¥ O(- +a) L ¢(- + b) foralla, b € I,,.
Similarly, computing for k, k' = 1,2, ..., p — 1 the integrals

(WOC —a), v — b))
= / w,ﬁo)(x — a)t/f,g))(x —b)dx

/p(;ezmp (—x————)>(zezﬂw ( X—%—%)>dx,

we establish that the system {w(o)( —a), k=1,2,...,p—1l;ael,} is
orthonormal.
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According to (8.1.5) and (8.4.3) we have the system of equations with respect
of functions qb(% -5, r=0,1,....p—1,

P
¢(%)+¢(%—%)+-~-+¢(%—p7?1) = $().
not () +mo(S = )+ hio( - ’%1) ),
hg¢(—) +h? (f - —) ot hf,,lqs(£ —~ ijl) = v (x),

hg—1¢(%) + hf—1¢(% _ %) +o gt hi:}qs(% - pT_l) =y (x),

where h, = ezm%, r=0,1,..., p— 1. Itis easy to see that a determinant of
the above system is the Vandermonde’s determinant A # 0, and consequently
this system has a unique solution

X Q) ©]
0] > = Ao, 0(X)+ ALY () + -+ Ao Y, 2 (),
r=0,1,...,p—1.

If a € I, then a=%+%, bel, r=0,1,..., p—1. Hence, the last
relations imply that

X x b r
oG- =05 5)
= Ao, $(x = b)+ ALY (x = b)Y+ + Ay Y (k= b), (844)

r=0,1,...,p—1. Since {p'?¢p(p~' - —a) :a € I,} is a basis for V|, we
obtain that the system of functions {¢(- — b), 1//,50)(- -b),k=1,2,...,p—
1; b € I,} is also a basis for Vi, i.e., the functions w,ﬁo)(- -b)k=1,2,...,
p — 1, b € I, form a basis for the space Wy = V; © V. O

Since according to Theorem 8.4.1 the collection {V; : j € Z} is the p-
adic Haar MRA in L',Z(Qp), the functions w(o), k=1,2,..., p—1, defined
by (8.4.3) are wavelet functions. The wavelet basis generated by the wavelet
functions w,ﬁo), k=1,2,...,p—1 (for p =2)is an analog of the real Haar
basis (8.1.1) which is generated by the wavelet functions (8.1.2). But in the
p-adic setting the Haar basis generated by the Haar MRA is not unique.

From (2.3.3) and (1.8.5), the functions (8.4.3) can be rewritten in the form

DW= xp(p k0Q(Ix1,), k=1,2,...,p—1, x€Q, (845
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Thus, the constructed wavelet functions (8.4.5) coincide with Kozyrev’s wavelet
functions (8.1.4) (i.e., I/IIEO) = 6;), and the corresponding Haar wavelet basis

Y00 = p Py (px - a)
. k. i .
= P (S —a)elps—al,). jeZ. acl,
(8.4.6)

coincides with the Kozyrev wavelet basis (8.1.3) (i.e., w,i?}a = Ok, ja)-
0)
3
f@_x w,g?;a(x)dx = 0. Therefore, according to (7.3.3), wavelet function w,i?}a(x)
belongs to the Lizorkin space ®(Q,), k =1,2,...,p—1,j € Z,a € I,.

It is easy to see that for a locally constant function 1//,5 .(x) we have

Remark 8.1. Because of the periodicity (8.4.1) of the refinable function ¢,
we can use the shifts w,go)(- + a), a € I,, instead of 1//,£0)(~ —a),acl, k=
L,2,...,p—1.

For the case p = 2 the refinement equation (8.1.5) has the form (8.1.6), and
a 2-adic MRA in £?(Q;) is defined by a collection of the spaces

Vi =span{¢(2~/x —a):a € L}, jel.

where ¢(x) = Q(|x|2) is a solution of (8.1.6). In this case the wavelet function
(which defines an orthonormal basis of the space W) is

1
YO (x) = ¢<%> _ ¢>(% - E) = Q2 '0x), x€Q. (847)

The corresponding Haar wavelet basis is
Ve ) = 2777900/ x —a)
=270 027'Q/x —a))Q(|2/x —alb), j€Z, aecb. (848)
Now for simplicity we consider the case p = 2 and show that there is another

function ¥ whose shifts form an orthonormal basis for W, (different from
the basis generated by (). Set

= J5(05) 5~ )
-D-e-od) e

and prove that the functions (- — a), a € I,, are mutually orthonormal. If

ae€lh,a#0, %, then each of the numbers 0, 2—12, %, ziz + % differs modulo 1
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from each of the numbers %, % + %, % + %, % + % + % Due to the orthonor-

mality of the system {2'/2¢(27'x —a),a € I,} and (8.4.1), it follows that
¥ is orthogonal to V(- — a) whenever a € I, a # 0, 3. Again due to the
orthonormality of the system {2!/2¢(2~'x — a), a € I} and (8.4.1), we have

(W, y O —27Y) = /¢<1>(x)1p<1>(x — 27N dx
Q>

2 [(—e Q) -5) -0 (- 3)

(w9 = / v P00 dx
Q.

(GG

Q@

+6*(5 - %))dx = 1.

Thus we have proved that the system {/V(- + a), a € I,} is orthonormal. It is
not difficult to see that

VD) = %(W(x) + 1/,(0>(x _ %))
) = Lo, s

This yields that

¥O) = \%(w“)(x) — ¥ (x - %))

Since the system {y(- —a), a € I} is a basis for Wy, it follows that the
system {/V(- — a), a € I,}, is another orthonormal basis for Wj.

So we have showed that a wavelet basis generated by the Haar MRA is not
unique.
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8.5. Description of one-dimensional 2-adic Haar wavelet bases

8.5.1. Wavelet functions

Now we are going to show that there exist infinitely many different Haar type
wavelet functions ¥, s € N, in W, generating different bases for £*(Q,).
In what follows, we shall write the 2-adic number a = 2~ (ao +a;2+---+
as_125’1) € h,a;=0,1,j=0,1,...,5 — 1,in the forma = 5, where m =
ag+a;2+---+a,_12°°L.

Since the refinable function ¢ of the Haar MRA is 1-periodic (see (8.4.1)),
evidently, the wavelet function ¥(?) has the following property:

vOx £1) = -y Q). (8.5.1)

Before we prove a general result, let us consider a simple special case. Set

V) = o Q) + ayy© (x - %) @, a; € C, (8.5.2)

and find all the complex numbers g, ; for which {¢\V(x — a), a € L} is an
orthonormal basis for W.

Taking into account the orthonormality of the system {¢ V(- — a),a € L}
and (8.5.1), we can easily see that ¥V is orthogonal to ¥ V(- — a) whenever
a € L, a #0, 5. Thus the system {{""(x — a), a € L} is orthonormal if and
only if the system consisting of the functions (8.5.2) and

1//<1>(x - %) — —a v O0) + am//“’)(x - %) (8.5.3)

is orthonormal, which is equivalent to the unitary property of the matrix

D:( o a1>
—01 Oy

It is clear that D is a unitary matrix whenever |ao|> + |o1|*> = 1 and apa; =
oo In this case the system {w(l)(- —a),a € I} is a basis for W because
(O —a),a € I} is a basis for W, and we have

1
PO =@y ) — @y ®(x - 5).

So, ¥ is a Haar wavelet function if and only if |og|? + |ty |? = 1 and agor; =

oo . In particular, we obtain (8.4.10) for og = o) = «/LE

Theorem 8.5.1. Let O be a wavelet function given by (8.4.7). For every
s =0,1,2,... the function

25—1

YO =Y ey ® (x _ %) (8.5.4)

k=0
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is a compactly supported wavelet function for the Haar MRA if and only if

28—1

=27 pe TER k=021, (8.5.5)
r=0
where y, € C is an arbitrary constant such that |y,| =1, r =0,...,2° — 1.

Proof. 1. Let ¥ € W, be a wavelet function such that we have supp ¥ C
B,(0), s > 0. In this case ¥ is defined by (8.5.4). Indeed, since according to
Section 8.4 {y9(- — a), a € I,} is a basis for Wy, then

YO =) gy O —a)

acl

Y g -a+ Y givOx —a).

aely aely
laly <28 laly>2%

It is easy to see that the second sum on the right-hand side vanishes whenever
[x]2 < 2%, and the first sums on the right-hand side and the left-hand side vanish
whenever |x|, > 2°. So the second sum equals zero for all x € QQ,, and after
renaming the coefficients we obtain (8.5.4).

Let ¢ be defined by (8.5.4). Since {©'(- — a), a € I} is an orthonormal
system, taking into account (8.5.1), we see that the function y*) is orthogonal to
the function /’(- — a) whenevera € I, a # 2"—“ k=0,1,...2° — 1. Thus the
system {{y®)(x — a), a € I,} is orthonormal if and only if the system consisting
of the functions

PO = 1) =~y 0

2S
1 -1
S P TR A
25 —1
+0501//(0)<x B %) Tt a2“'—r—11/’(0)(x s )’
(8.5.6)
r=20,...,2% —1, is orthonormal. Set

1 25 —1\\”
20 — (4O 4O (. _ o
(w ¥ ( 23)’ ¥ ( 2s )) ’
1 25 —1\\”
=) — [QRRYACHN S [QN .
- (w 71# < 2‘?)’ ’w ( 2S ))
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By (8.5.6), we have E® = DE©®, where

(o)) o1 (0%) Oos_9 Olys 1
—0s (e %)) 631 Oos_3 Ols )
—0s_p —O0lys_| (670} Qs _4 0lps 3
D= (8.5.7)
—0 —Q3 —0ls ... (o)) o1
— —0 —03 ... —02_] (o1

is a 2° x 2 matrix. Due to the orthonormality of {/©(- —a),a € I}, the
coordinates of E® form an orthonormal system if and only if matrix D is
unitary.

2. Letu = (a0, ctq, ..., ;)T be a vector and
O o0 ... 00 -1
1 0 ... 00 O
A 0 1 0O 0 O
0 0 1 0 O
0 0 01 0

be a 2° x 2% matrix. It is not difficult to see that
A= (=0 p, =2yl e, =01, 0, O, - . a257r71)T»
wherer =1,2,...,2% — 1. Thus
D = (u, Au, ..., AZA_lu)T.

Hence, to describe all unitary matrixes D, we should find all vectors u =
(oo, @1, ..., a0s—1)T such that the system of vectors {A"u,r =0,...,2° — 1}
is orthonormal. We already have one such vector ug=(1,0,...,0,0)7
because the matrix Dy = (uo, Aug, ..., Azy’luo)T is the identity matrix.
Let us prove that the system {A"u,r =0,...,2° — 1} is orthonormal if
and only if u = Bug, where B is a unitary matrix such that AB = BA.
Indeed, let u = Buy, where B is a unitary matrix, and AB = BA.
Then A"u = BA"ug, r=20,1,...,2° — 1. Since the system {A"ug,r =

0,1,...,2° — 1} is orthonormal and matrix B is unitary, the vectors A"u,
r=20,1,...,2°* — 1, are also orthonormal. Conversely, if the system A"u,
r=0,1,...,2* — 1, is orthonormal, taking into account that {A"ugy,r =
0,1,...,2° — 1} is also an orthonormal system, we conclude that there
exists a unitary matrix B such that A"u = B(A"uy), r =0,1,...,2° — 1.
Since A%y = —u and A% uy = —uy, we obtain the additional relation A* u =

B(A% up). It follows from the above relations that (AB — BA)(A"ug) = 0,
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r=0,1,...,2% — 1. Since the vectors A"uy,r =0, 1, ...,2% — 1,form abasis
in the 2°-dimensional space, we conclude that AB = BA.
Thus all unitary matrixes D are given by

D = (Bu(), BAuy, ..., BAZN?IM())T,

where B is a unitary matrix such that AB = B A. It remains for us to describe
all such matrixes B.
3. It is not difficult to see that the eigenvalues and the corresponding nor-

malized eigenvectors of A are respectively
2r—1

A =TT (8.5.8)
and v, = ((v)o, - - -, (vr)zs_l)T, where
() =27 5 1=0,1,2,...,2° — 1, (8.5.9)
r=0,1,...,2° — 1. Hence the matrix A can be represented as A = CZC‘l,
where
Ao 0 ... 0
- 0o A ... 0
A= . . .
0 0 ... Xy_y
is a diagonal matrix, and C = (vo, R vzs_l) is a unitary matrix. It follows

that the matrix B = CBC ™! is unitary if and only if Bis unitary. On the other
hand, AB = BAifandonlyif AB = BA.Moreover, since according to (8.5.8),
Ar # A whenever k ## [, all unitary matrices B such that AB = BA are given
by

~ 0 Y- 0
B=1 . . .
0 0 cee V25

where y; € C, |yx| = 1. Hence all unitary matrices B such that AB = BA are
given by B = CBC™'.
4. Using (8.5.9), we can calculate
21
o = (Bug) = (CBC ug), = Z Vr (U )k (r)o
r=0
21

— s Zyre—fnz';-‘k, k=0,1,...,2° -1,
=0

where y; € C, |y| = 1.
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5. It remains for us to prove that the {/)(- — a), a € I,} form a basis for
W, whenever ¥ is defined by (8.5.4) and (8.5.5). Since {¢ (- — a), a € I}
is a basis for W), it suffices to check that any function w(())(- —c¢),c € I, can
be decomposed with respect to the functions ¥ (- — a), a € I,. Any ¢ € I,
¢ # 0, can be represented in the form ¢ = ZL + b, wherer =0,1,...,2° -1,
|bl, = 25F1, Taking into account that 20 = D186 je.,

27—1

1//(0)(x ) Zﬁ“)w“)( 5), F=0,1,...,2° —1,

we have
r gl k
O(y Y=y, 7 7\ (") 7, (5) k
4 (x C) 4 (x 25 b) kXO:ﬁ 4 ( 25 b)’
and——l—belg,k_Ol , 28 — 1. O

All dilatations and shifts of any wavelet function (8.5.4), (8.5.5) form a
2-adic orthonormal Haar wavelet basis in £L*(Q5).

Remark 8.2. From formulas (8.5.4), (8.5.5) and (4.9.4), (4.8.10), we have

FIy e - ale) = oae(fe + ) ZZI am(%&)

xae(fe+ 5] )2 i Z W aeh,

where y, € C, |y,| =1, r =0, 1,...,2° Itis clear that the right-hand side of
the last relation is not equal to zero only if § = —% +nn=n+m2+---€
Z,, & € By —%). Hence, for & € By —%) we have

FIYO - al©) = ra(a( — 54 0) )2 Yy Y0 e,

where 77 =19+ m2+---n,_12°"'. According to Proposition 1.8.9, the
ball By —%) is represented by the sum of 2° disjoint balls B,S(—% + 7).
If & € B_,(—1+7%) then & = — + 7%+ 2%, 7o € Z,. Thus on any ball
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B_,(—3 +7) we have
FIy9(x — a)l(&)
25—1 25—1

o= fe) (e En D )

2ol 2ol i ,))

=nfa(-g+) (2 T

k=0
r#T

1 - o
=Xz(a(—5+n))yﬁ, T=no+m2+--n-12"", aebh.
(8.5.10)

According to [50, Proposition 5.1.], only the wavelet functions whose Fourier
transforms are the characteristic functions of some sets can be obtained by
Benedettos’ method. It is easy to see if in (8.5.10)

vi=1, VYi=no+m2+---n_127", (8.5.11)

where n; =0,1, j =0,1,...,5s — 1, then for a = 0 the right-hand side of
(8.5.10) is the characteristic function of the ball By(— %). Consequently, in this
case the wavelet basis generated by wavelet functions ) can be obtained
by Benedettos’ method [50]. If (8.5.11) does not hold, the right-hand side
of (8.5.10) is not a characteristic function of any set for all shifts a € I,.
Consequently, in this case the wavelet basis generated by wavelet functions
¥ cannot be constructed by the method of [50].

It is easy to see thatf YO 2/x —a)dx =0, j € Z,a € I, and in view of

(7.3.3), wavelet functlons ¥ ®)(2/ . —a) belong to the Lizorkin space ®(Q,).

8.5.2. Real wavelet functions

Using formulas (8.5.5), one can extract all real wavelet functions (8.5.4).
Let s = 1. According to (8.5.2) and (8.5.3),

Y O(x) = cosf Y@ (x) + sin g y© (x - %) (8.5.12)

is the real wavelet function.
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Lets =2. Set y, = e, r=0,1,...,2° — 1. It follows from (8.5.5) that
the wavelet function vV is real if and only if

sin@; + sinf, + sinf; + sinf; = 0,
cosf; —cosB, +cosb; —cosby =0,
sinf; — sinf, — sinf3 + sin 6, =
cos ) + cos By — cos b3 — cos by,
sinf; — sinf, — sinf; + sinf4 =
—(cos Oy + cosbBr, — cos B3 — cosOy).

These relations are equivalent to the system

sinfy = —sinfy, cosf; = cosb,,
sinf, = —sinf3, cosf, = cosbs.

Thus the real wavelet functions (8.5.4) with s = 2 are given by

vPx) = %(cosel +00592)1ﬁ(0)(x)

1 1
+ m(cos 01 — cos B, + sin O + sin )Y (x — ?>

+ Lsing, — singy)y® (x _ 1)
2 2
l . . (0) 1 1
+ —2(005 01 — cos 6, — sinf; — sin b)Yy (x - = - —)_

242 2 2
(8.5.13)

In particular, for the special cases 0y =6, = 0,0, = —6, =6,0, =6, + % =
6, we obtain respectively the following one-parameter families of real wavelet
functions
YOx) = cos 690 (x) + sin oy ©(x - 1),
Y O@) = cos Oy O (x) + 5 sin oy (x - %)
— \/Li sinelﬂ(o)<x — 2—12 — %)

(8.5.14)
v V() = %(cose — sin0)y @ (x)
+ 325(cos6 +sin )y (x - )
1 . 1
— 5(cos® — sm@)w(o)(x _ 5).
For s = 3,4, ... families of real wavelet functions can be obtained in the

same way.
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8.6. Description of one-dimensional p-adic Haar
wavelet bases

It was proved in Section 8.4 that shifts of wavelet functions (8.4.5) (9 (x) =
xp(p~'vx)Q(x|,), v=1,..., p — 1, generated an orthonormal basis in the
space Wy. The corresponding wavelet basis (8.4.6)

{pj/zllf\()o)(p_jx —a), a€l,, jeZ v=1,...,p—1}

coincides with the Kozyrev basis (8.1.3).

Here we construct an infinite family of wavelet functions ¢,,v =1,..., p —
1, in W, generating different wavelet bases for £2(Q »), where p is an arbitrary
prime number.

Note that the functions wf], v=1,..., p—1, have the following obvious

property:

¢§°>(x—1)=xp( )¢§°>(x), v=1,...,p—1 (8.6.1)

v
4

Theorem 8.6.1. All sets of compactly supported wavelet functions are given

by
p—1p*—1 k
0
V=33 ol >(x - —J), w=12....p—1, (862
v=1 k=0 p
where wavelet functions m ) are given by (8.4.5),s =0,1,2,..., and
— p'—1 -2 ';%fmk
-P ' m=0 € S OumZpps m ="y,
(Xﬂ = 2+ I
vik — _ s_1 S_1 -2 .’ﬁ\ ’”k 1— 2mi B
PR e —ufumi'n OvmZvus M FV,

i
e L —1

(8.6.3)
loum| = 1, 2, are entries of an arbitrary unitary (p — 1) x (p — 1) matrix Z.

Proof. 1. Let ¥, € Wy, v =1,..., p—1, be a set of wavelet functions such
that supp v, C B(0), s > 0. First of all we prove that

p—1p'—1

V=3 Za"f;kwl()o)<x - pﬁ) w=1,....p—1, (864

v=1 k=0
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Since {WSO)(- —a),v=1,...,p—1,a € l,}is abasis for Wy and ¥, €
Wy, we have

p—1

Yux) =YY ghyrO(x — a)

v=l1 a€l,
p—1 p—1

S IDIETEIERED 3) SR LEE)
v=1 a€lp v=1 a€lp

lalp<p* lalp>p*

The second sum on the right-hand side vanishes whenever |x|, < p?, the first
sums on the right-hand side and the left-hand side vanish whenever |x|, >
p’. So the second sum equals zero for all x € Q,, and after renaming the
coefficients we obtain (8.6.4).

2. Since {W,SO)(' —a),v=1,...,p—1, a € I,}is an orthonormal system,
taking (8.6.1) into account, we see that v, is orthogonal to v, (- — a) whenever
acly, lal, > p’,v,u=1,..., p—1. Thus the system {,(x —a), u =
I,...,p—1, ael,} is orthonormal if and only if the system consisting
of the functions Wu(' —#), r=0,....,p°—1, u=1,..., p—1 forms an
orthonormal system.

Using (8.6.1), we have

ilx =)
p—1

- 1 (Xp( ) o O + X, ( ;)a"f;pl_rﬂl/,so)(x _ %)

V=

V\ . ) r—1
+'“+XP<_;>av;P“'—lwv (‘x_ px )

s 1
+al ¥ (x - pi) ool (x - pT))' (8.6.5)

Let us introduce the vectors

20 — (1//(0) (0)( %) 1(0)<__%>,
(0) (0) 1 © ol T
RV (._;>,...,¢H(._ , )> ’

= (WI,WI('—%),”.J/}](._Pspzl)’
.’I/jpl’w”1('_%)""%1('_psp:l)>T
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of length p*(p — 1), and the p*(p — 1) x p*(p — 1) matrix

Dy, Dy, ... Dy
D = , (8.6.6)
D,_11 Dp_12 ... Dp_ip_y
where
D,
oo o e “ff;puz O{ff;psfl
XP(_%)ait;ps,I a‘l)l;O e O[ff;p;73 Olllf;pxi2
3 Xp (=) s Xp(= ) ey e ol ey ol
)(,,(—%)al’f;z X,,(—%)oe"f;3 ... otff;o oeff;l
XP(_%)O‘VM;I Xp( - %)“lf;z e XP(_%)all)L;p‘—l “uﬂ;o

By (8.6.5), we have & = DE©®. Because of the orthonormality of the sys-

tem {y O —a),v=1,...,p—1, a € 1,}, the coordinates of E form an
orthonormal system if and only if the matrix D is unitary.
Let
T
ut =(otﬁ0,...,0tﬁps_1, ...... ’O‘g—l;o"-wo‘Z—l;px—l) (8.6.7)

be a vector of the length p*(p — 1), u =1,..., p — 1, and let

A O ... 0
0O A, ... 0

e (8.6.8)
0 0 ... A,

bea p*(p — 1) x p*(p — 1) matrix, where

0 0 0 0 x(=3
1 0 0 0 0
a0 1 0 0 0 8.6.9)
0 0 10 0
0 0 0o 1 0

isa p® x p® matrix, and O is the p* x p* zero matrix.
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It is easy to see that

1 1 1
(A)u" = (Xp( - ;)aﬁ[,_r, Xp( - ;)aﬁPJ_r+l7 EERR) XP( - ;)“ﬁpﬁ_l,
QY Qs ey s gy
S s P (R s PR
[) — ; S —p 9 [7 —_ ; S 9
p p—Lps—r p p—LipS—r+
p—1 T
Xp(_ D )O‘Z—l;ps—l»O‘ﬁ—l;o»aﬁ—m»-~~10‘g—1;p»\'—r—1> )
where r =0, ..., p* — 1. Thus, the matrix (8.6.6) can be represented in the
form
D= (ul, Aul, . AP wP™ AuP L A”Llup’l)T.

Hence, to describe all unitary matrixes D, we should find all families of vec-
tors (8.6.7) such that the system of vectors {A"u” :r =0,...,p°  —1, u =

1,..., p — 1} is orthonormal. We have already one such family of vectors
uhf =(0,...,0,1,0,...,0)", u=1,...,p—1, (8.6.10)
~——— ~———
pi(n—1) p(p—w)—1

and the corresponding matrix
Do = (1} Aul AP 1, =l 4 pm1 AP 1, P! T
o—(uo, Uy, - 77 VR uy SAuy ..., U )

which is the identity matrix.

3. Now we prove that the system of vectors {A"u*,r =0,...,p* =1, u =
1,..., p — 1} is orthonormal if and only if
u" = Buy, (8.6.11)

where B isa p*(p — 1) x p*(p — 1) unitary matrix such that
[A, BI(A"up)=0, r=0,....,p°=2, u=1,....,p—1, (8.6.12)

where [A, B] = AB — BA is the commutator of matrixes A and B. Indeed,
let u* = Buy, where B is a unitary matrix satisfying (8.6.12). Then it is easy
to see that A" u"* = BA’ug,r =0,....,p° =1, u=1,..., p—1.Since the
system {A’ug, r=0,...,p° =1, u=1,..., p— 1} is orthonormal and the
matrix B is unitary, the vectors A"u*, r =0,...,p -1, u=1,...,p—1,
are also orthonormal. Conversely, if the system {A"u",r =0,...,p* — 1, u =
1,..., p — 1} is orthonormal, taking into account that {A’ug, r=0,...,p°—
1, w=1,..., p— 1} is also an orthonormal system, we conclude that there
exists a unitary p*(p — 1) x p*(p — 1) matrix B such that A"u” = B(A"uy),
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r=0,....,p° =1, w=1,..., p— 1. Substituting A’ 'u# = B(Al’lug)into
Alut = B(Alug),l =1,..., p* — 1 we prove (8.6.12) by induction on /.
4. It is easy to see that

AP u* = Aut, AP uly = Auly, (8.6.13)
where
A1 O o0
0 A o0
A=]| . .
0O 0 ... Ay,

isa p'(p — 1) x p*(p — 1) matrix, and

X,,(—%) 0 0
a 0 X,,(—;) 0
0 0 x,,(—;)
is a diagonal p* x p*® matrix, u,v=1,...,p — 1.

Let us write a p*(p — 1) x p*(p — 1) unitary matrix B in the form

By B> Ce Blpfl
B = , (8.6.14)
B,_11 Bp_12 ... Bp_i1p-
where
bl by, ... bg‘;,l
B, = . (8.6.15)
T R

It is easy to calculate that

Iy 1y i
ABuy = (X,,(— ;)bog,...,x,,<— ;)bpﬁtlo,...

p—1\ - =1\ p1u\T
..,Xp(—T)béo l”,...,xp<—7)b,€.y_]fio) ,
M1 M\ 1
BAuy = (X,,(—;)bog,...,)(p(—;)bp’ytlo,...

n p—1lp 1% p—1lun r
~"Xp(_;>b0() a'-pr(_;)bp&_]()) .
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Consequently, we have

[A, B]ug =d, (8.6.16)
where
T
d, = (du;l, coosdp—1,0,...,0, dmwl,...,dﬂ;p_l) , (8.6.17)
e

Ay = (XP< - K) - XP( - %))(bg(l;v cees b;ﬁt—lo)
v—1,2,...,p—1,v#u. (86.18)
Relations (8.6.11), (8.6.13) and (8.6.16) imply
AP Buyj = AP u"* = ABulf = BAul +d, = BA” uly +d,. (8.6.19)
Using (8.6.12), we have
AP Buly = AP "N AB) ) = AP TH(AB)Auly = - = (AB)(A” ~'ul).

Thus relation (8.6.19) can be rewritten as

[A, BI(A? "'ul) =d,, (8.6.20)
where d,, is given by (8.6.17), u =1,..., p — 1.
5. Let
G G ... Gip
G=[A,B]= ,
Go—ti Gpo12 ... Gp_ipa
where
8o 801 - Sop-i
G = (8.6.21)
810 &t e Emipe

isa p® x p® matrix, v, u =1, ..., p — 1. According to (8.6.12) and (8.6.20)
we have
G/LU = (69 .. 167 dli‘))’ (8622)
p—l

where 0 is a matrix column consisting of zeros, and d,, is given by (8.6.17).
6. It is easy to see that the matrix (8.6.9) has eigenvalues

v
— 5t

(8.6.23)

2mi

Avr=c¢
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and the corresponding normalized eigenvectors

Uyr = ((vvr)Os B (vvr)p‘fl)rv

where

_vg,

oy = p Pl 1=0,1,2,....,p° =1, (8.6.24)

r=0,1,....,p°5—1, v=1,2,..., p— 1. In view of (8.6.8), (8.6.23) and
(8.6.24), the eigenvalues of A and the corresponding normalized eigenvectors
are respectively

{)\10,...,)»11,:,1, ...... ,)»pflo,...,)»p,lps,l}
and
Vir =0, ...,0,(0y)os s (Wy)p—1, 0, ..., 0), (8.6.25)
~—— ——
pf(v=1) P’ p(p—1-v)

wherev=1,2,...,p—1,r=0,1,...,p° — 1.
Consequently, the matrix A can be represented as A = CAC !, where

A, 0 ... 0 o O ... 0
- 0 A, ... 0 - 0 i ... O
A= . . . . s A, = . . . . s
0 0 ... A, 0 0 ... dupo

v=1,2,...,p—1,and
C=Vio..- s Vipotsonnn.. Voe10s s Voot poi) (8.6.26)

is a unitary matrix. In view of (8.6.25),

¢, 0 ... O c;' o ... o0
o C ... O o ¢' ... o0
c=\|. . o, o= . N
0 0 ... Cp o o .. Cl
where
(vvo)o Wido .. (Wup—1)o
c, = (vyoi ot .. Wepoi ’ 8.6.27)

(va)pJ'—l (le)pﬁ—l (vvpl—l)ps—l
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and
(vy0)o (o1 oo (Wo)ps—1
cl — (vu1)o (w1 oo (Uu)pa (8.6.28)
Wopr—Do Wop—D1 -oo Wup—1Dp—1
where 7 is a complex conjugatetoz, v=1,2,...,p — 1.

Let us calculate G = C~!GC. On the one hand, according to (8.6.21),
(8.6.22), (8.6.25), (8.6.26), and (8.6.17), (8.6.18), (8.6.27), the block
(C™'G)uy = C,;' Gy, of the matrix C~'G consists of the following entries

p'—1
(CT'CVw) e = D Wum)rgly
r=0
v 7 Pl b
=i =) =)
p p r=0

Taking (8.6.28) and (8.6.24) into account, we obtain that the matrix G=
C~'GC consists of the p* x p*® blocks G, v, w =1,..., p— 1, defined by

v p-1 "
~ Vv n . 2 A*FA‘HX 5 A—F;rmr
(G”V)mn = (Xp(_ ;) _ Xp(_ _))p 52— (p*=1) Z e2m L b;)(;)t
r=0

p
(8.6.29)
On the other hand, G = [Z, E], where
~ En EIZ Elp—l
B=Cc'BCc=| ... , (8.6.30)
B,-11 Bp_12 ... Bjp_ip_
where
-~ BB B
B,, = . (8.6.31)
bf;.”_lo bgf_, Lo bﬁf_l ol
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It is clear that

r-l
((AB)/"v)mn = Z( .U“)mk(B/“))k _)\' bmli)l’
k=0
p*—1
((BA)/“’)mn = (Bl”)mk(A”)kn = )\V”b’l:lz
k=0
Thus, we have
(Gis) iy = Ciem = Ao )l (8.632)

where A, Ay, are given by (8.6.23). Set

pv 1 2mi— o "y Vi .
T, ,
g =1 &0 ¢ - Y (8.6.33)
bl if w=nv.

Combining (8.6.29) and (8.6.32), we obtain

S e g
bﬂ — p—s P 14 P P e—zm ;; (p’—l)q';:;v’
)‘-/un _)‘-vn

(8.6.34)

whenever © # v and
Bt =~ (8.6.35)

forallu,v=1,2,...,p—1;m=0,1,..., p° — 1. Substituting (8.6.23) into
(8.6.34), it is easy to rewrite (8.6.34) as

Ty —s 1 627” V;# v
by =P =, an’s (8.6.36)
e2rri 2 o _1
where u # v.
7. Now we prove that
Z bﬁf,Zb,';; =(c'cw),  alal” (8.6.37)

for all w,pw,v=12,....,p—1, m,m =0,1,..., p* — 1. In particular,
since CIIIC w = E, this formula yields

Z BB =0, m£m. (8.6.38)
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(a) Let u # ', w' = v. In this case, using (8.6.36), (8.6.33) and (8.6.35),
we have

Z v b“ v Z b’“‘ b“ w b”” b“ w

mn~m'n mm'~m'm’

w U ',
_ K o
—s Xp( p) Xp( p) 8727” (p -1 W

=—-p dm 9

6727ri‘;7 _ o 2mil
— —p’x 6727” ,,y (p‘ 1)q;m q“,”
. i m  Im
2mi L5 2mi —L
e P’ —e P’
1— eZni Lon
S W
=p ———— g,
o A
1 _ o2 o

-1 -1
—1 _ -1 _
(€ Cu) e = D2 (C) 0 (Cu) i = D Wit
n=0 n=0
p—1 [T - Qi W=
=S 2 : eZm' P I:: n__ _—s l—e ’
=P =P e
n=0 1_627” L 7
Thus, we have
§ T M M —1 nu M M
bmn b C )mm’ An 9

(b) Let u = u' = v, and m # m'. In this case, using (8.6.36), (8.6.33) and
(8.6.35), we have

Z blbh = Z BBt = 0= (C;'Cp), 4 -

(c) Let w = ' = v, and m = m’. In this case, using (8.6.36), (8.6.33) and
(8.6.35), we have

p'—1 p'—1

SO = 3 brb = 1P = (C,'CL), i
n=0 n=0
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(d) Let u # v, 1/ # v. In this case, using (8.6.36) and (8.6.33), we have

Zb,’,i;b’;,i = S(x,,(_ %) —x,,(— %»(@_@)

X qh qm”
mm;(um_ vn)(um 7)

This formula is applicable for © = ' and for u # u'. To complete the proof
of (8.6.37) it remains to check that

(8.6.39)

p-l 1
nX:(; ()‘;Lm - )\vn)()‘-u]m’ - m)

2s C71C ) -
_ G . (8.6.40)

(o= 5) == 5) (=) (= 5))

8. To compute the sum Zf;l (Aum — )Lvn)71 At — )Lm)il, let us con-

sider the functions

p—1

I/fl(/-S)('x) = Zal’f:ow\g())(x)f n= 17 AR 2 1’

v=1

where O‘ff;o = wy., wy, are the entries of a unitary (p — 1) x (p — 1) matrix.
According to (8.6.6) and (8.6.7), we have D,, = w,, E, where E is the
identity p* x p°® matrix, which implies that D is a unitary matrix, and

u* = (0u1,0,...,0,0,2,0,...,0,...... y Wup—1,0, ..., 0.
Let u # v. It follows from (8.6.11), (8.6.12) and (8.6.33) that
byn = Oopdmn, qh’ = ou, (8.6.41)

w,v=12...,p—1;mn=0,1,..., p° —1.Dueto (8.6.41),(8.6.30) and
(8.6.31), By = D)y = v E, and

p—1p-1
=(C'BO),, = CrraBapCpy
a=1 p=1
p—1p—1
= C, ' 810®apCpdpy = 0y C; ' C,. (8.6.42)
a=1 =1

Thus,
B = ,0(C Colyun- (8.6.43)
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Substituting (8.6.41) and (8.6.43) into (8.6.39) with u # v, u’ # v, we obtain
(8.6.40).

9. Since C is a unitary matrix, the matrix B is unitary if and only if B=
C'BCisunitary,ie. Y~ S VB BEY = 8, 8. According to (8.6.37)
and (8.6.38), the last relation holds if and only if

I, ifu=u, m=m,

> qkan = (8.6.44)

0, if uw#u.
Set 0% = (g1, ..., g!"™"). It follows from (8.6.44) that the vectors f, =
I,..., p—1, are the rows of a unitary (p — 1) x (p — 1) matrix Z = (z,,,).

Any vector Qy, is orthogonal to all vectors Qy with y’ # u. Hence, Q), =
0.um Qy » Where |0,,,,| = 1. So, we have

iy

9m

10. From (8.6.11), (8.6.7) and (8.6.10), auk = ka , where b, are elements
of the block B, of the matrix B (see (8.6.15), (8.6.14)). Since B = CBC- L
we have B,, = (CBC~ D =G, BquM . Thus,

= OpmZpy- (8.6.45)

p—1p—1

k - ka - Z Z(Cv)km(guu)mn(cgl)n()- (8646)

m=0 n=0

Using (8.6.27), (8.6.28), (8.6.36), (8.6.35) and (8.6.45), we can rewrite (8.6.46)
as

p—1p—1
)z _ Vi T
av;k - ka - E E (vvm)nbml:,(vp_n)o
m=0 n=0
p-lp-l 2mi =t
ptm 1—e »
—2 —2mi " k
= ' Z Z ﬁ@;mlum (8647)
m=0 n=0 e2m 7 -1
whenever © # v and
ik = big' S 8.6.48
Xk = Y0 =—p e P O um g (8.6.48)

for all u,v=1,2,....,p—1,k=0,1,..., p° — 1. Relations (8.6.47) and
(8.6.48) imply (8.6.3).

11. Conversely, assume that the functions v, u =1,..., p — 1, are given
by (8.6.2) and (8.6.3). Define g/," by (8.6.45). Evidently, (8.6.44) is satisfied,
which together with (8.6.38) implies the unitarity of B whose entries are given
by (8.6.35) and (8.6.34). Hence the matrix B defined by (8.6.30) is also unitary.
Taking (8.6.32) into account, it is not difficult to check (8.6.12). It follows
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that the functions 1ﬂu<x — #), r=0,....,p° =1, u=1,...,p—1, form

an orthonormal system, and, from (8.6.5), the functions 1&‘(,0) <x — #), r =
0,1,...,pF—1,v=1,..., p— 1, may be decomposed with respect to this
system. Now it is easy to see that each O (x — b),b € I »» may be decomposed
with respect to the functions ¥, (x —a),a € I,,u =1,..., p — 1. So we have
proved that ¥, v =1, ..., p — 1, is a set of wavelet functions. O

All dilatations and shifts of any set of wavelet functions (8.6.2), (8.6.3) form
a p-adic orthonormal Haar wavelet basis in Ez((@p).

Remark 8.3. Repeating the reasoning of Remark 8.2 almost word for word,
we conclude that there are infinitely many bases generated by the wavelet
functions (8.6.2), (8.6.3) such that they cannot be constructed by the Benedetto
method [50].

Just as above, we obtain that all wavelets which are generated by wavelet
functions (8.6.2), (8.6.3) belong to belongs to the Lizorkin space ®(Q)).

8.7. p-adic refinable functions and multiresolution analysis

8.7.1. Construction of refinable functions

Now we are going to study p-adic refinement equations and their solutions.
We restrict ourselves by the refinement equations (8.3.5) with a finite number
of the terms on the right-hand side:

p-l

1 k
) =Y Bip(—x— —). 8.7.1)
(5 )

If ¢ € LZ(Q,,), taking the Fourier transform and using (4.9.4), we can rewrite
(8.7.1) as

36 = mo(— )b(pt). (8.72)
p
where
14
mo€) = — Y Pixp(ké) (8.7.3)
P k=0

is a trigonometric polynomial (which is called the mask). It is clear that my(0) =
1 whenever ¢(0) # 0.
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Theorem 8.7.1. If ¢ € ﬁz((@p) is a solution of refinement equation (8.7.1)
and supp ¢ C By(0), then axiom (a) from Definition 8.1 holds for the spaces
(8.3.0).

Proof. Since x,(—£) = 1 for & € By(0), we have x,(—£)$(§) = ¢(&). Apply-
ing the Fourier transform, we obtain ¢(x + 1) = ¢(x). So ¢ is a 1-periodic
function. Since either £ + pﬁ €l,or s+ pﬁ — 1 eI, foranya € I, and any
k=0,..., p° — 1,because of the 1-periodicity of ¢, it follows from (8.7.1) that
¢(x — b) € Vy forall b € I,. This implies Vo C Vi, and, similarly, V; C V; 4
forany j € Z. O

Theorem 8.7.2. Let¢ € L*(Q,) be a solution of the refinement equation (8.7.1)
and supp $ C By(0). Axiom (b) of Definition 8.1 holds for the spaces (8.3.6)
(i.e, UjezV; = LZ(QP)) if and only if

\Jsupp 6(p7) = Q,. (8.7.4)

JEL
Proof. First of all we note that, from axioms (d) and (e), each space V; is
invariant with respect to the shifts 1 = p’/a, a € I,. We shall show that the
space UjczV; is invariant with respect to any shift r € Q,. Every t € Q,
may be approximated by a vector p’a, a € I,, with arbitrary large j € Z. If
f € UjezV;, by axiom (a) (which holds due to Theorem 8.7.1), then f € V;
for all j > j;. It follows from the continuity of the function || f(- + ¢)||» that
f(-+1)e m Now lett € Q,. If g € m then approximating g by
the functions f € U;czV;, again using the continuity of the shift operator
and the invariance of £? norm with respect to the shifts, we derive g(- +¢) €
m. For X C £%(Q,), set X = { f: f € X}. By the Wiener theorem for
L? (see, e.g., [192. Appendix A.8.], [207]; all the arguments of the proof given
there may be repeated word for word replacing R by Q,,), a closed subspace X of
the space £L2(Q ») is invariant with respect to the shifts if and only if X = L)
for some set 2 C Q. Let X = U,z V;, then X = LA(R). Thus X = £LX(Q,) if
and only if @ = Q,,. We shall set ¢; = d(p~I), Q= Ujez supp $j and prove
that Q = . Indeed, since ¢; € V;, j € Z, we have supp aj C , and hence
Qo C Q. Now assume that 2\ 2 contains a set of positive measure 2. If f €
V;, taking the Fourier transform from the expansion f = " _ I hap(p~ - —a)

we see that f: 0 almost everywhere on €2;. Hence the same is true for any
f €UjezV;. Passing to the limit we deduce that the Fourier transform of any
f € X is equal to zero almost everywhere on 2, i.e., L) = L2(Q). Tt
remains only to note that supp (};j = supp a( 12D O

A real analog of Theorem 8.7.2 was proved by C. de Boor, R. DeVore and
A. Ron in [56].
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Theorem 8.7.3. If¢ € EZ(Q,,) and the system {(¢(x — a) : a € I,} is orthonor-
mal, then axiom (c) of Definition 8.1 holds, i.e., NjczV; = {O}.

Proof. First, using the standard scheme (e.g., see [192, Lemma 1.2.8.]), we
prove that for any f € £L*(Q,)

- iPgni . g [? —
,E‘EIOOZ’(f,p p(p~ - —a)|" =0, (8.7.5)

ael,

where (-, -) is the scalar product in £2(Q ). Since according to Proposition 4.3.3
the space D(Q,) is dense in 52(@,,), it suffices to prove (8.7.5) for any ¢ €
D(Q),).If ¢ € D(Q)), then there exists N such that ¢(x) = 0 forall [§], > p".
Since |p(x)| < M for all |§], < pN, we have

2
> (0. PP —)|P < p Y ( /I ‘ lp()lp(p~Ix — a>|dx)
x|p,<pV

ael, acl,

pMy / p(p~/x — a) dx.
[x|,<pV

a€l,

IA

By the change of variables n = p~/x — a, we obtain

> (e, pPo(p77 - —a) [ < M?pY / [p(n)I* dn
Ay

ael,
’ J

=" [ oncigapdn,
Q,
where 0y is the characteristic function of the set

Anj = Uger, (n: In+al, <2V},

Since lim;_, _, Oy;(n) = 0 for any n # —a, using Lebesgue’s dominated con-
vergence Theorem 3.2.4, we obtain

lim / Ox; (DI dn = 0.
J—>—00 QF

If we now assume that f € N;czV;, then f € V; for all j € Z and, from
(8.7.5),

1/2
W (Z [(f, P/ Pp(p - —a))|2> —0, j— —oo,

ael,

i.e., || f]l = 0, which was to be proved. O

A real analog of Theorem 8.7.3 is well known.
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Theorem 8.7.4. Let ¢ be a refinable function such that supp fﬁc By(0).
If 1p&)| =1 for all & € By(0) then the system {¢p(x —a):a € l,} is
orthonormal.

Proof. Taking (4.8.10) into account, using the inclusion supp $ C By(0) and
the Parseval-Steklov formula (4.8.6), we have forany a € I,

($(). $( —a)) = / SOB(x — a)dx = / 1B6) 2 xp(aE) dE
Qp By (0)

_ /B | a1 = / Q&L ) (@€ dE = Qlal,) = buo

Q,
O
So, to construct a MRA we can take a function ¢ for which the hypotheses
of Theorems 8.7.4 and (8.7.4) are fulfilled. Next we are going to describe all
such functions.

Proposition 8.7.5. If ¢ € L*(Q p) is a solution of refinement equation (8.7.1),
a(é ) is continuous at the point 0 and $(O) # 0, then

3 = 30) Hmo(pfj ) 876
j=
Proof. Tterating (8.7.2) N times, N > 1, we have
N
o) = ]_[1 mo(pij )8("e). 8.7.7)
j=

Taking into account that a(é ) is continuous at the point 0 and the fact that
IpVEl, = pN|§], > 0as N — +oo for any § € Q,, we obtain (8.7.6). [

Proposition 8.7.6. If a is defined by (8.7.6), where my is a trigonometric
polynomial (8.7.3), mo(0) = 1, then (8.7.2) holds. Furthermore, if§ € Q, such
that €], = p™", then ¢(§) = ¢(0) forn > s — 1, and

56 =30 [T mo(=-) =30 T mo(
j=1 j=1

= ) =6@ @19

where & = &,p" + &, p" T 4+ -+ E_p° 2 E, #0, forn <s — 2.

Proof. Relation (8.7.6) implies a(pé) :;5(0) Hﬁlmo(%) and, conse-
quently, (8.7.2). Letn < s —2, |&|, = p~", i€, & = &,p" + &1 p" ' + -,
g, # 0. Since X,,(;T%}) = 1 whenever &’ € B_,,1(0), j e N,k =0, ..., p* —
/1\, and )/(\p(,,]i_i) =1 whenever j > s —n, we have (8.7.8). It is clear that
&) = 0) forn > s — 1. O
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Corollary 8.7.7. The function :5 from Proposition 8.7.6 is locally constant.
Moreover, if M > —s + 2, supp ¢ C By (0), then forallk =0, ..., pM*~! —

1 and for all x € Bs_ 1( ) we have ¢(x) = qb(pLM).

Proposition 8.7.8. Let a be defined by (8.7.6), where my is a trigonometric
polynomial (8.7.3). If my(0) = 1, mo( ) = Ofor allk =1, ..., p* — 1 which
are not divisible by p, then supp ¢ C By(0), ¢ € LX(Qy). If, furthermore,
’mo( ) ., p* — 1 which are divisible by p, then |$(x)| =

()| for any x € Bo(O)-

Proof. By Proposition 8.7.6, a satisfies (8.7.2) and (8.7.8). Let us check that
:1;(5) = 0 for all £ such that [§], = pM, M > 1. It follows from (8.7.2) that
it suffices to consider only M = 1. Let ||, = p,ie.,§ = éé_l +&+&Ep+
co - Eop* T2 4+ £ where£_; # 0,8 € B_,1(0). In view of (8.7.8), we have
$E&) = &) = (L), where k = £y +&p+Ep> +---+E2p ! 5 #
0. Note that the first factor of the product in (8.7.8) is mo( =) = 0. Thus
¢(é‘§ ) = 0 for all £ such that |£], = p. The rest of the statements follow from
Propositions 8.7.5, 8.7.6. O

From Theorems 8.7.1-8.7.4, the refinable functions with masks satisfying
the hypotheses of Proposition 8.7.8 generate MRAs. Next, we will see that
all properties of a mask mg described in Proposition 8.7.8 are necessary for
the corresponding refinable function ¢ to be such that supp $ C By(0) and the
system {¢(x — a) : a € I,} is orthonormal.

Theorem 8.7.9. Let $ be defined by (8.7.6), where mq is a trigonometric
polynomial (8.7.3). If supp ¢ C Bo(0) and the system {¢p(x —a):a € I,}
is orthonormal, then |m0( k) = and

|m0( )| = 1 whenever k is divisible by p, k=1, ..., p* — 1.

Proof. Leta € I,. Due to the orthonormality of {¢(x — a) : a € I,}, using the
Plancherel formula and Corollary 8.7.7, we have

Sa0 = (#0), ¢(- — a) =[@ P(X)p(x — a)dx
S 1 -1

- / &P xp(at) dE = Z / BE) P xp(at) de

By(0) & —klp<p~H!
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.\1]

= X #er / Xp(a) dt

|E—k|p<p=sH
pH—l
= Y Wl [ s
k=0 El,<ps!
pi-1
= Talp) Y @)Xy (ak).
k=0

Since Q(|p*~'al,) # 0 forall a € B_;;1(0), this yields

v 1 —1

1 sfl_l
—8(10’ 6120, 571,...,p 1
=0 p p

Consider these equalities as a linear system with respect to the unknowns

= |$(k)|2. It is easy to verify that this system has a unique solution z; = 1,
k=0,...,p ' —1,ie, |$(k)| = lforallk =0, ..., p*~' — 1.In particular,
it follows that |<?>\(0)|2 = 1, which reduces (8.7.6) to

$(&) = mo( f_l)mo( f_z) - omo(&). (8.7.9)

p p
Letuscheckthat|m0( )| = 1forallkdivisibleby p, k =1,..., p*~! — 1.
This is equlvalent to |m0( )| = 1 whenever N =1, ..,p° k=
1,..., p"¥ — 1, k not divisible by p. We will prove this statement by induction
on N. For the inductive base with N = 1, note that 1 = |$(p5’2)| = |mo(é)|.
For the inductive step, assume that |m0(pi)| =1 forall n=1,...,N,

N<s—-2k=1,...,p" —1, k not divisible by p. Using (8.7.9) and 1-
periodicity of m, we have

= [ )] = o o) ol
- \mo%) 7

foralll = 1,..., pM*! — 1,1 notdivisible by p. Now assume that mo( ) #0
for some k =1, ..., p* — I not divisible by p. Since ¢(p) =0, from (8.7.9),

there exists n =1, ..., s such that mo(#) = 0, which contradicts to the

assumption |m0(%)| =1. O

We have investigated the refinable functions whose Fourier transforms
are supported in the unit disk By(0). Such functions provide axiom (a)
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of Definition 8.1 because of a trivial argument given in Theorem 8.7.1. If
supp a ¢ By(0), generally speaking, the relation ¢(- — a) € V; does not fol-
low from the refinability of ¢ for all a € I, because I, is not a group. Never-
theless, we observed that some of such refinable functions also satisfy axiom
(a).

Let p =2, s =3, ¢ be defined by (8.7.6), where m, is given by (8.7.3),
mo(1/4) = my(3/8) = mo(7/16) = mo(15/16) = 0. It is not difficult to see
that supp a C B1(0), supp (?b\ ¢ By(0). Evidently, axiom (a) will be fulfilled
whenever

o= = Yol -D). retn k=123
r=0

which is equivalent to

5(5))(2(%) = mk(

£

=)d@e). EeQ k=123,

7
where my(€§) = % > Yir x2(r€). Combining this with (8.7.2) we have
r=0

PBE)mo(&)yak€)) —mi(() =0, £€Qy k=1,2,3,

These equalities will be fulfilled for any & € (Q; whenever they are fulfilled
for £ =1/16,1=0,...,15. The desired polynomials my, k = 1,2, 3, exist
because we have

3(3) =) =7(3)=3(3)
= 4?(%) = 5(?) = $(1) = $(5) = 0.

So we have succeeded in proving axiom (a) of Definition 8. 1, but, unfortunately,
¢ is not a scaling function generating MRA because axiom (e) is not valid.
Moreover, it is possible to show that for any refinable function whose Fourier
transform is in B;(0) but not in By(0) the shift system {¢p(x —a) :a € I,} is
not orthogonal.

Evidently, any function ¢ € D(Q,) is p-periodic for some M € Z. Let us
denote by Dy,n(Q),) the set of all p-periodic functions supported in By (0).
Now we summarize the above results.

Theorem 8.7.10. Let ¢ be defined by (8.7.6):

: ). do=1,

9 = 6O [T mo(——
=t P



8.7. p-adic refinable functions and MRA 147

where my is a trigonometric polynomial (8.7.3):

N+1_g

3 Bexpk8),  mo©) = 1.

k=0

p

mo(§) =

S| =

Ifmo(%) =O0forallk =1, ..., p"*' — 1 not divisible by p, then ¢ € D.y.
If, furthermore, mo(%)’ =1forallk=1,..., pN*!' —1 divisible b&p,
then {¢(x —a) : a € 1,} is an orthonormal system. Conversely, if supp ¢ C
Bo(0) and the system {¢(x — a) : a € I,} is orthonormal, then |m0(%)| =0

whenever k is not divisible by p,

mo(#ﬂ = 1 whenever k is divisible by p,
k=1,2,...,p"*" — 1, and |¢p(x)| = 1 for any x € By(0).

8.7.2. Refinable functions and wavelet bases

If we already have a p-adic MRA generating by some scaling function, then
we can find wavelet functions. Let the refinement equation for ¢ be (8.7.1). We

will search wavelet functions 1//("), v=1,..., p—1,in the form
L 1 &k
Yy =y m¢(;x -—). (8.7.10)
k=0

where the coefficients y,; are chosen such that

WY, ¢ —a)=0, G, ¥vY( —a) =380, (8.7.11)

v,u=1,...,p—1,foranya € I,. Itis clear that (8.7.11) is fulfilled for all

a#0, L L5 Let
0 0 00 I
10 00 0
I
_|0 00 0
0 0 100
0 0 01 0

be a p* x p® matrix, B = %ﬁ(ﬁo, e, ,BI,S,I)T, G, = \/Lﬁ(yvo, e, yvp_l)T,
where B, and y,, are coefficients in (8.7.1) and (8.7.10), respectively, r =
0,1....p0—-1Lv=1,...,p—1,
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To provide (8.7.11) for a =0, #, R p;ljl we should find vectors
G1,...,Gp_1sothat the p* x p® matrix
U=(sB,S'B,...,$" "'B,5°G,, $'Gy, ..., 8" ''Gy, ...,
s 8°G, 1, 8" Gty ST TG ,)
is unitary.

Example 8.7.1. Let s = 1. According to Proposition 8.7.8, set my(0) = 1,
mo(%) =0foralloddk =1,..., p — 1. Such a mask is

122
mo(€) = — Y xp(k&)
p k=0

(here By = 1in(8.7.3)and B = Lp(l, ..., DT). The corresponding refinement
equation (8.7.1) coincides with the “natural” refinement equation (8.1.5), and
its solution Q(| - ,,) is a refinable function generating an MRA because of
Theorems 8.7.1-8.7.4.

To find wavelets we observe that the unitary matrix

]
—e 7
NI k1=0,....p—1

may be taken as U7T. Computing the wavelet functions corresponding to this
matrix U, we derive the formulas (8.1.4) which were found by Kozyrev in [163]:

YW(x) = X,,(%x)Q(bpr), v=1,...,p—1.

Fundamental results in p-adic wavelet theory were obtained in [4]-[6].
In [5], a theorem which gives a description of all test functions generating MRA
was proved. It turned out that the class of the orthogonal scaling functions is
essentially smaller.

Theorem 8.7.11. ([5]) If ¢ is an orthogonal scaling test function for some MRA
such that a(O) = 0, then supp $ C By(0).

So, the support of the Fourier transform of each orthogonal scaling test
function is contained in By(0), which is equivalent to its 1-periodicity. A com-
plete description of all such functions was given above in Section 8.7.1 (see
Theorem 8.7.10).

Thus, we have proved that there exist infinitely many different orthogonal
scaling test functions. In contrast to the real setting, it turns out that all these
functions generate the same MRA.
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Theorem 8.7.12. ([5]) There exists a unique MRA generated by an orthogonal
scaling test function. This MRA coincides with the Haar MRA (described by
Theorem 8.4.1) which is generated by the scaling function ¢ = (| - |,) (which
is a solution of a “natural” refinement equation (8.1.5)).

Thus in Sections 8.5 and 8.6 above all p-adic compactly supported wavelet
Haar bases were constructed.

8.8. p-adic separable multidimensional MRA

Here we describe multidimensional wavelet bases constructed by means of
a tensor product of one-dimensional MRAs. This standard approach for the
construction of multivariate wavelets was suggested by Y. Meyer [187] (see,
e.g., [192, §2.1]).

Let {Vj(”)}jez ,v=1,...,n,beone-dimensional MRAS (see Section 8.3.1).
We introduce subspaces V;, j € Z, of ﬁz(Q’;) by

Vi=Q VY =span{F = i@ ® fu. fr eV} (8.8.1)
v=1

Let ¢ be a refinable function of vth MRA {V;V)} ;- Set

P=¢"® - ®¢™. (8.8.2)

Since the system {¢")(- —a)}s e, is an orthonormal basis for VO(“)

(axiom (e) of Definition 8.1) forany v = 1, ..., n, it is clear that

Vo = span{®(- —a) : a = (ay, ..., a,) € I;‘},

where I} =1, x --- x I, is the direct product of n sets I, and the system
&G —a),ace I;’, is an orthonormal basis for V;. It follows from (8.8.1) and
axiom (d) of Definition 8.1 that f € Vj if and only if f(p~/-) € V; for all
J € Z. Since axiom (a) from Definition 8.1 holds for any one-dimensional
MRA {V;")}j, it is easy to see that ®(p~/ - —a) € Vijq1 forany a € I}). Thus,
V; C V1. It is not difficult to check that the axioms of completeness and
separability for the spaces V; hold. Thus we have the following statement.

Theorem 8.8.1. Let {V;”)}jez, v=1,...,n, be KMAs in L*(Q,). Then the
subspaces V; of [,2((@;) defined by (8.8.1) satisfy the following properties:
@V; C Vi forall j e Z;
(b) UjezV; is dense in EZ(QZ);
(©) NjezV; = {0};
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@) fO) € V; <= f(p~') € Vyu forall j € Z;
(e) the system {®(x —a),a €1 [’,' }, is an orthonormal basis for Vy, where
® € V, is defined by (8.8.2).

Similarly to Definition 8.1, the collection of spaces V;, j € Z, which satisfies
conditions (a)—(e) of Theorem 8.8.1 is called a multiresolution analysis in
Ez((@']’,), and the function ® from axiom (e) is called refinable. It is clear that a
multidimensional refinable function can be constructed by formula (8.8.2).

Next, we set

V; =span{®(p~/ - —a):a =(ai,...,a,) € Iy, jez, (8.8.3)

and following the standard scheme (see, for example, [192, §2.1]), we define
the wavelet spaces W; as the orthogonal complement of V; in V;,4, i.e.,

W,'Z j+19V', j €.

Consequently,

) ) )

Vi = QVih =Q (v e w)”)
v=1 v=1
) (1)
=vie D (Q@W")NKV")

eC{l,...,n}, e#£ vee -2z

So, the space W; is a direct sum of 2" — 1 subspaces W;,., e C {1,...,n},

e # . Let ) be a wavelet function, i.e. a function whose shifts (with respect
to a € I,) form an orthonormal basis for Wév). It is clear that the shifts (with
respect to a € I;) of the function

v =(Qv")(R¢™). ec(l.....n), e#0, (8.8.4)

vee nee

form an orthonormal basis for W .. So, we have

cy=@w=B( & w.).

JEZ JEZ  ec{l,...n}, e#£0

and the functions p~/2W,(p/ - +a), e C{1,....n}, e #0, j €Z, a € I,
form an orthonormal basis for £*(Q7).
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8.9. Multidimensional p-adic Haar wavelet bases

8.9.1. Description of multidimensional 2-adic Haar MRA

Let us apply the above construction taking the 2-adic Haar MRA as vth one-
dimensional multiresolution analysis {V;”)} jez,v=1,...,n.

To construct multivariate wavelet functions (8.8.4), we choose Y@ as a
wavelet function for each one-dimensional MRA. Thus we have the following
2" — 1 multidimensional wavelet functions

.....

.....

O(x) = pOed(2) - - )Y V().

According to (8.8.2), in this case the multidimensional refinable function is
®(x) = Q(|x]2), x € Q5.

Let e C {1,...,n}, e # ¥. Denote by k. = ((ke)1, ..., (ke),) the vector
whose coordinates are given by

1, Vv Ee,

(ke)vz{o’ vg{e, v=1,...,n.

Since ¢(x,) = Q(lxyl2) and Y O(x) = QX)X ), Xy € Qo v =
1,2,...,n, (see (8.1.6) and (8.4.7)), it follows from (1.10.2) and (8.1.6) that
the wavelet function W) can be rewritten as

VO = (27 - x)Q(Ix2), x=(x1,...,x,) € Q5. (8.9.1)
According to the above consideration, we have the following statement.
Theorem 8.9.1. The system of functions

w(®

e;ja

(x) = 2729002/ x — )
=272 %027k, - 2/x —a))Q(12/x —al,), xe€ @, (89.2)

eC{l,...,n},e#10, j €Z, a € ly, is an orthonormal basis for EZ(QZ).
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Now we construct multidimensional wavelet bases using different one-
dimensional Haar wavelet bases (see Section 8.5.1). Namely, we apply the
construction of Section 8.8 taking again the Haar MRA as vth one-dimensional
multiresolution analysis {V;”)} jez, V=1,...,n, and choosing wavelet func-
tions ) for construction of multivariate wavelet functions (8.8.4).

Lets = (s1, ..., s,), wheres, € Ng,v =1, 2, ..., n. We have the following
2" — 1 wavelet functions:

W @) = @)Y x0) - S Y (),

.....

“) ) = PGP () - D (D),

.....

W) = OB - - Pla )P (x),

W) = pOe)P(2) - - )V (x).

Setoz,1 = o,, where ¢, is given by (8.5.5),r =0, 1,...,2° — 1,and oeg =1,
af =3, =0. Since ¢(x,) = 2(|x,]2), x, € Q2, and ¥ is given by
(8.5.4),(8.5.5),v=1,2,...,n, from (1.10.2), the wavelet functions \IJS) can
be rewritten as

211 2]

WO (x) = Z DY akor gt

ra=0
X wg‘”(x - (E(ke)l, r” 2k, ))) (8.9.3)

x € Q, where \I»'éo) is defined by (8.9.1),e C {1, ...,n}, e # 0.
According to the above consideration, we have the following theorem.
Theorem 8.9.2. The system of functions

2°1—1 2% —1

() (ke) (kedn
Va0 = D Dol

p—
X \Iléo)(Z"x —a— <%(ke)ls ces %(h)n)), (83.9.4)

xeQ,eC{l,...,n},e#Y, j €Z a < Ij, forms an orthonormal basis for
L2(Q5).
Since an W (x)d?x = 0, from (7.3.3), we have W) € &(QY).

ejja eja
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8.9.2. One multidimensional p-adic Haar basis

Now we construct the n-dimensional wavelet basis generated by the one-
dimensional Kozyrev wavelet basis (8.1.3). As above, we construct p” — 1
wavelet functions:

O, (x1)0k, (x2) - - - O, (X—1)0,, (X)),
Ok, (X1)0k, (x2) - - O, (X —1)(x),

(8.9.5)

P(x1)P(x2) - - - (X1, (xn),

where 6, is given by (8.1.4) and is expressed in terms of the refinable
function ¢(x) = Q(|x|p) by (84.3); xx € Qp; ke J,=1{1,2,...,p—1},
r=1,2,...,n. Let
Jpo =k, ... ky)
k=0,1,2,...,p—Lir=12,...,0n, ki +---+k, #0}. (8.9.6)

In view of (1.10.2) and (8.1.4), the functions in (8.9.5) can be rewritten as

Orx) = xp(p k- x)Q(Ix1,), x=(x1, ..., x,) € QY (8.9.7)

where k = (ky, ..., k,) € JI’,‘O.
According to the general scheme from Section 8.8, (8.9.7) is generating
wavelet functions. Nevertheless, we prove this statement directly.

Theorem 8.9.3. All dilations and shifts of the wavelet function (8.9.7) form an
orthonormal (p-adic Haar wavelet basis) in [:2((@’;,):

O ja(¥) = px,(p7 'k - (p’x — @))Q(Ip'x — al,), (8.9.8)
where x € Q", k= (ky, ..., k,) € JI’,’O, j€Z ac I['j.

Proof. The statement follows from the standard MRA scheme in Section 8.8
(see also, for example, [192, §2.1]). Nevertheless, we prove this statement
directly.

According to [163] (or a particular case of Theorem 8.10.1), the wavelet
functions (8.1.3) form an orthonormal basis in £*(Q ») 1€,

(6,2 ja, (60), Ok jray (1)) = Stk 818y -
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Moreover, it is easy to calculate that

(Qk,;ju,(xr)v ¢(ijr - a:«)) = / P_j/sz(P_lkr(ijr - ar))

Q

x Q(1p'x, — a,,)Q(1p7 x, — dll,) dx, =0,

r =1, ..., n. Thus the system of the functions (8.9.8) is orthonormal.

To prove the completeness of the system of functions (8.10.3), we repeat
the corresponding proof [163] almost word for word. Since the system of the
characteristic functions of the balls B} (0) is complete in LZ(Q;',), it is sufficient
to verify the Parseval identity for the characteristic function Q(|x|,).

According to Theorem 8.10.1 (see also [163]), we have

p_j/21 a =07 j 2 17

. r=1,...,n.
0, otherwise, ’

(Q(|xr|p)’ Qk,;jak(xr)) = {

Using this relation, we can calculate

QD). Ok @) = DY p

jeLkellaeln kedry j=1

—n

1—p™

=1

=((p-D"+C ' p-D"+--+(p-D)

= [(Qx],), x|, x e,

where C; are binomial coefficients.
Thus the system of functions (8.9.8) is an orthonormal basis in EZ(QZ). O

8.9.3. Multidimensional p-adic Haar wavelet bases

Now, using the scheme of Section 8.8, we construct multidimensional wavelet
bases using the different one-dimensional Haar wavelet bases which were
described in Section 8.6. Namely, taking the Haar MRA as vth one-dimensional
multiresolution analysis { Vj(v)} jez,v =1, ..., n,and choosing arbitrary sets of
wavelet functions {y,,, : uy =1,2,..., p—1},v=1,2,..., n (which were
described by Theorem 8.6.1), we construct the multivariate wavelet functions
(8.8.4).



8.10. One non-Haar wavelet basis in Ez((@p) 155

First we construct the p” — 1 wavelet functions:

,,,,

U0 = GOV (x2) - Y, )V, (), (8.9.9)

,,,,

W) = pOeD)P(x2) - - Pt 1)V, (Xa),

where u = (g, ..., 1y), x € Q?, and any set of one-dimensional wavelet
functions {v,,,(x,) : v =1,2,..., p—1; x, € Q,} is given by (8.6.2) and
(8.6.3),v=1,2,...,n. Just as above we denote the wavelet functions (8.9.9)
by

VW), eC{l,....n}, e#W, =1, ....0) (8.9.10)
According to (8.8.2), here a multidimensional refinable function is
d(x) = Qx[p),  xe€Q,. (8.9.11)

According to the above general consideration, we have the following
statement.

Theorem 8.9.4. All dilations and shifts of the wavelet functions (8.9.10) form
an orthonormal complete (p-adic Haar wavelet basis) in £2(Q;):

pPYW(pix —a),  xeq, (8.9.12)

where e C{1,...,n}, e # 0, = (1, ..., Ux), pp =1,2,...,p—1 v=
l,2,...,n;jeZ;aeI[’}.

8.10. One non-Haar wavelet basis in £*(Q,,)
Let

Jpm = {s =Pim(so+s1p+..._|_Sm_1pm71):
$5;=0.1,....p—1Lj=01....m— 15 #0}, (8.10.1)

where m > 1 is a fixed positive integer.
Let us introduce the set of (p — 1)p™~! functions

0 (x) = xp(s0)Q(Ix1,). s € Ty, x €Qp, (8.10.2)
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and the family of functions generated by their dilations and translations:
9;?})(1()6) =p % (s(p’x —a))Q(Ip’x —al,), x€Q, (8.103)

where s € Jp,n, j € Z, a € I, and Q(¢) is the characteristic function (4.2.2)
of the segment [0, 1].

Theorem 8.10.1. The functions (8.10.3) form an orthonormal p-adic wavelet
basis in 62((@,,).

Proof. Consider the scalar product (see Section 3.3)

(65, (x). 00 (x)) = p~UTI2 f Xp(s'(p'x — ) = s(p"x — a)

P

x Q(Ip'x —al,)Q(Ip"x —dl,)dx.  (8.10.4)
If j < j’, according to formula (4.7.4)

Q(|pjx — a|,,)SZ(|pj/x — a’|p) = Q(|pjx — a|p)52(|pj/7ja - a/|p),
(8.10.5)

(8.10.4) can be rewritten as

(9(”’) /(x)’ e(m) (x))

s’y jla s;ja
— p—(j+j’)/29(|pj/—ja — Cl/|p)
) / (8" (0" x —a') = s(p’x — @) Q(Ip’x —aly) dx.

P

(8.10.6)

Let j < j'. Making the change of variables & = p/x — a and taking into
account (4.8.10), from (8.10.6) we obtain

(e(m) /(x)’ 9(’") ()C)) — p*(jJrj/)/sz(S’(pj/*ja _ a’))

s’y j'a s; ja
< Qlp"a—d'l,) /@ (P75 — ))21£1,) dé

»
= p U2y (s'(pT i a — a')
x Q(Ip" a—d'l,)Q(Ip" s = slp). (8.10.7)
Since
pj/,js/ — pjffjfm(s(r) + s{p 4+ .4 S}ilpmfl)’
s=p " (so+sip+---+sip""),
where s3, 50 # 0, j'— j <1, it is clear that for the fractional part we have

{p/'~is — s}, # 0. Thus Q(|p-’/_-’s/ — s|p) = Oand (0('"2 (x), 6™ (x)) =0.

sy jla Nt Vs ja
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Consequently, the scalar product (6,"),,,(x), ;") (x)) = 0 can be nonzero

only if j = j’. In this case (8.10.7) implies

(60 @), 0.75,0) = p ('@ = a))Qla — a'l,)Q(1s" ~ s1,).
(8.10.8)

where Q(la — ') = 8aa, Q(Is" — 51) = 85, and 8y, 844 are the Kronecker
symbols.

Since in view of (3.3.1) we have pr Q(|pjx — a|p) dx = p/, formulas
(8.10.7) and (8.10.8) imply that

(69", (), 87" () = 83158 j80ra- (8.10.9)

s’y jla * Vs ja
Thus the system of functions (8.10.3) is orthonormal.

To prove the completeness of the system of functions (8.10.3), we repeat the
corresponding proof [163] almost word for word. Recall that the system of the
characteristic functions of the balls By (0) is complete in £>(Q »). Consequently,
taking into account that the system of functions {ng’;)cl(x) cs€Jpmyj €L ac
I,} is invariant under dilations and translations, in order to prove thatitis a com-
plete system, it is sufficient to verify the Parseval identity for the characteristic
function (|x|,).

If 0 < j, according to (8.10.5) and (4.8.10),

(Qlx]p), 60,x)) = pQ(l —al,) / Xp(s(p/x — @) Q(1x1,) dx

»
= p (= sa)lsp’1,) 21— al)

0, a # 0,

0, a=0, j<m-1, (8.10.10)
p~i% a=0, j>m.

If 0 > j, according to (8.10.5) and (4.8.10),

(QUx1,). 0,(0)) = p~/*Q(1p~al,) / Xp(s(p'x — @))Q(1p'x —al,) dx

P

= p2Q(1p al,) / X0 (s8)Q(1£1,) dé

P

— p'i/29(|p_jd|p)9(|s|p) =0. (8.10.11)
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Thus,

S (a1, 680,0) Z Yop

s€Jpm;j€L,ael, Jj=m sy,

R T =1= |(Q(1x1,). Q0x1,)|.

Thus the system of functions (8.10.3) is an orthonormal basis in Lz(Q,,).

Since elements of basis (8.10.3) can be obtained by dilatations and trans-
lations of the set of (p — 1)p™~! functions (8.10.2), it is the p-adic wavelet
basis. O

Theorem 8.10.2. The wavelet basis (8.10.3) is non-Haar type for m > 2.

Proof. Taking into account the decomposition formula (1.8.5), we represent
the Kozyrev wavelet function (8.1.4) as

Ou(x) = xp(p~ kx)Q(1x1,)
0, lx[p > p,
-7 kr
— | rikkk xeB_(r), r=1,....,p—1,
1, x € B_;.

e
Thus the wavelet function 6;(x) takes values in the set {¢*™'7 :r =

0,1,...,p—1} of p elements on the balls B_i(r), r=0,1,...,p—1,
k=1,2,..., p—1. The above formula is an analog of representation of
the Kozyrev wavelet function 6;(x) in terms of the Haar refinable function
¢(x) = Q(|x],) by formula (8.4.5). Thus the wavelet basis (8.10.3) is the basis
of the Haar type.

In contrast to the Kozyrev basis (8.10.3), the wavelet bases (8.10.3) for
m > 2 are of a non-Haar type. Indeed, in the same way we consider the
wavelet function 6" (x) = x,(sx)(1x,), s € Jpm. Let

By(0) = UeB_yn(c) U B (0)

be the canonical covering (1.8.4) of the ball By(0) with p™ balls
B_,,(0) and B_,.(c), where c=c,p" +crp1p T+ Femip”l, r=
0,1,2,....m—1, 0<c¢;<p—1, ¢, #0;m > L.

For x € B_,(¢), s € Jp,n, we have x = ¢ + p”‘(yo +yip+ yap* +- ~-),
s =p‘”’(so+s1p+~--+sm,1p”‘_1), so0#0; sx =sc+§, § €Zpy; and
{sx}p = {Sc}p = {pr—m(cr +cepp+--+ Cmflpm_r_l)(so +sip+---+
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S P" )}, r=0,1,2,...,m — 1 (see (1.6.4)). Thus,

0/ (x) = x,p(sx)Q(Ix1,)

0, ' lxlp = P,
— eZJTlSa’ x e Bim(c)7 Cc = ;n rl Clp (8.10.12)
1, X € B,m(O),

where 0 <c¢;<p-1, j=r,....m—1, ¢, #0, r=0,1,..., m—1;
s=p"(so+sip+-+suap™ ), 0<s;<p-1, j=01,....,m—
I, s0#0. Thus the wavelet function 6 (x) takes values in
the set (eXibh . c=3""lepl,0<ci<p—1,j=r....m—1c #
0,r=0,1,...,m — 1} of p™ elements on the balls B_,,(b).

According to (8.10.12), the wavelet function (8.10.2) is represented in terms
of the characteristic function of the unitball ¢p(x) = Q( [x] p) (whichis a solution
of the Haar refinement equation (8.1.5)), i.e., in the form

0 (x) = 1, (1)K Ix1,) Zh ¢(—x _ —), (8.10.13)

x € Qp wherehg = 1,he = €™, c=c,p" +crpp ™+ F e p",
r=0,1,....m—1,0<¢c; <p—1,¢, #0.

According to formulas (8.10.12) and (8.10.13), the wavelet function (8.10.2)

cannot be represented in terms of the Haar refinable function ¢(x) = Q(le p)
(which is a solution of the Haar refinement equation (8.1.5)), i.e., in the form

0" ()= Bup(p~'x —a), B.€C.

ael),

Thus the system of (8.10.3) is an orthonormal non-Haar wavelet basis for
m > 2. O

Remark 8.4. 1.Inthecasem = 1,ie.,fors = p~'k,k=1,2,..., p — 1, the
functions (8.10.2) coincide with the Kozyrev wavelet functions (8.1.4), and the
wavelet basis (8.10.3) coincides with the Kozyrev wavelet basis (8.1.3):

0, () = O jux) = p =5, (P k(p'x — @) Q(1p7x —al,). x € Q.

k=12,....,p—1,j€Z,acl,

2. The non-Haar wavelet basis (8.10.3) can be constructed by the approach
developed by J. J. Benedetto and R. L. Benedetto [50]. In their nota-
tion [50], H' is the ball By, and A7 : Q, — Q, is multiplication by p’l, and
W = (A}y""'H* = B,,_;. In addition, the “choice coset of representatives”
D in [50] is the set (8.3.1) of shifts /,,, and the set J,,, given by (8.10.1) is
precisely the set D N ((AT W)\ W) that appears in equation [50, (4.1)]. The set
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Jpm consists of N = p™ — p"~! elements, where N is the number of wavelet
generators.

The algorithm of [50] starts with N sets €2, ¢ and N local translation func-
tions T, one for each s € J,,,. In order to construct the wavelets (8.10.3) by
using the algorithm of [50], we set

Q0 = B()(p*m(slp + -+ Sm—1pm71))
= p"1p4 A S P+ By C By,

i.e., we remove the term sy and add the set By = H+. We also define
TS : Bmfl — Bm \ Bmfl by Tr(w) =w+ Sopim,

so that 75 maps €2, o to By(s) by translation. It is easy to verify that this fits the
requirements of [50]: each €2; ¢ is (z, D)-congruent to H L = By, the union of
all such sets contains a neighborhood of 0, each 7 has the form required by
formula [50, (4.1)], and for each s # s’ in J,,,, one of the two compatibility
conditions [50, (4.2) or (4.3)] holds. Thus, by using the algorithm of [50], we
can produce the wavelets (8.10.3).

Moreover, according to (8.12.6), any wavelet 9}”” is the Fourier trans-
form of the characteristic function of each ball By(s), s € J,,,. We recall
that the algorithm of [50] only allows the construction of wavelet functions
whose Fourier transforms are the characteristic functions of some sets (see
[50, Proposition 5.1.]).

Making the change of variables £ = p/x —a and taking (4.8.10) into
account, we obtain

/eg?a(x)dx = pf/zfxp(sg)sz(|g|p)ds = p/?Q(Isl,) =0, (8.10.14)
Qp Q,

i.e., according to Lemma 7.3.3, the wavelet functions Os(mj)a (x) belong to the
Lizorkin space ®(Q,,).

Corollary 8.10.3. The functions
o (&) = FI0U 16 = p/xp(p~a-£)Q(ls + p/El,). & €Q,,

form an orthonormal basis in Ez((@p), J€Z aecl, seJyy, m>1lisa
fixed positive integer.

The proof follows from Theorem 8.10.1, formula (8.12.5) (see below) and
the Parseval-Steklov formula (5.3.5).
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8.11. One infinite family of non-Haar wavelet bases in £2(Q »)

Now, using the proof scheme of Theorem 8.5.1, we construct infinitely many
different non-Haar wavelet bases, which are distinct from the basis (8.10.3).
In what follows, we shall write the p-adic number a = p~7 (ao +ap+
--~+a},,1py’1) €l,,a;=0,1,...,p—1,j=0,1,...,y — 1,inthe form
p’—'y, where r = ap+a1p+--- —i—a],,lpy’l.
Since the p-adic norm is non-Archimedean, it is easy to see that the wavelet
functions (8.10.2) have the following property:

a =

Gy(m)(x +1)= Xp(is)ex(m)(x)’ s € Jp;m- (8.11.1)

Theorem 8.11.1. Foreveryv =0, 1,2, ... the functions
p'—1 k
PO = Yt (x = =) s € dp, (8.11.2)
k=0 p
are wavelet functions if and only if
p’-1

g =p" Y yere T (8.113)
r=0

where wavelet functions 8™ are given by (8.10.3), ys € C is an arbitrary
constant such that |y, =1, k=0,1,...,p" — 1, s € Jp.

Proof. Let ws(m)'”(x) be defined by (8.11.2), s € J,,;,. According to Theo-
rem 8.10.1, {Qs(”‘)(- —a),s € Jyum,a € I,} is an orthonormal system. Hence,
taking (8.11.1) into account, we see that ™" is orthogonal to ¥ ™" (x)(- — a)
whenever a € I,, a # ﬁ, k=0,1,...p" = 1; 5,8 € Jpyu W=1,2,...).
Thus the system {1//‘?")* "(x —a),s € Jpyn,a € I,} is orthonormal if and only
if the system consisting of the functions

r 1
lﬁs(m)’”(x - F) = Xp(—s)ax;pv,res(m)(x) + Xp(_s)as;p"fr+19§(m) (x - ;)

(m) r—1
+ o Xp(—=8)ag;pr 16 (x N p’ )

r+l)

r
“ras;Oes(m) ()C - F) + Ols;les(m)<x - P

v —1
+ ... +as;p“717r95m)(x _ p )7 (8.11.4)
p‘)
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r=0,...,p"— 1,5 € J,,, is orthonormal. Set

v T
= (9?’"%9@ <~—i),...,0<m> <.__p _1)) ,
s s p‘, s pu
v T
- (wwxv,w(m),v (._L)’_._’w(rn),v(._ 4 —1>> ,
K K K pv R pv

where T is the transposition operation. By (8.11.4), we have " = D, E?, where

[1]

“ o

1]

00 .1 N Us:pv—2 Qs pv—1
Xp(—=S)otg. pv_1 Oy:0 . Qs pv—3 Oy pr—2
D, = Xp(=S)og w2 xp(=8)s;pr_1 ... Os;pr—4 Os.pv—3 7
Xp(_s)as;2 Xp(_s)as;S cee 5.0 U1
Xp(_s)as;l Xp(_s)as;Z cee Xp(—S)Ols;pv,1 5.0
(8.11.5)

and s € J,,;,. Due to orthonormality of {w‘v(’")’”(x)(- —a),s € Jpm,a € Iy},
the coordinates of E! form an orthonormal system if and only if the matrices
Dy are unitary, s € Jpu.

Let u; = (a0, Asi1s - - - 5 as;,,u,l)T be a vector and let
0 0 0 0 xp(—s)
1 0 0 0 0
0 1 0 0 0
Ay =
0 0 1 0 0
0 0 0 1 0
be a p¥ x p” matrix, s € Jp,,. It is not difficult to see that
A;uv = (Xp(_s)as;p”—r» Xp(_s)ax;p"—r+la e X[)(_S)as;p”—lv
T
Og:0y Xgily oo ey as;p"frfl) 5
wherer =0,1,...,p°* —1, s € J,,,. Thus we have
Dy = (uy, Asuy, . ..., Afvflus)T.
Consequently, to describe all unitary matrices D;, we should find all vec-
tors uy = (040, Uyl s - - - ,as;pv_l)T such that the system of vectors {Afu,, r =
0,...,p" —1} is orthonormal, s € J,,,. We already have such a vector
uo = (1,0, ...,0,0)7 because the matrix

DO = (Lt(), AMQ, ceey Apv_luo)r

is the identity matrix.
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Now we prove that the system {Aju,,r =0,..., p’ — 1} is orthonor-
mal if and only if ug; = Bsug, where B is a unitary matrix such that
A¢Bs = BAs, s € Jp. Indeed, if ug = Bsug, B is a unitary matrix such that
AgB; = ByAg, then Aju; = BiAfug,r =0,1,..., p" — 1,5 € J,,,. Since the

system {Afug,r =0, 1, ..., p¥ — 1} is orthonormal and the matrix By is uni-
tary, the vectors A{uy, r =0,1,..., p¥ — 1, are also orthonormal, s € J,,,,.
Conversely, if the system Afu,, r =0,1,..., p* — 1, is orthonormal, taking
into account that {Afug,r =0, 1, ..., p” — 1} is also an orthonormal system,

we conclude that there exists a unitary matrix By such that Afu; = B(Afuy),
r=0,1,..., p" — 1. Since APy, = Xp(—s)u, and APy = Xp(—$)ug, we
obtain additionally A” u, = ByA? ug. It follows from the above relations
that (A; By — By Ag)(Afug) =0, r =0,1,..., p¥ — 1. Since the vectors Al uy,
r=0,1,..., p¥ — 1, form a basis in the p’-dimensional space, we conclude
that A;By = ByAy, s € Jpum.

Thus all required unitary matrixes (8.11.5) are given by

v_ T
Ds = (B_YM(), BsAvu()a sy BS‘Af 1“0) s

whereuy = (1,0, ..., 0,0)7 and By is a unitary matrix such that A; B, = B, A,
s € Jp,m. It remains to describe all such matrices Bj.

It is easy to see that the eigenvalues of A and the corresponding normalized
eigenvectors are respectively

Aoy = 5T (8.11.6)
and
T
Usyr = ((Us;r)O, cees (vs;r)p”—l) s
where
(V) = p~ e 1=0,1,2,...,p" — 1, (8.11.7)
r=0,1,...,p"—1, s € J,,,. Hence the matrix A, can be represented as
Ay = C,A;C; !, where
Ao 0 .. 0
- 0o i ... 0
As -
0 0 ... Xp_y
is a diagonal matrix, and C; = (vs 00 Ugypr—1) is @ unitary matrix. It follows

that the matrix B, = C;B, Cclis umtary if and only if By is unitary. On
the other hand, A;B; = By A, if and only if A,B, = B A Moreover, since
according to (8.11.6) Agx # Asy Whenever k # [, all unitary matrices Bs such
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that Zx Es = Es ZS are given by

Vs:0 0 . 0

~ 0 Vs:1 0

BS = . )
0 0 NN ys;p”—l

where v € C, |yl =1, k=0,1,...,p" =1, s € Jp,,. Hence all uni-
tary matrices By such that A;B; = B,A; are given by By = CB,C_ 1 Using
(8.11.7), we can calculate

I Wan!
Qs = (Bsuo)x = (CsBsCs uo)k
-1 p—1
- - ~2in STk
Z yx;r(vs;r)k(vx;r)() =p v Z Yviré e 5
r=0 r=0

where yy € C, lysul =1L, k=0,1,...,p" = 1,, s € Jpp.
It remains to prove that

{(p Y™ (pix —a),s € Jym,x €Q, 1 j €Z,acl,) (8.11.8)

is a basis for EZ(Q,,) whenever ws('”)' Vis defined by (8.11.2) and (8.11.3). Since
according to Theorem 8.10.1,

{p*j/ng(m)(pjx —a),s € Jpm,x€Q,:je€lacl,)

is a basis for Ez(@p), it suffices to check that any basis function
pI20M(pix —¢), ¢ € I,, can be decomposed with respect to the func-
tions p~/2yM™-V(pix —a), a € I,; where s € Jp, j€7Z. Any c €I,
¢ # 0, can be represented in the form ¢ = # +b,wherer =0,1,...,p" — 1,
|bl, > p**', bp" € I,. Taking into account that E = D 'E!, i.e.,

v

P
; r . k
es(m)<p]‘x_pv): : : S(':A]zl//.sm)’v<p]'x_pv)s r:Ovl3"'vpv_17

we have

p'=1
, . r D mv (i k
0 (p'x —c) =0 (p'x = — —b) = Y BUY (plx = — —b),
p =0 p
and ﬁ—l—b el,, k=0,1,....,p*—1 (v=1,2,...). Consequently, any
function f € £2(Q,) can be decomposed with respect to the system of
functions (8.11.8). O

Thus, we have constructed an infinite family of non-Haar wavelet bases
given by formulas (8.11.8), (8.11.2) and (8.11.3).
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Remark 8.5. According to (8.11.8), (8.11.2), (8.11.3), (8.12.6) and (4.9.4),
(4.8.10),

Fy™ " (x — a)l(€)

p’'—1

= %@OR(¢ +51;) 3 oes;kxp(;s)

”.[$+A r
—Xp(aé)Q $+s| Zyﬂz 2 k s€Jpm, a€lp,

where y;., € C, |y,r| = 1;r =0, 1, ..., p¥ — 1. Thus the right-hand side of the
last relation is not equal to zeroonly if § = —s +n,n=no+mp+--- € Z,
i.e., £ € By(—s). Hence, for £ € By(—s) we have

-l p-1 -
FIy™ " (x — a)l) = xpla(=s +mM)p™" Y ysr »_ 77 F,
r=0 k=0
where 7 = 0o +n1p + - - 7y_1 p°~". From Proposition 1.8.9, the ball By(—s)
is represented by the sum of p¥ disjointballs B_,(—s + 7). If§ € B_,(—s + 7))
then £ = —s + 7 + p"7o, Mo € Z,p. Thus, on any ball B_,(—s + 7) we have

p'—1 -1

xpla(—=s + n))(yg i+ p Z Ve Z Q2 Lk )

FIy™ " (x — a)I()

r=0 k=0
r#)
pr-b pil 2in ()
_ 1 — e
= xpla(—s + U))(Vs;ﬁ +p" Z Vsir Z lTﬁv,)
r=0 k=0 — e P

r#ii
~ 1

xpa(=s+mysi, N=no+mp+---nm_1p’,
(8.11.9)

where s € Jp.,a € 1,.

Let us recall that according to [50, Proposition 5.1.], only the functions
whose Fourier transforms are the characteristic functions of some sets may
be wavelet functions obtained by Benedettos’ method. It is easy to see if in
(8.11.9)

vsi=1 Yi=no+mp+--n_1p’, (8.11.10)

where n; =0,1,...,p—1, j=0,1,...,v—1, then for a = 0 the right-
hand side of (8.11.9) is a characteristic function of the ball By(—s). Conse-
quently, in this case the wavelet basis generated by wavelet functions -7,
s € Jpm, can be obtained by Benedettos’ method [50]. If (8.11.10) does not
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hold, the right-hand side of (8.11.9) is not a characteristic function of any set
for all shifts a € I,. Consequently, in this case the wavelet basis generated
by wavelet functions 1//§m)* Y, s € Jpum, cannot be constructed by the method
of [50].

8.12. Multidimensional non-Haar p-adic wavelets

Since the one-dimensional wavelets (8.10.3) cannot be generated by standard

p-adic MRA (see Section 8.3.1 above), we cannot construct the n-dimensional

wavelet basis as the tensor products of the one-dimensional MRAs (see

Section 8.8). In this case we introduce n-dimensional non-Haar wavelet func-

tions as the n-direct product of the one-dimensional non-Haar wavelets (8.10.3):
O () = p 200, () -6, ()

s;ja s jian Sn’ Jnn

= p s Px — )R Px —al). x €@ (12D

where

~  def . .

pix L (pixi, . pix), x=(n,..,x) Q) (8.122)
is a multi-dilatation, j = (ji,...,j,) €Z", |jl=ji+ -+ j; a=
(ar,...,ap,) eI’ s =(s1,...,8,) € Jl',’;m; m=my,...,my,), m>11s a
fixed positive integer, [ = 1,2, ...,n. Here I I’}, J ;)l;m are the n-direct products

of the corresponding sets (8.3.1) and (8.10.1).
In view of (1.10.2), Theorem 8.10.1 implies the following statement.

Theorem 8.12.1. The non-Haar wavelet functions (8.12.1) form an orthonor-
mal basis in LZ(Q’I’,).

Using (8.10.14) and (1.10.2), it is easy to verify that

/ OMX(x)d"x =0, jeZ' aell, sel!

s;ja pim>®

(8.12.3)

(m)x

i.e., from Lemma 7.3.3, the wavelet functions O,

space CD(Q’;,).

Corollary 8.12.2. The n-direct products of the one-dimensional Kozyrev
wavelets (8.1.4)

0u®) = p 2 x, (p7 k- (pIx —@)Q(Ip/x —al,), x €, (8.12.4)

form the orthonormal basis in £2(Q’1‘)), keld, jeZL" ael,.

(x) belong to the Lizorkin

The proof follows from Theorem 8.12.1 if we setm = 1.
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Corollary 8.12.3. The functions

FIOX (&)

s;ja

Py, (p7ia-€)Q(s + piEl,), Ee€Ql, (8.125)

(&)

s; ja

form an orthonormal basis in Lz((@’[’,), JEZ"; ac I[',‘; seJ

pm M=

(my, ...,my), m; > 1is a fixed positive integer, | = 1,2, ..., n.

Proof. Consider the function ®™(x) = x,(s - x)Q2(|x|,) generated by the
direct product of functions (8.10.2), x € Q", s =(s1,...,5,) € J;’;m, Sk €
Jpme-k =1,2,...,n. Using (1.10.2), (4.8.10) and (4.9.3), we have

F[ TTaotasofax ) @)

k=1

F[O"*(x)](§)

n

1_[ F[Q(ka|p)](|$k + skl p)

k=1

= [[@(& +slp) = Q1€ +51,). & €Q. (8.12.6)
k=1

Here, from (1.102), Q(I& +sl,) = Q(I& +s11,) x -+ x Q(1& + sal,p)-
According to (8.10.1), |sx|, = p™* and Q(lék + sk|p) #Oonlyif & = —s; +
Nk, where gy € Z,, sk € Jpm, k =1,2,...,n. Thisyields§ = —s + n, where
nez’,s e J;,’;m, and from (1.10.1), [§], = pm“"{’"‘ """ M},

In view of formulas (8.12.1), (8.12.6) and (4.9.3), we have

FIOX(0))§) = p V2O (pix — a)l(§)
= pI"2x,(pTa-E)Q(ls + pIEl,),

ie., (8.12.5).
Formula (8.12.5), the Parseval formula (5.3.5), and Theorem 8.12.1 imply
the statement. O

Similarly, we can construct n-dimensional non-Haar wavelet bases generated
by the one-dimensional non-Haar wavelets (8.11.8) (as the n-direct product):
W ) = p TP (i — ay) - g (plx, — @), (8.12.7)

s ja 1

(mj), v

where x € ’;,, %/k is defined by (8.11.2) and (8.11.3), j = (ji1, ..., ju) €
25 0jl =i+t jpa=(ar,...,an) €135 =(s1,...,80) € I3, sm =
(my, ..., my),my > lisafixedpositiveinteger, k = 1,2,...,n; v=1,2,....
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8.13. The p-adic Shannon-Kotelnikov theorem

It is well known that the classical Shannon—Kotelnikov sampling theorem per-
mits reconstructing a bandlimited function from its values on a set of equidistant
points on the real line R. The classical theorem is the following (see, for exam-
ple, [111, Ch.5.1]): Let f € L%(R), and let F[f1I(¢§) =0 for |&| > M. Then
f () can be reconstructed from its samples at the points t, = 337, n € Z, by the
interpolation formula

sin (2r M(t — 1))

2rM(t —t,)

fO=>"ft) , teR, (8.13.1)

nez

sin (27 M(—1,))
where { i
known that the above series reconstructing a signal converges rather slowly.

In this section we prove the multidimensional p-adic Shannon—Kotelnikov
theorem (Theorem 8.13.2). Unlike the standard version of this theorem (8.13.1),
in the p-adic case the series (8.13.3) reconstructing a signal has only one term
at any point x € Q. Due to this fact, the p-adic Shannon—Kotelnikov theorem
may give a better reconstruction of signals than its standard version.

‘n e Z} is the Shannon—Kotelnikov basis. But it is well

Proposition 8.13.1. (See also [44].) A family of functions

P xp(pla§), acly, §eQ, (8.13.2)

form an orthonormal basis in [,2(37(0)), where I, is given by (8.3.1), and
B’}(0) is a ball in Q, of radius pl.

Proof. According to (4.8.10), fora, b € Il’j we have
/ P xp(pla - E)pT "y, (—=plb - §)d"E = Qla — bly) = Sap,
Bj
where 4, 5 is the Kronecker symbol (8, = 1 fora = b and §,, = O fora # b,

a,b € Iy). To prove the completeness of the system of functions (8.13.2), we
repeat the corresponding parts of the proofs of Theorems 8.9.3 and 8.10.1. [

Now we prove a p-adic version of Shannon—Kotelnikov theorem.

Theorem 8.13.2. Let f € L:Z(Q’;,), and let supp F[f] C B;’(O). Then f can be
reconstructed from its samples at the points x, = p’a, a € 1 » by the formula

f(x) = Z f'aQp~x —aly), xeq), (8.13.3)

aell',’
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where the series converges in V; C EZ(Q;',) and the space V; is defined by
(8.8.3) and (8.9.11). The family of functions

D, _j(x)=p"*Q(lp~Ix —al,), ac I, £eQ, (8.13.4)

constitute the orthonormal Shannon—Kotelnikov basis in the space V;. For any
X € Q’;, the series giving (8.13.3) contains only one term.

Proof. According to Theorem 4.9.3, F [ﬁz(B;? )] is the space of locally constant
functions with a parameter of constancy > — j. Expanding F[ f] in the Fourier
series, we obtain

FIf1E) = cap " *xp(pla-£), & € B(0).

n
aelp

Moreover, according to the Parseval-Steklov theorem,

[Irreras = [l a =3 el

ael,r;

Since supp F[f] C B}(0), F[f1(¢§) = Zuezg cap "2 xp(pla - E)A (),
where A (&) is the characteristic function of the ball B.'].’ (0), and consequently,

f@) =) cap"PF  xp(pla - £)A;E)])

ael,’j
=Y cap " / Xp(pla — x)§)d"E.
acl; Bj(©)

According to (1.10.2), (4.9.3) and (4.8.10), the latter integral satisfies
/ Xp((p'a —x)€)d"s = p/"Qp’ |p’a — x1,) = p/"Qp~ x — aly).
5]

Consequently,

f@) =" cap™?Q(p~Ix —al,), (8.13.5)

aely

where the equality holds in the sense of £2(Q,). By the substitution of x = bp/,
be I;, into equation (8.13.5), and taking into account that Q(|b — a|,) = 84.»,
we find that f(bp/) = c, p/*/?. Thus (8.13.5) implies (8.13.3).

Using a one-dimensional refinable function ¢(x) = Q(|x|,), x € Q,, for
the p-adic Haar MRA (which satisfies the refinement equation (8.1.5)),
according to (8.8.2), we can construct a multidimensional refinable function
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®(x) = Q(|x],), x € Q7. Thus
@, _j(x)=p/"*Q(IpT/x —al,) =d(p/x—a), acl) &cQ.

Consequently, according to (8.8.3), F[L*(B})] = V;.
Since V; = F [Ez(B;Z)], in view of Proposition 8.13.1, the Shannon—
Kotelnikov basis (8.13.4) is an orthonormal basis in the space V; C EZ(Q’I’,).
The series (8.13.5) converges to the function f(x) in £2(Q’1’,). Next, taking
into account that Q(|p~/x — al,) # 0 if and only if for the fractional part we
have {p‘fx}p = a, we can see that for any point x € Q; the series (8.13.5)
contains only one term. O

Corollary 8.13.3. (i) A collection of spaces V; = F [Lz(B;?)] constitutes the
multidimensional p-adic Haar MRA.

(i) f € LXQ}) N V; <= supp F[f] C B}(0), j€Z

(iii) For any f € V; a representation (8.13.3) holds, j € Z.

For the real case an analog of Corollary 8.13.3 was proved in [192, Theo-
rem 1.4.1.].

Remark 8.6. In the real setting the function

$5() = Si‘;(: D cR

used in representation (8.13.1) is a refinable function of the Shannon—Kotelnikov
MRA. This MRA generates the corresponding system of wavelet functions
(see [192, Theorem 1.4.3.]). Since

1, ] < m,

0, lgl>m Xi-=x1(6), § €R,

F[¢*]®) = {
and for the real case (8.1.1), (8.1.2) the Haar refinable function given by (8.1.8)
is (1) = X10,1(¢), then the real Shannon—Kotelnikov MRA is, in a sense, an
“antipode” of the real Haar MRA. In contrast to this, in the p-adic setting,
according to Theorem 8.13.2 and Corollary 8.13.3, the Shannon—Kotelnikov
MRA coincides with the Haar MRA.

8.14. p-adic Lizorkin spaces and wavelets

Now we prove an analog of Lemma 4.3.1 for test functions from the Lizorkin
space @((@’;).
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Lemma 8.14.1. Any function ¢ € ®(Q)) can be represented in the form of a
finite sum

P(x) = D Ol (), xeQl, (8.14.1)

sely., JEL" acly

where cy. ;. are constants; and @imj): (x) are elements of the non-Haar
wavelet basis (8.12.1); s = (s1,...,8,) € pms J =011 Jn) € 7 |jl =
i+ Fjra=(ay,...,a,) € Ip, m=(my,...,my), m >1is a fixed
positive integer, | = 1,2, ..., n.

Proof. Let us calculate the £*-scalar product (¢(x), ®(m)x(x)) Taking into

s; ja
account formula (8.12.5) and using the Parseval-Steklov theorem, we obtain

Csija = (B(x), O () = (FI1E), FIOL"1(6))
= (W@, Py (pia-£)Q(s + pIEl,)).  (8.142)

where j €Z", a€l,, se€Jj,. Here according to Definition 7.2 and

psm*

Lemma 7.3. 3, any function ¢ € CD(Q”) belongs to one of the spaces Dﬁv((@:},)
and ¥ = F~'[¢] € W(Q)) N D_N(@") supp ¥ C B, \ B”,

__From (8.14.2) it is possible that ¢, ;. # 0 if p~" < |5|p <plands+
piE =n el Since £ = pi(n—s), we have [£], = max;<x<,(p~ %[5k p)

and p~N < |&|, < p~!, where p <|sk|, < p™, 1 <k <n. Thus there is a
finite quantity of indexes j = (ji, ..., ju) € Z" such that ¢y, j , # 0, and con-
sequently the sum (8.14.1) is finite with respect to j = (ji, ..., j,) € Z".

Repeating the proof of Lemma 4.3.1 almost word for word, we observe that
the sum (8.14.1) is also finite with respect to a € I]',’.

Thus equality (8.14.1) holds in the sense of EZ(Q;’,). Consequently, this
equality holds in the usual sense. O

It is clear that in Lemma 8.14.1 we can use one of the non-Haar wavelet
bases given by Theorem 8.11.1 and formulas (8.11.8), (8.11.2), (8.11.3) or their
multidimensional generalization (8.12.7), instead of the wavelet basis (8.12.1).

Repeating the proof of Lemma 8.14.1 almost word for word, we obtain the
corresponding assertion.

Lemma 8.14.2. Any function ¢ € ®(Q’;) can be represented in the form of a
finite sum

P = Y kjaOrjax). xeQl, (8.14.3)
keJ,’)‘O,jeZ,aeI,’;
where ¢y, jq are constants; Oy jq(x) are elements of the Haar wavelet basis

(8.9.8), k =(ki,....kn) € J}, j EZ a €l
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It is clear that in Lemma 8.14.2 we can use one of the Haar wavelet bases
given by Theorems 8.9.2 and 8.9.4, instead of the wavelet basis Oy; j,(x).

Using standard results from the book [213] or repeating the reasoning
of [149]-[151] almost word for word, we obtain the following assertion.

Proposition 8.14.3. Any distribution f € C[D’(Q;',) can be realized in the form
of an infinite sum of the form

fx) = Y delO N (x). xeq, (8.14.4)

se]l’;:m,jeZ",ueI;‘

where dg. ;. are constants; and ®§i";:(x) are elements of the non-Haar
wavelet basis (8.12.1); s = (s1,...,8,) € J;;m; =0t  Ju) €Z", |j| =
Ji4+ -t s a=(ay,...,ay) €I’y m=@my,...,my), my>11is a fixed
positive integer, | = 1,2, ..., n.

Here any distribution f € CID/(Q;) is associated with the representation
(8.14.4), where the coefficients

ds;j,a déf (fv ®(m)><)’ sely,

5 ja oy 1 €L, ac€l,. (8.14.5)
Conversely, taking into account Lemma 8.14.1 and orthonormality of the
wavelet basis (8.12.1), any infinite sum (8.14.4) is associated with the dis-

tribution f € CD’(Q’[‘,) whose action on a test function ¢ € CD(Q’;) is defined as

(fv ¢> = Z ds;j,amy (8146)

se];,';m,jeZ”,aeI;

where the sum is finite.

It is clear that in Proposition 8.14.3 instead of the basis (8.10.3) or its mul-
tidimensional generalization (8.12.1), we can use the bases (8.11.8), (8.11.2),
(8.11.3) and their multidimensional generalizations (8.12.7), or the bases given
by Theorems 8.9.2, 8.9.4.

In the paper [25], assertions of the type of Lemma 8.14.1 and Proposi-
tion 8.14.3 were stated for ultrametric Lizorkin spaces.
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Pseudo-differential operators on the p-adic
Lizorkin spaces

9.1. Introduction

For the p-adic analysis related to complex-valued functions which are defined
on Q,, the operation of differentiation is not defined. As aresult, a large number
of p-adic models use pseudo-differential equations instead of differential equa-
tions. Thus, pseudo-differential operators (in particular, fractional operators)
play an important role in p-adic mathematical physics.

The p-adic multidimensional fractional operator D* was introduced by
Taibleson [229] (see also [230]) in the space of distributions D/(Q’;). The
spectral theory of the one-dimensional version of this fractional operator
was developed by Vladimirov in [238], in particular, explicit formulas for
the eigenfunctions of this operator were constructed (see also [241]). The
concept of pseudo-differential operators over the field Q7 was introduced by
Vladimirov [237]. In [237] (see also [241]) Valdimirov constructed the spec-
tral theory of the Schrodinger-type operator D* + V(x), which was further
developed by Kochubei in [153] and [154]. Explicit results in the theory of
p-adic Schrodinger-type operators with point interactions were obtained by
S. Kuzhel and S. Torba [169] (see Chapter 1 1), who carried further the previous
investigations by Kochubei [157]. In[157] and [158], Kochubei studied pseudo-
differential operators with symbols of the form A(§) = | f (&1, ..., &)|%,a > 0,
where f(&;,...,&,) is a quadratic form such that f(&,...,&,) % 0 when
€11, + -+ - 1&alp # 0. In [256] and [257], Zuniga-Galindo considered pseudo-
differential operators with symbols of the form A(&) = | f (&1, ..., &)|%,a > 0,
where f(&,...,&,) is a non-constant polynomial. Some classes of p-adic
pseudo-differential operators were studied by Kozyrev in [162], [164] and
[165]. Pseudo-differential operators on general ultrametric spaces were studied
by Kozyrev [162], and Khrennikov and Kozyrev [132].

173
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In this chapter we study p-adic pseudo-differential operators on the Lizorkin
spaces of distributions (these results are based on [21], [22], [142], [143], [144]
and [225]).

A basic motivation for using Lizorkin spaces rather than the Bruhat—
Schwartz space of distributions D’(Q;’,) is due to the fact that the latter space
is not invariant under the fractional operator. Indeed, since the functions |£; %
and |§; ;f Flpl(&), & € Q", are not locally constant on QZ, in general, one has

D) = F7'[1§1} Flgl©)lx) & D@})

for ¢ € D(QZ). Thus, the operation Dz/’ f is well defined only for some distri-
butions f* € D'(Q}). For example, in general, D~ is not defined in the space
of test functions D(Q,) [241, IX.2]. This fact restricts applications of fractional
operators looked upon as acting in D/(Q:’,). On the other hand, as we will see
below, the Lizorkin spaces of distributions introduced in Chapter 7 are invari-
ant under fractional operators, and, consequently, they constitute “natural”
definition domains for them.

In Section 9.2 two types of multidimensional fractional operators on the
Lizorkin spaces of distributions are constructed. In Section 9.2.1, we introduce
the Vladimirov multidimensional fractional operator DY on the space @', (Q’)
as the direct product of one-dimensional Vladimirov operators for all « € C".
In Section 9.2.2, we define the Taibleson multidimensional fractional operator
D“ on the Lizorkin space of distributions <I>/(Q;’,) for all @ € C. The latter
operator was introduced by Taibleson [229, §2], [230, IIL.4.] on the space
’D’(Q;’,) for & € C, o # —n. The Lizorkin space ®,(Q7) is invariant under
the Vladimirov fractional operator (Lemma 9.2.2), while the Lizorkin space
@(Q’I‘,) is invariant under the Taibleson fractional operator (Lemma 9.2.5).
These fractional operators form abelian groups on the corresponding Lizorkin
spaces (see Theorems 9.2.3, 9.2.6). In Section 9.2.3, by analogy with the “R-
case” [210], [211], two types of p-adic Laplacians are discussed. Such types
of p-adic Laplacians were introduced in [114].

In Section 9.3, a class of pseudo-differential operators (9.3.1) on the Lizorkin
spaces is introduced. In particular, this class includes the Taibleson fractional
operator (9.2.22), the Kochubei operators [157], [158], and the Zuniga-Galindo
operators [256], [257], which were mentioned above. The Lizorkin spaces are
invariant under pseudo-differential operators (9.3.1). The family of pseudo-
differential operators (9.3.1) with symbols A(§) #0, & € Q’;, \ {0}, forms an
abelian group.

In Section 9.4, a spectral theory of pseudo-differential operators is
developed. We recall that in [241, IX.4] the spectral theory of p-adic
pseudo-differential operators was constructed and, in particular, a basis of
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eigenfunctions with compact support was found for the p-adic fractional oper-
ator (9.2.3). Another example of a basis of eigenfunctions for the fractional
operator (9.2.3) was constructed in [156]. Later, in [163], the wavelet basis
(8.1.3) was constructed whose elements are eigenfunctions of the fractional
operator (9.2.3):

DG jo(x) = p"1 G . (x), x€Q,, a>0, 9.1.1)

where k =1,2,...p—1, j€Z, ael, Itis typical that the elements of
the wavelet bases are eigenfunctions of p-adic pseudo-differential operators.
It turned out that under a suitable condition the compactly supported p-adic
wavelets constructed in Chapter 8 are eigenfunctions of the p-adic pseudo-
differential operators (9.3.1). Thus p-adic wavelet analysis is closely connected
with the spectral analysis of pseudo-differential operators. In contrast to the
p-adic case, it is not typical for real pseudo-differential operators to have
compactly supported eigenfunctions.

In Section 9.4.1, we derive the criteria for the multidimensional p-adic
pseudo-differential operators (9.3.1) to have the wavelet functions (8.12.1),
(8.12.4), (8.9.2), (8.9.4), (8.9.8), (8.9.12) as eigenfunctions. We also calcu-
late the corresponding eigenvalues. In Section 9.4.2, we prove that all the
wavelets mentioned above are eigenfunctions of the Taibleson fractional oper-
ator (9.2.22). In Section 9.4.3, we show that the p-adic pseudo-differential
operators can have compactly supported eigenfunctions which are not wavelets.

The p-adic pseudo-differential operators studied here are important for some
applications [115]-[117], [157], [241] as discussed in the Chapters 10, 12. In
particular, fractional operators in the standard “R-case”, as well as in the p-adic
case, are intensively used in mathematical physics [82], [83] [210], [211].

9.2. p-adic multidimensional fractional operators

9.2.1. The Vladimirov operator
Let us introduce a distribution from the space D'(Q),)

a—1
|zl

Jfo(2) = F[,(Ol) s

a#0,1 aeC, ze€Q,, 9.2.1)

called the Riesz kernel [241, VIII.2.], where |z|‘1",’1 is a homogeneous distribu-
tion of degree m,(z) = |z|‘;§*1 defined by (6.2.2), the I'-function I', () being
given by (6.2.6). The distribution f,(z) is meromorphic on the whole complex
plane «, and it has simple poles at the points o« = 0, 1. Following [241, VIII,
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(2.20)], we define fy(-) as a distribution from D'(Q,):

fo) < lim fo2) = 8(). € Qp 9.22)

where the limit is understood in the weak sense.
The one-dimensional fractional operator D¢ : ¢(x) — DZ¢(x) is defined
on D(Q),,) as a convolution operator:

(Dig)0) = fu@ ko), x€Q,  Rea#t-l (923

The operator DY is called the operator of (fractional) differentiation of order
o with respect to x, for Rea > 0; the operator of (fractional) integration of
order o with respect to x, for Rea < 0, Rea # —1; for o =0, D&p(x) =
8(x) * p(x) = @(x) is the identity operator.

For Rea > 0, the relation (9.2.3) can be rewritten equivalently (see [241,
IX, (1.1)]) as

o _opr—1 p(x) — @(§)
(Do) = P fQ e

2[@ [EISFlelE)xp(—Ex)ds, x€Qp.  (9.2.4)

If Rea < 0, Rea # —1, the relation (9.2.3) implies (see [241, IX, (1.3),
(1.4)]) that

1 _ o
(pre)w = 7B [ e strerae

/ E1% Flo1E)xp(—Ex) dE, Rea > —1,
Q,

/IEIZ(F[wl(S)Xp(—é)C) — Flpl(0))dé, Rea < —1.
Q,
(9.2.5)

Following [241, IX, (2.3)], we define fi(-) as a distribution from ®'(Q,):

p—1
log p

f< lim fo(z) = — loglzl,, z€Q@,, (9.2.6)

where the limit is understood in the weak sense.

According to Definitions 6.1 and 6.2, if @ # 1 the Riesz kernel f,(z) is a
homogeneous distribution of degree o — 1, and if @ = 1 then the Riesz kernel
is an associated homogeneous distribution of degree 0 and order 1.



9.2. p-adic multidimensional fractional operators 177

It is well known [241, VIIL, (2.20), (3.8), (3.9)] that

Ja(2) * fp(2) = fosp(2), a, B, a+ B #1, 9.2.7)
in the sense of the space D'(Q,). Formulas (9.2.7), (9.2.6) imply that
Ja(@) * fp(2) = faip(2), a, BeC, (9.2.8)

in the sense of distributions from ®'(Q)).
Leta = (o, ...,0,) €Ca; €C,j=1,2,...,and|o| = oy + - + .
We denote by

Ja(x) = fon(xl) XX fzxn(xn)a (9.2.9)

the multi-Riesz kernel, where the one-dimensional Riesz kernel faj (xj), j =
1,...,n,is defined by (9.2.1), (9.2.2) and (9.2.6).
Ifa; #1, j=1,2,... then the Riesz kernel

X aj—1 X o,—1
o BT Il
1_‘p(O[l) Fp(an)
is a homogeneous distribution of degree |o| — n (see Definition 6.1(b)). If
o =---=0or =1, ds1,...,0, # 1then
(p—-1
fax) = (=1 ———log|x1], x --- x log|xil,
log" p
a1 —1 Xn a,—1
Wirlp™ Y enly ) (9.2.10)
Lp(atry1) I pon)
Thus, if among all ¢y, . . ., o, there are k pieces which are equal to 1 and n — k
pieces which are different from 1 then the Riesz kernel f,(x) is an associated
homogeneous distribution of degree |o| —n and order k, k =1,...,n (see

Definition 6.2(b)).
For example, if n =2 and o) =ay =1 then we have f{; 1)(x1,x2) =

(p—1?
log® p

log |x1], log |x2]p, x = (x1, X2) € @ﬁ and

(p—17
—(log i log |,
log” p

Jan(txy, txy) =
+ (g xi], +loglxzl,) log el +1og* Il ). 1 € Q.

Lemma 9.2.1. The family of Riesz kernels { f,(x) : o € C"} form an abelian
group with respect to convolution (in the sense of the space of distributions
@ (Q))) which is isomorphic to the additive group C":

Fa@) % f5() = farp(0), o BT xe@.  (92.11)



178 Pseudo-differential operators

The proof of this lemma follows immediately from (9.2.9), (9.2.8).
We define the multidimensional Vladimirov operator D% on the Lizorkin
space &, (Q;’,) by the convolution

def

(D26)0) E fo) x 9x)
= (f_al(xl) X - X f—a,,(xn)v ¢(X - %_))v X € Qn’ (9212)

where ¢ € @X(Q;), a=(ay,...,a,) € C". Here D} = D}l x --- x D,
where ijf = foo,(xj)% j=1,2,....n.

Lemma 9.2.2. The Lizorkin space of the first kind ® (Q;) is invariant under
the Viadimirov fractional operator D.. Moreover,

D%(D,(Q)) = Do(Q)).
Proof. Taking into account the formula (6.2.8)
Flfo, GDIE) = 15,1, j=1,....n 9.2.13)
and formulas (9.2.12) and (4.9.8), we see that

FIDS@IE) = 1611, x -+ x &, FIB1E), ¢ € D (Q)).

Since according to Chapter 7, Section 7.3.1, F[¢]() € \IJX(Q;) and |&; RS
c X &I FI@1E) € Wi (Q)) for any o = (ay, ..., ) € C", then D5¢ €
©,(Q)), ie., DL(P«(Q))) C Px(Q)). Moreover, any function from W, (Q7)
can be represented as ¥ (§) = |.§1|g‘ X+ X |§n|§"1//1($), Y € \IIX(Q;). This
implies that D% (P (Q})) = @« (Q}). O

In view of (9.2.13) and (4.9.8), formula (9.2.12) can be rewritten as
(D) (x) = FTIES x -+ x |65 FI$1E)](x), ¢ € D.(Q}). (9.2.14)

The operator D% = f_,(x)x is called the operator of fractional partial differ-
entiation of order ||, foro; > 0, j =1, ..., n; the operator of fractional par-
tial integration of order ||, fora; <0, j=1,...,n;fora; =--- =a, =0,
D® = §(x)* is the identity operator.

According to (9.2.12) and (4.7.1), for a distribution f € @', (Q’;) we define
the Vladimirov fractional operator D¢ f, o € C" by the relation

a de a n
(DY f, &) o (f, D3 o), Vo € Q). (9.2.15)
It follows from (9.2.15) and Lemma 9.2.2 that

D@, (@) = (@)
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Theorem 9.2.3. The family of operators {D$, : « € C"} on the space of dis-
tributions @', (Q;’,) forms an n-parametric abelian group: if f € @', (Q;‘,) then

DDl f=DiD%f =D ¥,
D*D;*f=f, a, BeC".

(9.2.16)

This assertion follows from formulas (9.2.11), (9.2.14) and (9.2.15), and
Lemma 9.2.2.

Example 9.2.1. If ; > 0, j =1, 2, ... then the fractional integration formula
for the delta function holds:

X a;—1 X a,—1
D *8(x) = baly™ X oo X baly ™ .
Fp(al) Fp(an)

9.2.2. The Taibleson operator
Let us introduce the distribution from D’(Q'I;)

o—n
N

T ()

Ko (X) , o #0,n, xe@Q, (9.2.17)
called the multidimensional Riesz kernel [229, §2], [230, III.4.], where the
function |x|,, x € Q’;, is given by (1.10.1). The Riesz kernel has a removable
singularity at « = 0 and according to [229, §2], [230, 1I1.4.], [241, VIIL.2], we
have

8u 1 - pin
w, T ¢
Fp (o) (1- P_“)Fp (o)
1—p™® 1—p™

o 03 D nv
gl_pa,nJrl_pa,n(p() ¢ € D))

(ko (x), p(x)) =

0)

where g, is an entire function in «. Passing to the limit ¢ — O in the above
relation, we obtain

def .. n
(o), () Y ilg(l)(/fa(X), p(x)) = ¢0), Ve eDQ)).
Thus we define k() as a distribution from D’(Q’[‘,):

Ko(x) 4 lim ,(x) = 8),  x € Q). (9.2.18)
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Now, using (6.2.4) and (9.2.17), and taking into account (7.3.3), we define
kn(+) as a distribution from the Lizorkin space of distributions @’(Q'I’,):

. X a—n
fw ) L 1im () = Tim [ 2020 g
a—n a—n Q;’, Fp (Ol)
B
_ 1 _ =B |x|P —1 n
= —lim(1-p )f@pﬁ_1¢<x)dx

I-p™ n n
= - / log [x[,¢(x)d"x, ¥¢ € ®Q"),
logp Jo

where |¢ — n| < 1. The passage to the limit under the integral sign is justified
by the Lebesgue-dominated convergence Theorem 3.2.4. Thus,

—n

i, () lim iy () = — logxl,, x e (9.2.19)

Consequently, the Riesz kernel k,(x) is a well-defined distribution from the
Lizorkin space dD/(Q’I‘)) for all @ € C.

According to Definitions 6.1(b) and 6.2(b), if « # n then k,(x) is a homo-
geneous distribution of degree o« — n, and if @ = n then «,(x) is an associated
homogeneous distribution of degree 0 and order 1.

Lemma 9.2.4. The family of Riesz kernels {k,(x) : « € C} forms an abelian
group with respect to a convolution (in the sense of the space of distributions
@’ (Q'I‘,)) which is isomorphic to the additive group of complex numbers C:

Ko(X) * kg(x) = kerp(x), o,BeC; X € Q;’, (9.2.20)

Proof. With the help of (6.2.11), (9.2.17) and (9.2.18), we obtain the formula
[229, (**)], [230, 111, (4.6)], [241, VIII, (4.9), (4.10)]:

Ko(X) * kg(X) = kayp(x), o, B, a+ B #n, 9.2.21)

in the sense of the space D’(Q’,‘,). Taking into account formula (9.2.19), it is
easy to see that (9.2.20) folds in the sense of the Lizorkin space dD’(Q’;,). ]

We define the multidimensional Taibleson operator D* on the Lizorkin space
®(Q7) as the convolution:

(D*$)(x) L ke o(x) % () = (k_a(x), p(x —£)), x €@, (9.222)
where ¢ € ®(Q7), a € C.

Lemma 9.2.5. The Lizorkin space of the second kind CD(Q'I‘,) is invariant under
the Taibleson fractional operator D% and D“(dD(Q’;)) = dD(Q’;,).
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Proof. The proof of Lemma 9.2.5 is carried out in the same way as the proof
of Lemma 9.2.2. From formula (6.2.11), F[k,(x)](§) = |§'|;°‘. Consequently,
using (4.9.8), we have

F[D*$1§) = EISF[91¢), ¢ € Q).

According to Chapter 7, Section 7.3.2, F[¢1(§), |§|}, F[¢1(§) € \I/(Q'[‘)), aeC,
and, consequently, D%¢p € @((@’I’,). That is D"‘(@(Q’l’,)) - @(Q’;). Since any
function from \IJ((@’[’,) can be represented as ¥(§) = [§[;¥1(6), Y1 € \II(Q;),
we have D“(CID(Q;‘,)) = CD(Q;‘,). O

In view of (6.2.11) and (4.9.8), formula (9.2.22) can be represented in the
form

(D¢)(x) = FT'[IES FIPIE)](x), ¢ € DQ}). (9.2.23)

According to (9.2.22) and (4.7.1), for f € CD/(Q’I’,) we define the distribution
D* f by the relation

(Df.0) L (. D). Ve D). (9.2.24)

According to (9.2.24) and Lemma 9.2.5, we have
D(@'(Q)) = &' (Q).

Theorem 9.2.6. The family of operators {D* : « € C} on the space of dis-
tributions @' (Q;) forms a one-parametric abelian group: if f € @’ (QZ) then

D*DF f=DPD*f = D*F f,
DD f=f  a BeC.

This assertion follows from formulas (9.2.20), (9.2.22) and (9.2.24), and
Lemma 9.2.5.

(9.2.25)

Example 9.2.2. If « > O then the fractional integration formula for the delta
function holds:

o—n
[

@)

D™%8(x) =

9.2.3. p-adic Laplacians

By analogy with the “R-case” [210], [211], and the p-adic case [114], [241,
X.1, Example 2], using the fractional operators we can introduce the p-adic
Laplacians.
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The Laplacian of the first kind is the operator
~Arm ¥ i(Dif)(x), f e @)
k=1
with the symbol — ZZ:I |§j|f), & €Q,,k=1,2,...,n;the Laplacian of the
second kind is the operator
—Af L (D)), f e @),

with the symbol —|£|2, & € Q- Moreover, we can define powers of the Lapla-
cian by the formula

def

(A2 fx) = (DUf)x),  fed @), aeC.

9.3. A class of pseudo-differential operators

9.3.1. Pseudo-differential operators

Let us consider a class of pseudo-differential operators in the Lizorkin space
of test functions QD(Q’I‘,)

(Ap)(x) = F7'[A®) FI$1)]x)
/” /” XI’((y —X)- E)A(EW()’)d"S d"y, ¢ € d@Q), 93.1)

with symbols A(§) € £(Q), \ {O}).

This class includes as particular cases the Taibleson fractional operator
(A() = [£]3); the Kochubei operators with symbols of the form A(§) =
| fEr, ..., EDS, a >0, where f(&,...,&,) is a quadratic form such that
f&,...,&)#0when |&], +---1&], # 0 (see [157], [158]); the Zuniga—
Galindo operators with symbols of the form A(&) = | f(&y, ..., &), a > 0,
where f (&, ..., &,) is a non-constant polynomial (see [256], [257]).

We define a conjugate pseudo-differential operator AT on @(Q)) by

(ATP)(x) = F'[A(=&)FI$1(E)](x)
/@n Xp(—x - E)A(=)F[9l(§)d"¢. (9.3.2)

Then the operator A in the Lizorkin space of distributions is defined in the
usual way: for f € CD/(Q’I‘,) we have

(Af,¢) = (f.AT¢), V¢ e Q). (9.3.3)
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Taking into account the formula (4.9.2), from the last relation we have

Af = FTULAFLf, fe CD’(Q’;?). 9.3.4)

Lemma 9.3.1. The Lizorkin spaces of the second kind CD(Q’I’,) and @’ (Q:’,) are
invariant under the operators (9.3.1).

Proof. From Chapter 7, Section 7.3.2, both functions F[¢](&) and A(&) F[¢](&)
belong to ‘-IJ(Q’;), and, consequently, (A¢)(:) € GD(Q’I’,). Thus the pseudo-
differential operators (9.3.1) are well defined and the Lizorkin space CID((@Z) is
invariant under them. Therefore, if f € @’ (Q'I’]) then according to (9.3.4),

Af = FLAF[f]] € CIJ’(Q;',), 9.3.5)

i.e., the Lizorkin space of distributions @’((@’;) is invariant under the pseudo-
differential operators A. O

Because of Lemma 9.3.1, definition (9.3.3) is correct.

If A, B are pseudo-differential operators with symbols A(§), B(§) € E(Q), \
{0}), respectively, then the operator AB is well defined and represented by the
formula

(AB)f = F'[ABF[f]] € ®'(Q)).

If AE)#0,& € Q’]’] \ {0} then we define its inverse pseudo-differential oper-
ator by the formula

AT f=FAT FIfN. f € P@Q)).

Proposition 9.3.2. The set of pseudo-differential operators (9.3.1) with sym-
bols A(§) #0, & € Q) \ {0} forms an abelian group.

If the symbol A(§) of the operator A is an associated homogeneous function
then the operator A is called an associated homogeneous pseudo-differential
operator.

According to formula (9.2.23) and Definitions 6.1, 6.2, the operator D*,
o # —n, is a homogeneous pseudo-differential operator of degree o with the
symbol A(§) = |&|%, and D" is a associated homogeneous pseudo-differential
operator of degree —n and order 1 with the symbol A(§) = P(|& I,") (see
(6.3.25)).



184 Pseudo-differential operators

9.4. Spectral theory of pseudo-differential operators

9.4.1. Spectral analysis as wavelet analysis

Here we will develop the spectral theory of pseudo-differential operators (9.3.1)
and derive criteria for them to have the wavelets constructed in Chapter 8 as
eigenfunctions. According to Chapter 8, these wavelets belong to the Lizorkin
space of test functions CD(Q’[‘,), and the pseudo-differential operator (9.3.1) is
well defined on them.

Proposition 9.4.1. Let A be the pseudo-differential operator (9.3.1) with a
symbol A&) and 0 # z € Q;’,. Then the additive character x,(z - x) is an
eigenfunction of the operator A with the eigenvalue A(—7z), i.e.,
Axp(z-x) = A(=2)xp(z - x).

Proof. Since Flx,(z-x)]=68&+2), z#0, we have A(£)S(& +2z2)=
A(—2)8(¢ + z). Thus

Axp(z-x) = FLAE)Flxp(z - 0IE)]I(x)
A=) F'[8(5 + 2)1(x) = A(—=2)xp(z - X).

O

This proposition is an analog of the corresponding statement for the one-
dimensional fractional operator [241, IX.1, Example 4].
First we consider the case of non-Haar wavelet functions.

Theorem 9.4.2. Let A be a pseudo-differential operator (9.3.1) with a

symbol AE) € EQ\{0); j=(rvvnu ) €Z"; a€lyi s€ ), m=
(my,...,my), let m;y > 1 be a fixed positive integer, | =1,2,...,n. Then
the n-dimensional non-Haar wavelet function (8.12.1)
O ) =p 2 x,(s - (pIx —@)Q(Ipix —al,), xeQ,
is an eigenfunction of the operator A if and only if
A(pi(=s +m) = A(— pis),  ¥neZb. 9.4.1)

The corresponding eigenvalue is ). = A( - ]/)\fs), ie.,

AOM* (x) = A(—pis)O"* (x).

55 ja s;ja

Here the multi-dilatation is defined by (3.12.2), and I};, J},,, are the n-direct
products of the corresponding sets (8.3.1) and (8.10.1).
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Proof. Let condition (9.4.1) be satisfied. Then (9.3.1) and the above formula
(8.12.5) from Chapter 8 imply

ABU(x) = FIA@FIOU ) 16)] ()

sy ja
= P FAE) 1, (pTa - €)Q(Is + piEl,)]@).
9.4.2)

Making the change of variables & = 1/7\/ (n — s) and using (4.8.10), we obtain
AOT(x) = plil2 f xo(— (pix —a) - (1 = ) Api (1 — ) Q11 ,) d"
Q
= p_|j|/2A(—l;7s)Xp(s . (]/)\-"x —a)) /B” Xp(_(l;\j-x —a)-nd"n
0
= A(=pin)O"), ().

Consequently, A@")*(x) = A@gmj): (x), where A = A(— 1/7\/ s).

s;ja
Conversely, if A@im]): x) = A@E’:’}; (x), A € C, taking the Fourier transform

of both left and right hand sides of this identity and using (9.3.1), (8.12.5) and
(9.4.2), we have

(A®) = W) xp(pTa-)Q(s + pigl,) =0, EeQ).  (943)

If now sj—\;—\ff =1n,n €L, then§ = ;f(—s + n). Sincixp(;—\fa .5) #0,
Q(|s + p/&l,) # 0, it follows from (9.4.3) that A = A(p/(—s + n)) for any
n € Z),. Thus A = A(—I;fs), and, consequently, (9.4.1) holds.

The proof of the theorem is complete. O

Corollary 9.4.3. Let A be a pseudo-differential operator (9.3.1) with a symbol
AE) € 5(@';) \ {0}). Then the n-dimensional wavelet function (8.12.4)

0,0 = p 2y, (p7 k- (pix — @)Q(Ipix —al,). x € Q,
is an eigenfunction of A if and only if
A(pI(=p~k+m) = A(=pI k), Vnez,
where k € J[’},/j\e 7", a e I[’,', I =(,...,1). The corresponding eigenvalue
is = A(—pi1j), ie,

(x) = A(—pi1K)O ,, (x).

AO kija

k;ja
If the symbol A(§) of a pseudo-differential operator A is a homogeneous
distribution of degree 74, then Corollary 9.4.3 coincides with [21, Corollary 1].
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The representation (8.11.2) and Theorem 9.4.2 imply the following
statement.

Theorem 9.4.4. Let A be a pseudo-differential operator (9.3.1) with the sym-
bol A§) € E(QZ \ {0}). Then the n-dimensional non-Haar wavelet function
(8.12.7)

\yx(?V;)éVX(x) — p*IjI/ZwS(ml),V(pjlx1 —ay)--- W‘y(m")’v([)j"xn —a,), xeQ,

is an eigenfunction of the operator A if and only if condition (9.4.1) holds, where

zps‘jf"*')’” is defined by (8.11.2) and (8.11.3), j = (j1, ..., ju) € Z"; |j| = j1 +
v jura=(ar,...,ay) € ][')l;s =(51,...,8,) € J]')';m;m =(my,...,my);
my > 1 is a fixed positive integer, k = 1,2,...,n; v=1,2,.... The corre-

sponding eigenvalue is .. = A(—pJs), i.e.,
AL () = A= pis) W (x),

Now we consider the case of Haar wavelet functions.

Theorem 9.4.5. Let A be a pseudo-differential operator (9.3.1) with a symbol
AE) € S(QZ \ {O}), letk € JI',‘O, j €Z,a € I", where ‘I;O is defined by (8.9.6).
Then the n-dimensional Haar wavelet function (8.9.8)

O ja(x) = p~2x, (P k- (plx —a))Q(1p'x —al,).  x € Q).
is an eigenfunction of A if and only if
A(p!(=p~'k+mn) =A(-p' k), VneZ, (9.4.4)
holds. The corresponding eigenvalue is » = A( - pjilk), ie.,
ABL ja(x) = A= p' k) O ja(x).
Proof. Let Oy(x) = X,,(p’lk X)Qx[p), x e Ql, k=(ki,..., k) € J;}O.

Taking formulas (4.8.11), (1.10.2) and (4.9.3) into account, we obtain

FIOIE) =[] Q(p 'k +&1,) =QIp 'k +&,). & Q.
r=1

(9.4.5)

Since |p_lkr|p = p, then Q(V;r + p_lkr|p) # 0 only if § = _p_lkr + N,
where n, € Z,, r =1,2,...,n.Thus§ = —p~'k+n,n € Z, ke J), and
|&], = p. According to (8.9.8), (9.4.5) and (4.9.3),
F[Oy. ja(0)]E) = pT"FO(p’x — a)I(§)
=p"xp(p7a-E)Qp 'k + pTIEl,).  (94.6)
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If the condition (9.4.4) holds, using (9.3.1) and (9.4.6), we obtain

AOy, jo(x) = F'[AE)F[O; jal(§)](x)
= p"PFA@xp(p a-&)Q(Ip~ 'k + pIEl,)]x). (9.4.7)

Making the change of variables & = p/(n — p~'k), we have A®y, j,(x) =
1Ok ja(x), where A = A(—p/ k).

Conversely, if AQy, j,(x) = A0y, jo(x), A € C, then applying the inverse
Fourier transform to the last equality and using formulas (9.4.6) and (9.4.7), we
obtain (A®€) — 1)Q(Ip~ 'k + p/&l,) =06 e Q. If p~lk+ piE =n,n €
7", then & = p/(—p~'k +n) and » = A(p/(—p~'k +n)) forany n € 7. In
particular, A = A(—p/~!}j), and consequently (9.4.4) holds. O

Repeating the proof of Theorem 9.4.5 almost word for word, we obtain the
following assertions.

Theorem 9.4.6. Let A be a pseudo-differential operator (9.3.1) with a symbol
A e E@N{OY), e Cc {l,....n},e # @, j € Z a € Ij. Then the n-
dimensional Haar wavelet function (8.9.2)

@

e;ja

() =277y (27'%k - (2'x —@))Q(12/x —al,), x e Qb
is an eigenfunction of A if and only if

ARI(=2""ke+ ) = A(=27""k,),  VneZi  (9438)
The corresponding eigenvalue is . = A( -2/ ’1ke), ie.,

= A2/ k)W)

e;ja*

AvY

ejja
Theorem 9.4.7. Let A be a pseudo-differential operator (9.3.1) with a symbol
AE) € 5(@’; \ {0}, s =(s1,...,5,), where s, € Ny, e C{1,...,n}, e #0,
J €Z, a € I}. Then the n-dimensional Haar wavelet function \IJSJ) . (given by
(8.9.4)) is an eigenfunction of A if and only if (9.4.8) holds. The corresponding
eigenvalue is \ = .A( — 2-f_lke), ie.,

= A(=2"k)w)

esja*

AW

eja
Proof. To prove the above theorem, we repeat the proof of Theorem 9.4.5

almost word for word. In particular, using the representations (8.9.4) and (8.5.4),
we can see that if A\Ile(,‘;).a = )L\I'ffj)a then

2511 2 —1

(A©) = 2)2792 373 kgl

r1=0 =0

x X2(2*" (a + (%(ke)l, - Zr—(k)>> -g)sz(|2*1ke +277g]) =0,
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tEeQ).If& = 2/(=27"k, + 1), n € Z", then as above we have

251 1 25 _1

(A2 "k 4+ m) = 2)297 3 37 qlor . gl

r1=0 r,=0

< (a+ (oo 3-n) ) - (=27 + ) = 0.

n € Zj. Here
211 2w
nj/2 (ke) (kedn
2 Z...Zarll...am
r1=0 =0

< (a+ (0. 35n) ) - (=27 ke +m) £ 0.

because this term is the Fourier transform of the wavelet function \Iffgj)a This
implies A = A(Zj(—Z_'ke + n)) for any n € Z5. O

Let us consider the wavelet functions p~"//2Ww" (p/x —a), where e C

{1,....n},e#0, pu=W1,-.- ), o =1,2,...,p—1Lv=12,...,n;
j€Zac II’} (which are given by formulas (8.9.10) and (8.9.12)). Denote by
k., = ((ke)l, e, (kg)n) the vector whose coordinates are given by
Hy, VEeE,
v = = 1, NN (B .4.
(k) {0, e n (9.4.9)

Using formulas (8.6.2) and (8.6.3) from Theorem 8.6.1 and repeating the
first part of the proof of Theorem 9.4.5 almost word for word, it is easy to prove
the following statement.

Theorem 9.4.8. Let A be a pseudo-differential operator (9.3.1) with a symbol
AE) € E(Q; \ {0}) and let k., = ((ke)l, e, (ke),,), where (k,), is defined by
(9.4.9). If

_A(pj(_p—lke + 77)) _ A( _ pj_lke) =X, Vk,, VneZ', (9.4.10)

then the n-dimensional Haar wavelet function p~"/? \IJe(“)(pjx - a) (given by
(8.9.10) and (8.9.12)) is an eigenfunction of A:

A(p™PW (pix — a)) = ap™PWW (pix — a).
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9.4.2. Wavelets as eigenfunctions of the Taibleson
fractional operator

As was mentioned above, the Taibleson fractional operator D has the symbol
AE) = g2
The symbol A(&) = |§], of a fractional operator satisfies the condition
(9.4.1):
A(pi(=s +m) = Ip/(=s + )} = (lglragl (p7r1 - srlp))

= .A( — ;Js) = pamamgrgn{m,fj,}

for all n € Z"; where s € Jl’};m; J=Utreo s jn) €Z" m = (my, ..., my),
my, ...,m, > 1 are fixed positive integers. Thus according to Theorem 9.4.2,
we have:

Corollary 9.4.9. The n-dimensional p-adic wavelet (8.12.1) is an eigenfunc-
tion of the Taibleson fractional operator (9.2.22):

Da@(m)x(x) — pamaxlf,.g,,{m,—j,}@(m)x(x)’ X e Qn’ aeC,

s;ja s; ja

sedl,. jel'ael. (94.11)

Corollary 9.4.10. The n-dimensional p-adic wavelet (8.12.7) is an eigenfunc-
tion of the Taibleson fractional operator (9.2.22):

Dot\I/(m)vVX(x) — pamaxli,gn{m,—j,}\p(m),VX(X)’ aecC, xe Qn’

s;ja s;ja
seJ" ,jeZ”,aeI;, v=1,2,....

pim
In particular, from Corollary 9.4.3, we have:
Corollary 9.4.11.
DOy ;,(x) = petmmini<rn j”@;f;ja(x), aeC, xe@Q,
ke, jeZl' ael, (9.4.12)

Itis easy to verify that the symbol A(§) = |& % satisfies the condition (9.4.4).
Then from Theorem 9.4.5, we have:

Corollary 9.4.12. The n-dimensional Haar wavelet (8.9.8) is an eigenfunction
of the Taibleson fractional operator (9.2.22):
D*Oja = p* Ok jux), @eC, xeQ,
j€Ziaely, k=(ki,....ky) € J,o. (9.4.13)

Corollary 9.4.13. Let e C{l,...,n}, e# 0, jeZ acl). Then the n-
© (given by (8.9.4)) is an eigenfunction

dimensional Haar wavelet function W,
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of the Taibleson fractional operator (9.2.22):
0 — gy ©
Dw) =2"0ef) - eC.

Proof. The symbol A(§) = |£]5 of the fractional operator D“ satisfies condi-
tion (9.4.8):

A@RI(=27"%k + ) = |[27(=27"ke + )5
=27%( max | — 27 (ke)y + m,)"

1<v<n

= 2¢0=9)( max 12/ (=27 (ke))|,)" = A(=27""k,)

foralln € Z5, e C {1,...,n}, e # @. Here we take into account that (k.), =
0,1;v=12,....n (k)i + -+ (ks # 0. Thus, by Theorem 9.4.6, W),
is an eigenfunction and the corresponding eigenvalue is A = 2417, O
Corollary 9.4.14. Lets = (sy, ..., sy), where s, € No,e C {1,...,n}, e £,
(s)

J €Z, a€ly. Then the n-dimensional Haar wavelet function W, is an

eigenfunction of the Taibleson fractional operator (9.2.22):

DD( \II(Y)

e;ja

() =2"Pw® (x). «eC.
Similarly, from Theorem 9.4.8, we have:

Corollary 9.4.15. The n-dimensional Haar wavelet (8.9.10), (8.9.12) is an
eigenfunction of the Taibleson fractional operator (9.2.22):

D (p 2w (pix — a)) = p*I=D p P (pix —a), aeC.

9.4.3. Compactly supported eigenfunctions of pseudo-
differential operators

Now we consider the pseudo-differential operator (9.3.1) with a symbol A(&) €
£(Q%) in the space of test functions D(Q;’,). In contrast to the above results, the
space D(QZ) is not invariant under this operator.

Theorem 9.4.16. Let A be a pseudo-differential operator (9.3.1) with a symbol
A(&) € E(Q})). Then an element (8.13.4)

Dj,(x)=p?Q(p'x —aly). jEZ acll. xeQ,

of Shannon—Kotelnikov basis is an eigenfunction of the pseudo-differential
operator (9.3.1) if and only if

A(p’€) = A(0), VneZ, (9.4.14)
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holds. The corresponding eigenvalue is . = A(0), i.e.,
Aq)ju(-x) = -A(O)q)ja(x)
Proof. In view of (4.8.11), (1.10.2) and (4.9.3), we have
FI®;u(0)IE) = p"*xp(pa-6)QIpTEl,), £€Q),.  (94.15)
If condition (9.4.14) holds, using (9.3.1) and (9.4.15), we obtain
(A®;)(x) = FAGF[P;41(§)](x)
= pPFAG)x,(pa-£)Q(Ip7El,)]x).  (9.4.16)
Making the change of variables £ = p/1, we calculate as in previous theorems
(A®j)(x) = p" f xp (= (p’x —a) - n) A(p’m) Qi) d"n
@
= p2AW0) / Xp(=(px —a)- ) d"n = AO)®ja(x).
By
Thus (A® j,)(x) = A® j,(x), where A = A(—p/~'k).
Conversely, if (A®;,)(x) = A1d;,(x), A € C, applying the inverse Fourier
transform to the last equality and using formulas (9.4.15) and (9.4.16), we obtain
(A& =N p P x,(pia-€)Q(Ip77El) =0, €eQpIf piE =n,n e,

then £ = p/n and A = A(pjn) for any n € ZJ,. In particular, » = A(0), and
consequently (9.4.14) holds. O

Corollary 9.4.17. Let A be a pseudo-differential operator (9.3.1) such that the
condition (9.4.14) holds. Then the space

V_j = span{®(p/ - —a) :a € I}}}

(defined by (8.8.3)), where ®(x) = Q(|x|p), x € Q", is a refinable function
for the Haar MRA (see Section 8.9), and the space DI{,(Q’;’) (introduced in
Section 3.2) is invariant under the operator (9.3.1).

Proof. The relation AV_; C V_; follows from the definition of the space V_;.
Formulas (4.3.4) and (4.4.5) imply the inclusion D{V (QZ) cVv_;. O

As a particular case we consider the pseudo-differential operator Dy, with
the symbol A,,(§) = [p" + &5, me Z,a € C, § € Q)

(Dag)() = F'[1p" + 4 Flpl®)](x). ¢ €D@)).  (94.17)
Corollary 9.4.18. An element (8.13.4)

P (x)=Q(Ip'x —al,). jz=m+1, acl,
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o
>, Rea >

—1. The spaces V; for j < —m — 1 and the spaces D{V(Q’;})forj >m+ lare
invariant under the operator (9.4.17).

of Shannon—Kotelnikov basis is an eigenfunction of the operator D

Proof. 1t is clear that if j > m + 1 we have for the symbol of the operator
(9.4.17):

An(p’8) = 1p" + pEIS = Ip" + PEIS = A 0),

i.e., the condition (9.4.14) holds. This fact and Theorem 9.4.16 imply the
statement. O
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Pseudo-differential equations

10.1. Introduction

In p-adic models pseudo-differential equations are intensively used. Stationary
and non-stationary p-adic Shcrodinger equation were studied by Vladimirov
and Volovich [243]. A p-adic stochastic equation was considered by Bikulov
and Volovich [55]. A p-adic Einstein equation and quantum p-adic grav-
ity were studied by Aref’eva, Dragovich, Frampton and Volovich [40], [41].
p-adic pseudo-differential equations are used to model basin-to-basin kinetics
by Avetisov, Bikulov, Kozyrev and Osipov [44], [45], [164]. In the papers by
Kozyrev [166] and Fischenko and Zelenov [93] ultrametric and p-adic nonlin-
ear equations were used to model turbulence. A wide class of p-adic pseudo-
differential equations was studied by Kochubei [157] (see also [159]). p-adic
pseudo-differential equations were also studied in [205], [256]. Khrennikov
and Kozyrev [133], [134] applied the wavelet analysis to study the Schrodinger
equation on ultrametric spaces.

In this chapter we study linear and nonlinear pseudo-differential equations
in the Lizorkin space of distributions of p-adics. Our results are based on the
papers [21], [23], [143].

In Section 10.2 a solution of the pseudo-differential equation Af = g,
g € ®(Q)) is constructed. In Section 10.3 the Cauchy problems for linear evo-
lutionary pseudo-differential equations of the first order in # (10.3.1), (10.3.3),
(10.3.16), (10.3.17) are solved. By Theorem 10.3.4 and Corollary 10.3.5,
respectively, the sufficient condition for solutions of the Cauchy problems
(10.3.1) and (10.3.3) to stabilize as t — oo are derived. The criterion of sta-
bilization for the solution of the homogeneous Cauchy problem (10.3.3) was
derived in [157, 4.3]. In Section 10.4 the Cauchy problems for the linear evo-
lutionary pseudo-differential equation of the second order in 7 (10.4.1) are

193
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solved. In Section 10.5 we solve the Cauchy problems for semi-linear evolu-
tionary pseudo-differential equations (10.5.1) and (10.5.10). In all evolutionary
pseudo-differential equations r € R, x € (@’;,. Equations (10.3.1) and (10.3.3)
are similar to classical parabolic equations. In particular, equation (10.3.3) is
the heat-type equation, and equations (10.3.17) and (10.5.10) are the linear and
non-linear Schrodinger-type equations, respectively.

Equations of such types are intensively used in applications (see, e.g., [43],
[44], [162], [157], [241]). In particular, in [44], the simplest p-adic pseudo-
differential heat-type equation W + D¢u(x, t) = 0 was used in the models
of interbasin kinetics of macromolecules. Here ¢ is time (areal parameter), while
the p-adic parameter x describes the hierarchy of basins. Thus, the results of
this section allow significant advance in the theory of p-adic pseudo-differential
equations and can be used in applications.

To solve the Cauchy problems for p-adic evolutionary pseudo-differential
equations we develop the “variable separation method” (an analog of the
classical Fourier method) which is based on three important facts:

 for appropriate conditions wavelets constructed in Chapter 8 are eigenfunc-
tions of pseudo-differential operators (9.3.1) constructed in Chapter 9;

¢ the Lizorkin space of distributions CID’(QZ) is a natural domain of definition
for pseudo-differential operators (9.3.1);

¢ any Lizorkin distribution can be realized as an infinite linear combination
(8.14.4) of wavelets (see Chapter 8, Section 8.14).

Taking into account the above reasoning, one can see that it is natural to
seek solutions of the Cauchy problems for evolutionary pseudo-differential
equations in the space 5’((@’; x R,) of distributions f(x, t) such that f(-,7) €
'(Q)) for any # > 0. According to LemrBa 8.14.1, Proposition 8.14.3, and
formula (8.14.6), for any distribution f € ®'(Q}, x R;) and any test function
¢ € ©(Q)) we have

(FE0.0600= Y (e, O ONfC 0, OLC), (10.1.1)

sedp.,, JE€L" acl)

where the last sum is finite.

10.2. Simplest pseudo-differential equations

Let us consider the following simplest pseudo-differential equation:

Af =g, ged(@Q), (10.2.1)
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where A is a pseudo-differential operator (9.3.1), @’(Q’;,) is the space
of Lizorkin distributions introduced in Chapter 7, and f is the desired
distribution.

Theorem 10.2.1. Ifthe symbol of a pseudo-differential operator A is such that
AE)#£0,& € Q) \ {0} then equation (10.2.1) has the unique solution

Flglé)
A)

Proof. Applying the Fourier transform to the left-hand and right-hand
sides of the equation Af = g, in view of representation (9.3.5), we find
that AE)F[f1(§) = F[gl(&). Since according to Chapter 7, Section 7.3.2,
F[dD’(QZ)] = \IJ’(Q’[@), F[\IJ/(Q’;)] = CID/(Q’;), and A(§) is a multiplier in
W(Q7), we have F[f1(§) = A~'(§)F[gl(§) € ¥'(Q)). Thus

) =F AT @FIE)]Ix) = (A g)(x) € D'(Q))

is a solution of the problem (10.2.1).

Now we study solutions of the homogeneous problem (10.2.2). Let f €
D’(Q’;}) and Af =0, i.e., according to (9.3.3), (Af, ¢) = (f, AT¢) =0, for
all ¢ € @((@Z). Since AT(®(Q’;)) = @(Q’;), we have (f, ¢) =0, for all ¢ €
©(Q7), and consequently f € &+ (see Proposition 7.3.4). Thus the solutions
of the homogeneous problem (10.2.1) are indistinguishable as elements of the
space @’(Q’l‘,). O

fo = F[ =222 [0 = (47 o) € 0'@).

If fo(x) is a fundamental solution of the problem (10.2.1), i.e.,
Afolx) = 5(x),
then
folo) = F7[A@©) ™ .

Using Theorem 10.2.1 and (4.9.8), we can represent a solution of the equation
(10.2.1) as

@)= folx) * g(x) € @' (Q)).

Let Py(z) = Z,[(VZO a;z* be a polynomial, where a; € C are constants. Let
us consider the equation

Py(DS)f =g,  ge@)), (10.2.2)

where (Di‘)k “ pek o € Cand f is the desired distribution.
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Theorem 10.2.2. If Py(z) # 0 for all z > 0 then equation (10.2.2) has the
unique solution

M]m € D). (102.3)

PN(|§|%)

In particular, the unique solution of the equation

fo=r"|

Dif=g.  g€®(@Q).
is given by the formula f = D;*g € ®'(Q)).
Proof. According to formulas (6.2.5)—(6.2.11) and (9.2.17)—(9.2.19),
Flka()] = [§],%, «€C
in @’(Q’I’,). Consequently, applying the Fourier transform to the left-hand and
right-hand sides of relation (l() 2.2), we obtain (10.2.3). Here we must take

into account the fact that -—-— o (‘ e is a multiplier in \IJ(Q”) Thus (10.2.3) is the

solution of the problem (10.2. 2)
In view of the proof of Theorem 10.2.1, the homogeneous problem (10.2.2)
has only a trivial solution. O

In a similar way we can prove the following theorem.
Theorem 10.2.3. If Py(z) # 0 for all z > O then the equation
Py(DY)f =g, g€ @),

a € C" has the unique solution

[ F[gl&)
Py(1&15 - 1€l

fe)=F- I RELAGA)

In particular, the unique solution of the equation

DS f =g, g € PL(Q)),

is given by the formula f = D “g € @ (Q)).
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10.3. Linear evolutionary pseudo-differential equations of the
first order in time

Let us consider the Cauchy problem for the linear evolutionary pseudo-
differential equation of the first order in t

Wt 4 Avu(x, 1) = f(x, 1), in Q" x (0, 00),
(10.3.1)
ulx, ) = ul(x), in Q’I‘, x {t = 0},

where 7 € R, u® € ®'(Q}) and

Au(x, 1) = F'[A®) Flu(, D1E)](x) (10.3.2)

is a pseudo-differential operator (9.3.1) (with respect to x) with symbols A(&) €
& (Q’;, \ {0}), u(x,?) € CIJ/(Q’I’, x R} ) is the desired distribution. In particular,
we will consider the Cauchy problem

{ % + D%u(x,t) = f(x,1), in Q% x (0, 00),

(10.3.3)
u(x, 1) = u'(x), in Q’Z, x {t =0},

where D¥u(x, t) = F~1 [|f§ |‘; Flu(., t)](é)](x) is the Taibleson fractional oper-
ator (9.2.23) with respect to x, o € C.

Theorem 10.3.1. Suppose that f(x,t) is a continuous function in t for all
X € Q’I‘, and f(x,t) € CD(Q:‘,)for allt > 0. Then the Cauchy problem (10.3.1)
has the unique solution

u(x,t):F*‘[e*f‘@)’(F[uO(.)](s)+/ e*A@)ffA(g,r)dr)](x), (10.3.4)
0

where f(é, 1) =F[f1,1).

Proof. Since u(x, t) is a distribution such that u(x, t) € @’(Q’I’,) forany t > 0,
the relation (10.3.1) is well defined. Applying the Fourier transform to (10.3.1),
we obtain the equation

IF [u(-, D)
ot

where according Section 7.3.2, f(é, 1)=F[flE, 1) € \II(Q';)) for all + > 0.
Solving this equation, we obtain

+ AE) Flu(, DI¢) = f(&, 1),

FluC D)) = e 49" (Flut., 01©) + / O fie, Ty dr)).
0

Here because of our assumptions all terms are well defined. The last relation
implies (10.3.4). O
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Theorem 10.3.2. Let a pseudo-differential operator Ay in (10.3.1) be such
that its symbol A(§) satisfies condition (9.4.1),

A(I;f(—s+n)) =A(—1;fs), Ve,

forany j € 7", s € J,.,. Let f € % ((@” x Ry) and let f(x, t) be continuous
int for all x € Q. Then the Cauchy problem (10.3.1) has in &’ (@, xRy)a
unique solution

wen= Y <e—A<—ﬁs>f( L0

sy, JEL" acly

+/ —A(=pls)a— Nf, 1), @ﬁ'";:()) )@ﬁ”’]);( ), (10.3.5)
0

where @Em]): (x) are n-dimensional p-adic wavelets (8.12.1).

Proof. Since f € 5’(@; x R, ), according to the formula (8.14.4) from Propo-

sition 8.14.3, this distribution is represented as an infinite sum

flx, 1) = Z dy; ;O (x), x €@ >0, (10.3.6)

s€Jp.,,, JEL" acl}

where due to (8.14.5)
dyja) = (f(.0,O0C), sell,. jeZ'. aell (1037

Since we seek a solution u(x, ¢) of the Cauchy problem (10.3.1) in the class
CD/(Q’I’, x Ry), in view of the above reasoning we will seek this solution in the
form of an infinite sum

u(x,t) = > A ja(HOU T (x), (10.3.8)

sng:m,jeZ”,aEI;,’

where Ay, ; .(t) are the desired functions, s € Sy J € 7", a € 1.
Substituting (10.3.8) into (10.3.1), from Theorem 9.4.2, we obtain

S (A ACPIDA o (0) = dya0) O () = 0.

se]ﬁ:m,jeZ",aeI;;

The last equation is understood in the weak sense, i.e.,

Z <<A;;j,a(t) + A(_;jS)As;j,a(t)

€J}, JEL" acl}

—dyia(D) OV (), $()) = 0 (10.3.9)
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for all ¢ € @(Q;‘,). Since according to Lemma 8.14.1 any test function ¢ €
QD(Q;) is represented in the form of a finite sum (8.14.1), the equality (10.3.9)
implies that

Al o)+ A=pis)Agja(t) = dys (D), ¥s el jeL aell,

for all ¢+ > 0. Solving this differential equation, we obtain

— t —
A jal0) = e (A0 + / AT () de ). (103.10)
0

s € J;};m,j eZ", ae I;'
By substituting (10.3.10) into (10.3.8) we find a solution of the Cauchy
problem (10.3.1) in the form

u(x,t) = Z ﬁA(i;;S)t (As;j,a(o)

sy, JEL" acl}

+f AP g (f)d1>@(’”)x(x) (10.3.11)
0

s, ja
Setting t = 0, we find
W= Y A0 (),

Iy JEL" acly

where u° € dD’(Q;',) and, according to (8.14.4), the coefficients Ay; ;,(0) are
uniquely determined by (8.14.5) as

Ayja0) =, 00), seJr,. jeZ'. aell. (103.12)

The relations (10.3.11), (10.3.12) and (10.3.7) imply (10.3.5). In view of
(10.1.1), the sum (10.3.5) is finite on any test function from the Lizorkin
space CID(Q:’,).

The theorem is thus proved. O

Theorem 10.3.2 and Corollary 9.4.9 imply the following assertion.

Corollary 10.3.3. Let f € P’ (Q” x Ry) and let f(x, t) be continuous in t for
all x € Q” Then the Cauchy problem (10.3.3) has in X (Q” x Ry) a unique
solution

un =y (e‘p“m““'““"’ TR

selg:m,jEZ”,aEI,’}

t .
+ / e_pammxgrgn(mr*]:)([_r)<f( ‘L') ®§m]);<( )> d‘l,') ®§m]):(x)
0

(10.3.13)

(m)x

where Oy, jq (x) are n-dimensional p-adic wavelets (8.12.1).
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For the case of homogeneous Cauchy problems (10.3.1) and (10.3.3), when
f(x,t) =0, the solutions (10.3.5) and (10.3.13) describe diffusion processes
in the space Q.

Example 10.3.1. Now we consider the one-dimensional homogeneous Cauchy
problem (10.3.3) for the initial data

1, x|, <1,
cw=any=fy T
) V4 .

Since f(x,t) = 0, substituting (8.10.3), (8.10.10) and (8.10.11) into formula
(10.3.13), we obtain a solution of this Cauchy problem:

[o¢]
ux,t) = Z Zp_je_”u("ﬂ)’xp(sp-ix)Q(lpjx|p).

S€Jpym j=m

Theorem 10.3.4. Suppose that the symbol A(§) of a pseudo-differential oper-
ator A, in (10.3.1) satisfies the condition

A([;}(—S+n))=«4(—l;}5)>0» VneZ,
forany j € 7", s € J,.,. Suppose that [ € 5’(@’1‘, x Ry) and f(x,t) is con-
tinuous in t for all x € QY. Suppose also that, foranys € J,,,, j € Z",a € I}
lim (£, 0), O ()) = 5, ja (= consn). (10.3.14)
Then the solution (10.3.5) of the Cauchy problem (10.3.1) is stabilized as
t — oo:

Cs:j
lim u(x, ) = g(x)= > — @ (x) e @'(Q), (103.15)
e ver, jenacty A=)

p;m’]EZ 'aEIp
for every x € Q.
Proof. Taking into account that sum (10.3.5) is finite on any test function

¢ € dD(Q;’,) and using the L’Hospital rule, it is easy to find that (10.3.15) holds
for all ¢ € CD(QZ). O

Corollary 10.3.5. Let f € 5’((@'}, x Ry) and let f(x,t) be continuous in t for
all x € QY. Suppose that (10.3.14) holds. Then the solution (10.3.13) of the
Caucl/l\y problem (10.3.3) is stabilized as t — oo, i.e., (10.3.15) holds, where
A(=pis) = p*m@iz=lm =i o ¢ R,

(b) Now we consider the Cauchy problem

D A u(x, ) = fx,0), i @ x (0, o),
(10.3.16)
u(x, ) = u’(x), in Q) x{r=0},
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where u° € CD/(Q;')) and a pseudo-differential operator A, is given by (10.3.2).
In particular, we have the Cauchy problem

2D — poy(x, ) = f(x, 1), in Q) x (0, 00),
(10.3.17)
ulx, 1) = ul(x), in Q’; x {t = 0},

where D¢ is the Taibleson fractional operator (9.2.23) with respectto x, € C.
Using the above results, we can construct a solution of the Cauchy problems
(10.3.16) and (10.3.17).

Theorem 10.3.6. Suppose that the symbol A(§) of a pseudo-differential oper-
ator A, in (10.3.16) satisfies condition (9.4.1)

A(pi(=s +m) = A(= pls).  VneZ,

forany j €Z", s € J,,,. Let f € P’ (Q), x Ry) and let f(x, t) be continuous

int for all x € Q. Then the Cauchy problem (10.3.16) has in P’ (@, xRy)a
unique solution

ulx, 1) = Z <eiA(E77s)t( Oim]):)

s€J ., JEL" acl}

_l/ —iA(— PIS)(f T)(f( -[) @im]):( )>dl’>®§m}:(}c) (10318)
0

where ®§mja (x) are n-dimensional p-adic wavelets (8.12.1).

Corollary 10.3.7. Let f € P’ (Q” x Ry) and let f(x, t) be continuous in t for
all x € Q” Then the Cauchy problem (10.3.17) has in X (@” x Ry) a unique
solution

_ i p I <r<n (mr—=jrly (m)x
u(x’ [) = Z (6 ( ®§ ja)

s€Jp, JEL" aely

t .
o / e VI GE NI ))m)@i"’ji 0.
0
(10.3.19)

where ®§mj): (x) are n-dimensional p-adic wavelets (8.12.1).
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10.4. Linear evolutionary pseudo-differential equations of the
second order in time

Letus consider the Cauchy problem for a linear evolutionary pseudo-differential
equation of the second order in ¢
T4+ A2 4 Apux, ) +ulx, 1) = f(x, 1), in Q} x (0, 00),
ue, ) =ul(x), &0 =yl(x), in Q) x{r=0}
(10.4.1)
where ¢ € R, u’, u'(x) € ®'(Q}), pseudo-differential operators A, and Ay,

are given by (10.3.2) and their symbols A(&), A2(§) € E@\{0D), u(x, 1) €
P’ (Q” x R) is the desired distribution.

Theorem 10.4.1. Suppose that the symbol A;(§) of the pseudo-differential
operator A, in (10.4.1) satisfies condition (9.4.1)

Al(;j(_s+n))=Al(_;jS)7 YneZ), 1=1,2,
forany j € Z", s € J},,. Let [ € 5’(@; x Ry ) and let f(x,t) be continuous

intforall x € Q’;,. Then the Cauchy problem (10.4.1) has a unique solution

u(x,t) = Z Ay jaOU N (x) € D@ x Ry, (104.2)

sely., JEL" acly

where @g ])a (x) are n-dimensional p-adic wavelets (8.12.1). Here, if

(@) (Ai(=p7$))’ # 4(Ax(—pis) + 1) then

1 t
Ay jalt) = e ( / <ek+('—f> —ek*’—”)dﬁ ja(r)dT
.

(! O k(O e

ssJja s, ja
— (", ©0) = ki (u, O] ) (10.4.3)

Al(=pls)E/ (A= pfr»z A (—pIS)HD) .

where ki =

) (Ai(=pis))’ = 4(A2( pis) + 1) then

t
Ay ja(t) = / Tt — 1)d,, o (T) dT
0

e ([, 00+ (!, 01 ) — Ku®, 00%)).  (10.44)

s; ja s; ja sy ja
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where k = M; dy. j«(t) are coefficients of the distribution f(x,t) in

representation (10.3.6); s € J;;m, jeZ ac I;.

Proof. Since [ € 5/((@’1’, x Ry), according to (8.14.3), this distribution is rep-
resented in the form (10.3.6). As in Theorem 10.3.2, we will seek a solution
of the Cauchy problem (10.4.1) in the form (10.3.8). Substituting (10.3.8) into
equation (10.4.1), from Theorem 10.2.3, we obtain

> (AL O+ AP0

sy, JEL" acl)
+ (Aa(=p79) + 1) A jalt) = dy () O () =

where dj;;.(t) is given by (10.3.7). Next, similarly to the proof of
Theorem 10.3.2, the last relation implies that Ay j .(¢) satisfies the differential
equation

Al O+ Al (=pIIAL ;o) + (As(=pIs) + 1) Ay j.o(0) = di o0,
(10.4.5)

forallt > 0,s € J,,,, j € Z",a € I,. Since dj; j ,(t) is continuous, for given
Ay, j.a(0) and A /“(0) the differential equation (10.4.5) has a unique solution.
This solution can be calculated explicitly.
The characteristic equation corresponding to the homogeneous differential
equation (10.4.5) is the following:

K2+ kA (= pis) + (As(=pis) + 1) = 0. (10.4.6)

(a) Let (Ai(=pis))’ # 4(Ay(—pis) + 1). In this case, from (10.4.6) we

_ 5 e~ — )
have ky = —Au PsrEn/ (A é’js)) HAPIOFD ponce, according to the well-

known results from the theory of ordinary differential equations, a solution of
(10.4.5) is

1 d X
. _ (t—t) _ k_(t—1)
As;/,a(t) = k+ L (/0 (e * e ) s a(f)dr + ( 53 ja(o)

—k_ Ay ja(0) e = (A} ,(0) — k+As;_,-,a(0))e“>.
(10.4.7)

(b) Let (.Al(—};\fs))2 :4(A2(—]/7\J's)+ 1) then from (10.4.6) we have

k= M. Hence, according to the well-known results from the theory
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of ordinary differential equations, a solution of (10.4.5) is
t
Aajalt) = [ 700 = 001 d

+ekt( ”a(o)+( ”a(o)—kAs;j,a(O))t). (10.4.8)

By substituting the solution (10.4.7) (or (10.4.8)) of the differential equation
(10.4.5) into (10.3.8) and taking into account formulas (10.3.7) and

As;j,a(o) ( ®(m)><> 5 J a(o) (l/l ®(m)><)

s ja sija

s €Jpy, J €L, a €I}, we find a unique solution of the Cauchy problem
(10.4.1) in the form (10.3.8), where the coefficients Ay, ;.(¢) are given by
(10.4.3) or (10.4.4).

In view of (10.1.1), the sum (10.4.2) is finite on any test function from the
Lizorkin space @(Q'I’,).

The theorem is proved. U

In particular, if A, and A,, are fractional operators, Theorem 10.4.1 gives
a solution of the Cauchy problem

T DU DOy(x, 1) +ulx, t) = f(x,1), in Q3 x (0, 00),

x o
ue, ) =ul(x), &0 =yl(x), in Q) x{r=0}
(10.4.9)

A particular case of the problem (10.4.9) was solved in the paper [63].

Remark 10.1. The variable separation method developed for solving the above
Cauchy problems can be used for solving the Cauchy problems for the linear
pseudo-differential equations of order m in ¢:

m

dlu(x, t)
E Ajp—————+ux,t) = f(x, 1),
. ot/
j=0
where pseudo-differential operators A , are givenby (10.3.2), j =0, 1, ...,m,

u(x,t) e 5’(@';, x R, )is the desired distribution. A particular case of the above
equation is the following:

m

> DY m+u(x,t)=f(x,r),

ot/
j=0

where D}’ is the Taibleson fractional operator (9.2.23) with respect to x,
a;eC,j=0,1,...,m
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10.5. Semi-linear evolutionary pseudo-differential equations

(a) Consider the Cauchy problem for the semi-linear pseudo-differential
equation

BXD 4 Au(x, 1)+ ux, Dlu(x, H* =0, in Q7 x (0, o0),
ulx, ) = u'(x), in Q) x {tr=0},
(10.5.1)
where a pseudo-differential operator A, is given by (10.3.2), k € N, u(x,t) €
(IJ/(Q; x R,) is the desired distribution.

According to Proposition 8.14.3, the distribution u#(x, t) can be realized as
an infinite sum of the form

u(x,t) = Z A ja(O (), (10.5.2)

s€Jp.,,, JEL" acl}

where Ay ; 4(¢) are the desired functions, O(m) (x) are elements of the wavelet
basis (8.12.1). We will solve the Cauchy problem in a particular class of
distributions u(x, t) such that in the representation (10.5.2)

Iﬁa—a’QEZ", if j<j, I=1...,n (10.5.3)

In VleW of (8.10.5), in this case all the sets {x € (@" : plx —al, <1}, {x €
(@” : p’ x —a'|, < 1} are disjoint.

Theorem 10.5.1. Let a pseudo-differential operator A, in (10.5.1) be such
that its symbol A(&) satisfies condition (9.4.1)

A(l’;f(—s-i-n)):A(—ﬁs), VnelZ,

forany j € Z", s € J,,. Then in the above-mentioned class of distributions
(10.5.2) and (10.5.3) the Cauchy problem (10.5.1) has the unique solution

u(x,t)
ReA(—pis) .
) Z (ReA( = pis) + {u®, O P pHI(1 - e—z"*‘“(—?“’))
e
X (U, @) e AP (), (10.5.4)

fort = 0, where ®(m)x(x) are n-dimensional p-adic wavelets (8.12.1). More-
over, this formula is appllcable for the case A = 0.
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Proof. Since |x,(s - (p/x —a))| = 1, taking into account formulas (10.5.2),
(10.5.3), (8.12.1), we obtain a formal series

e, P = Y A OPpQ(Ipx —al,)
seJl',’;m.jEZ”,aGI;’
and
u(x, HluCx, HI*
= > A Ay pTO (x) € D@ x RyY),
sely., . JEL" acly

(10.5.5)

where the indexes in the above sums satisfy the condition (10.5.3).
Substituting (10.5.5) and (10.5.2) into (10.5.1), in view of of Theorem 9.4.2,
we find that

Z (A;’/a([)‘k A(_[’;js)As;j,a(t)

JEL ke ,al]

s; ja

+ P A O A1) O () = 0, (10.5.6)

where the latter equation is understood in the weak sense. Since, according to
Lemma 8.14.1, any test function ¢ € CD(Q’;) is represented in the form of a
finite sum (8.14.1), the equality (10.5.6) implies that

Ny i@+ A(=pIs) A ja@®) + p Ay j o) A ja(1) = 0,
(10.5.7)
forall s € J;’;m,j e?Z", ae I;j, and for all ¢ > 0.

Substituting Ay, j.o(1) = Ry, jo()ei® 0@ and A(—pls) = ReA(—pis) +
iImA(—p/s) into (10.5.7), we obtain the system of differential equations
R} ; o)+ ReA(=pis)Ry;ja(t) + p~VRES (1) = 0,
. o) + TmA( —;-/'s) =0,
s € Jl’};m, ie 7" a e Il’j,t > 0. Integrating the last system, we find oy, j o () =
—ImA(—p/s)t + oy, j .(0) and

R (D)

_ _ , e—szeA(—ﬁs)z
ReA(—p/s) + p~HIRZ, (1)

s5J.a

ie.,

~, 1/2k

A _ Ey;jaReA(=p’s) —A(=pis) ids: ;a(0)

Ax;],a(t) = X = e e ,
1 — EJ;jyap—kljle—ZkReA(—pfs)t

(10.5.8)
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Substituting (10.5.8) into (10.5.2), we find a solution of the problem (10.5.1)

~ 1/2k
Ev"aR —p/
wen=Y ( siiaReA(=p's) )

1— E‘Y;j’apfk\j\efﬂcRe.A(fpfs)z

S€d P
Jjezt,
n
aelp

x e AP Gl O QX (), (10.5.9)

X € Q’;,, t > 0. Setting in (10.5.9) t = 0, we obtain that

E;. ; ReA(—};\js) 172k
0 _ 53,4 icty, j.a(0) @ (M) X
u’(x) = Z < I E. ) e e (x),
se€dp.,, JEL" acly 375
where u° € <I>/(Q7,). Hence, according to (8.14.4) , the coefficients Ej. ; , are
uniquely determined by (8.14.5) as

A 5 1/2k
(BbeAC D) ™ = .
— s;j,ap ,

The latter equation implies that

w00, 0515 )

s; ja

ReA(—p/s) + p il (u®, @%:)Pk

Es;j,a =

Substituting Ej; ; , into (10.5.9), we obtain (10.5.4). In view of formula (10.1.1),
the sum (10.5.4) is finite on any test function from the Lizorkin space CD(Q’;)).
Now by passing to the limit as A — 0 in formula (10.5.4), one can easily
see that this formula (10.5.4) is applicable for the case A = 0.
The theorem is thus proved. O

(b) Now we consider the Cauchy problem
t% — Acu(x, ) +ulx, Hulx, 1)|* =0, in (@Z x (0, 00),
ulx,t) = u(x), in QZ x {t = 0},
(10.5.10)

where a pseudo-differential operator A, is given by (10.3.2), k € N, u(x,?) €
CV(Q’; x R, ) is the desired distribution.

Theorem 10.5.2. Let a pseudo-differential operator A, in equation (10.5.10)
be such that its symbol A(&) satisfies the condition (9.4.1):

A(;f(—s+n))=./4(—1;fs), VneZ,

forany j € Z", s € J}.,,. Then in the above-mentioned class of distributions
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(10.5.2), (10.5.3) the Cauchy problem (10.5.10) has a unique solution

10 @My 2K

i *k\l\#“i‘(elklmA(—;};)l_l)
u(x,t) = Z e HmA(—pd 5)
sely.,. JEL" acly
0 (M)X\  —i A(—pls)t o (m)x
X(u ’ ®S;j[l )e AP ®y;ja (x)7 (10.5.11)

fort > 0, where @Em]):

over, the passage to the limit in (10.5.11) as ImA — 0 gives exactly solution
for the case ImA = 0.

Proof. We will seek a solution of the problem in the form (10.5.2) and (10.5.3).
Substituting (10.5.5) and (10.5.2) into (10.5.10), in view of Theorem 9.4.2, we
find that

iAo, () = A(=pTs) Ayja@®) + P~ VAo Asja() =0, (10.5.12)

€y JEL', aell 120, Seting A(-pis) =ReA(-pis) +

iImA(=pis), and Ay} o(t) = Ry.j o()e+® in (10.5.12), we obtain

(x) are n-dimensional p-adic wavelets (8.12.1). More-

R.; () — ImA(— pIs)Ry;j.a(t) = 0,
a;;j’a(t) + ReA(—;js) — p’k‘j‘Rf;kj’a(t) =0,

s € Jl’,‘;m,j eZ",a¢e II’,'. Solving this system, we find

Rs;j,a(t) = Rs;j,a(o)eImA(_pls)ta
R4 0

2hImA(—pis)t A
=€ + ay. i ,(0),
2AImA(—pT s) 5:j,a(0)

Oy ja(t) = —ReA(—I;}s)t + p""j|
and
Asja(t) = Ry a(0)e e @t ACP

2% _
R s
ipkl ”“‘(A) (HmA(—pT st

X e 2kImA(—pJ ) s (10.5.13)

n : n n
s € Jp;m,] eZ" ae Ip.Wehave

Rk ()
i(utx;f,a(O)er_km %)

Asa(0) = (1, O07) = Rej.a(Oe i)
The last relation, (10.5.13) and (10.5.2) imply (10.5.11). O

A particular solution of the problem (10.5.10) for A, = D¢ and k = 1 was
first obtained by S. V. Kozyrev.

According to (10.5.4) and (10.5.11), if the initial data u(x) of the problem
(10.5.1) or (10.5.10) have a support in the ball By, C Q' then the support of a
solution u(x, t) with respect to x belongs to this ball for all t > 0. This effect of
localization of a solution for p-adic Schrodinger equation was first described
in [132].
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A p-adic Schrodinger-type operator with
point interactions

11.1. Introduction

In this chapter a p-adic Schrodinger-type operator D* + Vy is studied, where
D® (@ > 0) is the operator of fractional differentiation (which was studied
in Chapter 9) and Vy = Z?,j:l b; (8,5 )0y, (bij € C) is a singular potential
containing the Dirac delta functions §, concentrated on a set of points ¥ =
{x1, ..., x,} of the field of p-adic numbers Q,,. It is shown that such a problem
is well-posed for & > 1/2 and the singular perturbation Vy is form-bounded
for @ > 1. In the latter case, the spectral analysis of n-self-adjoint operator
realizations of D* + Vy in £,(Q,) is carried out.

The results of this chapter are based on the papers by S. Albeverio, S. Kuzhel,
S. Torba [31] and S. Kuzhel and S. Torba [169] (see also [102, Example 5.6])
and continue the investigation of p-adic Schrodinger-type operators with point
interactions started by A. Kochubei [157]. We recall that the concept of a p-adic
Schrodinger-type operator was first introduced and studied by V. S. Vladimirov
and I. V. Volovich [241].

In “usual” mathematical physics Schrodinger operators with point interac-
tions are well-studied; they are used in quantum mechanics to obtain Hamil-
tonians describing realistic physical systems having the important property of
being exactly solvable, i.e., such that all eigenfunctions, spectrum, and scatter-
ing matrix can be calculated [9], [27].

Since we deal with the mapping Q, — C, i.e., complex-valued functions
defined on QQ,, are considered, the operation of differentiation is not defined and
the operator of fractional differentiation D* of order « (o > 0) takes over the
role of differentiation [ 157], [243], [241]. In particular, p-adic Schrodinger-type
operators with potentials V(x) : Q, — C are defined as D* + V(x).

One of the remarkable features of the p-adic theory of distribution is that
any distribution f € D'(Q,) with point support supp f = {x} coincides with

209
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the Dirac delta function at the point x multiplied by a constant ¢ € C, i.e.,
f = c¢é,. For this reason, it is natural to consider the expression D* + Vy where
the singular potential Vy = Zl" =1 bij{, 8xj, )8y, (bi; € C) contains the Dirac
delta functions §, concentrated on points x, of the set Y = {xy, ..., x,} C Q)
as a p-adic analogue of the Schrodinger operator with point interactions. Since
D“ is a p-adic pseudo-differential operator the expression D* 4+ Vy gives an
example of pseudo-differential operators with point interactions. In the “usual”
(Archimedean) theory, expressions of this (and more general) type are studied
in [28].

Obviously, the domain of definition D(D*) of the unperturbed operator D*
need not contain functions continuous on Q, and, in general, it may happen
that the singular potential Vy is not well-defined on D(D?).

In Section 11.2, we discuss the problem of characterizing D(D*) and study-
ing in detail the solutions of the equation D* — LI = §,.

In Sections 11.3—11.9, we deal with the spectral analysis of operator
realizations of D% 4 Vy (o > 1) in £5(Q,). We do not restrict ourselves
only to the self-adjoint case and consider also n-self-adjoint operators. The
investigation of such operators is motivated by the intensive development
of pseudo-Hermitian (P7 -symmetric) quantum mechanics in the last few
years [48], [100], [190], [231], [255].

Among the self-adjoint extensions of the symmetric operator Agyp, associated
with D% 4+ Vy (o > 1), we pay special attention to the Friedrichs extension A r.
Since A is the “hard” extension of Agyy, (see [37] for the terminology) and the
singular potential Vy is form-bounded, the hypothesis that the discrete spectrum
of Ar depends on the geometrical structure of Y looks likely. In this way we
discuss the connection between the minimal distance p”» between elements
of Y and an infinite sequence of points of the discrete spectrum (type-1 part of
the discrete spectrum).

We will use the following notation: D(A) and ker A denote the domain and
the null-space of a linear operator A, respectively. A [x denotes the restriction
of A onto a set X.

11.2. The equation D* — A1 = §,

As mentioned above, the operator of differentiation is not defined in £,(Q)),
and it is replaced by the operator of fractional differentiation D*, o > 0(9.2.4).
It is easy to see that D“ f is well defined for all f € D(Q,), but the element
D“ f need not necessarily belong to D(Q,) (since the function &1 is not
locally constant); however D f € L,(Q,) [157]. Since D(Q),) is not invariant
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with respect to D* we cannot define D on the whole space D'(Q,). For a
distribution f € D'(Q,) the operator D* is well defined only if the right-hand
side of (9.2.4) exists. To overcome this obstacle, we need to consider this
operator in the Lizorkin spaces instead of D(Q,,) (see Chapter 9).

In what follows we will consider D*, & > 0, as an unbounded operator in
L>(Q)). In this case, the domain of definition D(D®) consists of the functions
f € £5(Q,) such that IEISFL1E) € L,(Q,). Since D* is unitarily equivalent
to the operator of multiplication by |§|7, this operator is positive self-adjoint in
L,(Q,) and its spectrum consists of eigenvalues A,, = p*” (m € Z) of infinite
multiplicity and with accumulation point A = 0.

According to Kozyrev’s paper [163], the orthonormal p-adic wavelet basis

in £,(Qp) (8.1.3),
Ok ja(0) = P2 x, (P k(p'x —@))Q(Ip'x —al,), x€Q,, (112.1)
coincides with the set of eigenfunctions of D*, and according to (9.1.1),
DG jo(x) = p"170 j.(x), x€Q,, a>0, (11.2.2)

wherek =1,2,...p—1,j€Z,ael, =Q,/Z,,and Q(¢) is the character-
istic function (4.2.2) of the segment [0, 1] (for details, see Section 9.4).

In view of (11.2.2) the Kozyrev p-adic wavelet basis (11.2.1) does not
depend on the choice of « and it provides a convenient framework for the
investigation of D®. In particular, analyzing the expansion of any element
u € D(D*) with respect to (11.2.1), it is not hard to establish the uniform con-
vergence of the corresponding series for « > 1/2. This fact and the property of
eigenfunctions 6. j,(x) to be continuous on @@, imply the following statement.

Proposition 11.2.1. ([168]) The domain D(D%) consists of functions which
are continuous on Q, if and only if o > 1/2.

Let us consider the equation
(D* — rxDh =4, , reC, x€Q, oa>0, (11.2.3)

where D% : £,(Q,) — D'(Q,) is understood in the distribution sense.
It follows from [157, Lemma 3.7] that equation (11.2.3) has no solutions
belonging to £,(Q,) for o < 1/2.

Theorem 11.2.2. The following statements are valid:

1. Ifa > 1/2, then (11.2.3) has a unique solution h = h,., € L£,(Q,) if and
only if A # p*™, where m runs 7. U {—oo}.

2. Ifa > land A # p*" (Ym € Z U {—o0}), then h,., € D(DY/?).
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Proof. First of all we note that any function u € D(D%) can be expanded in
a uniformly convergent series with respect to the complex-conjugate p-adic
wavelet basis

Ok jax)  k=1,2,...p—1; j €Z;a € l,}.
This means (since {6, j,} are continuous functions on Q,) that

oo p—1

uG)= Y D> .0 jalx) for x € Q.
j=—00 k=1 acl,
where (f, g) = pr f(x)g(x)dx is the scalar product in £,(Q)).

Obviously, 6, ja(x,) #0 <= |p/x, —al, < 1. Here a € I, and hence
la], > 1for a # 0. It follows from the strong triangle inequality that | plx, —
al, <1 < a={p’x,},. But then, recalling (11.2.1), we obtain

{O’ a# {ijr}p,
Ok; ja(xr) = ) ] ] (11.2.4)
pij/ZXp( - pilk(pjxr - a))a a={p'x},

Therefore,

(8):, y u) = u(xr)

o p—1

= > Y p a0 = k(P % = (P x,}) (1. O iy, )
j=—00 k=1
oo p—1

= > p a0 = P k(P % = (P x0}) Bk jipiay, - 1)
Jj=—00 k=1

(11.2.5)

Since D(Q,) C D(D*) the equality (11.2.5) yields that

oo p-1

= > Y Pap(= Pk e = AP X )bk ipi,s (112.6)
j=—00 k=1

where the series converges in D'(Q),).
Suppose that a function 2 € £,(Q,) is represented as a convergent series in

L2(Qp):

oo p—1

h(x) = Z Z Z Cjkabk; ja(X).

j=—00 k=1 a€l,
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Applying the operator D* — A termwise, we get the series

oo p—1

(D* =2Dh =Y 3" cita(p™" ™ = )bk jar (11.2.7)

j=—00 k=1 ael,

converging in D'(Q,) (since D*D(Q,) C L2(Q))). Since (11.2.6) and (11.2.7)
are the right and left hand sides of the identity (11.2.3), the comparison of these
formulas gives

0, a# {pjxr}p
Cika =N p= iy, (=~ k(pix ~{pix}p) i
: ( P - ) > a = {ijr}p
Thus
oo Pl (L (i, — [p
B P xp (= Pk x = {pIx)p)
hep(x)= Y Y~ Er—y Ok jtprx), (X)

j=—00 k=1

(11.2.8)

is the unique solution of (11.2.3).
Since the functions 6y, j(,iy,),(x) in (11.2.8) are elements of the orthonormal
basis (11.2.1) in £,(Q,), the function £, , (x) belongs to £,(Q,) if and only if

(p— )Z FIE )2<oo

This inequality holds if and only if A # p*™ (Vm € Z U {—o0}). Assertion 1 is
proved.

Let @ > 1. Applying the operator D%/ to the function (11.2.8) and taking
(11.2.1) and (11.2.2) into account, we obtain

DO!/Zhr
1 _ . .
=S S e ) i o
(=) — ), AV IR
J=1 k=1

0 p-1 __;
; p J/ZX[)( lk(pjx - {ijr}p)) a([_,‘)e )
+ Z pot(l n—x Ok jiprxy, (X)
It is easy to see that 4,; € D(D*/?) if and only if the above series converge in
L£,(Q,). If these series converge then their sum coincides with D*/p,.. For the
general term of the first series we have

pij/zp%(lij)xl’( —p~k(px, — {pjxr}l’)) ‘2 < Cp~ @b,

Py jz1
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(since A # p*", Vm € Z U {—oo}) which implies its convergence in L,(Q,)
for o > 1. Similarly, the general term of the second series can be estimated
from above by Cp@~1/ (j < 0), which implies its convergence in £»(Q,) for
o> 1.

Theorem 11.2.2 is thus proved. O

Let us study the solutions 4, ; (x) of (11.2.3) in more detail for ¢ > 1. To do
this we consider the family of functions M, (1) (y € Z U {—o0}) represented
by the series

—y N

p—1 p P
My () = > - : (11.2.9)
aN __ a(l—y)
p N=—00 p A P 4 A
d -1 & N
My & Mo = == 37 paﬁ_k, yeZ.  (1210)

N=—o00

Obviously, My(}) is dlfferentlable for A e C\ {p*N : YN € Z U {—o0}}
and Mj0) = ZL YN ok

Proposition 11.2.3. Leta > 1 and . # p*Y (YN € Z U {—o0)). Then

Mo(h) if x=x, )
() = . s el = My,
Mﬁy()‘) lf |x - xrlp = Py

Proof. Ifa > 1 and A # p*N (VN € Z U {—o0}), then h,; € D(D*/?), where
a/2 > 1/2, and hence the series (11.2.8) point-wise converges to %, (x).

Employing (11.2.1) and (11.2.10), we immediately deduce from (11.2.8)
that /1,1 (x,) = Mo(3), [l lI> = M{(3), and

Ue(x —
b= 3 Z” X”ffl 25D o= (pM )

A
N=—o0 k=1
(11.2.11)

for x # x,.

The expression (11.2.11) can be simplified with the use of the following
arguments: 1. It follows from the strong triangle inequality and the definitions
(1.6.4) of {}, and Q(-) that Q(|p"x — {pNx,}pyp) = Q(Ip"(x — x,)|,) and

Q|p"x = {pVxp| ) =0 & 1PV —x)l, > 1 & Jx = x|, > p.

If x # x,, then |x — x,|, = p¥ for some y € Z. Therefore, the terms of
(11.2.11) with indexes N < y are equal to zero.
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2. Since |p"k(x — x|, = |pN 7kl plx — x0], = p*TIN the frac-
tional part {pV “Tk(x — x,)} » 1s equal to zero for N >y + 1. Hence,
xp(PY tk(x —x,)) =1 where N > y + 1.

3. Set for brevity y = p¥~!(x — x,) and consider the case where N = y.
Then |y|, = p and hence {y}, = p~'y0, where yo € {1,..., p — 1} is the
first term in the canonical presentation of a p-adic number y (see (1.6.2)).
Since p is a prime number, it is easy to verify that the set of numbers
{ky}, (k=1...p —1) coincides with the set p 'k (k=1...p—1) mod-
ulo p. This means that

2 v ! i
D xp(P kG —x) =Y xplky) =) exp (k—) =1
k=1 k=1 k=1 p

(the latter equality holds because Y 7, expkiw = 0 for v = 21—’,’).
Statements 1-3 allow us to rewrite (11.2.11) as follows:

. p~ pr
hip(x) = (p - I)N_X: pot(l—N) Y - pau—w — A - py()‘)~
=y+1
Proposition 11.2.3 is proved. O

By Proposition 11.2.3, k, ; (x) is a “radial” function which takes exactly one
value M ,,(A) for all points x of the sphere S, (x,) ={x € Q, : [x — x,[, =
pY}. Such a property of the solution 4, ;(x) of equation (11.2.3) is related
to the property of the distribution § to be homogeneous of degree |)c|‘,j1 (see
Definition 6.1 and Theorem 6.2.1).

In conclusion, we single out the properties of the functions M, (1) and
My(1) which will be useful for the spectral analysis in the next sections.

Lemma 11.2.4. Let o > 1 and let M, (L) and My(A) be defined by (11.2.9)
and (11.2.10). Then:

1. The function My()\) is continuous and monotonically increasing on
each interval (—o0, 0), (p®N, p*N+D) (VN € Z). Furthermore, My(\) maps
(—00, 0) onto (0, 0o) and maps (p*~, p*N+D) onto (—o0, 00).

2. The function M, (A) is continuous and monotonically increasing
(decreasing) on (—00,0) (on (p“(l_y), 00)). Furthermore, M, (L) maps
(—00, 0) onto (0, 00) and maps (p*'=7, 0o) onto (0, 00).

The proof of Lemma 11.2.4 is quite elementary and is based on a sim-
ple analysis of the series (11.2.9) and (11.2.10). In particular, rewriting the
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definition of M, (A) as

v N —y+l1 N—1
P P
Mp@) = ) 5= 2 Ty,
N=—o0 N=—o00
Sy
- N _ (N+1) _
N=—o00 pﬂt A N=—o00 pOl A

4 pN(pa(N-H) _ paN)

Z N _ N+ _
= (e =) (p »)
we easily establish assertion 2.
In the following sections we are going to study finite rank point perturbations
of D® determined by the expression

D"+ Vy, Vy= Y bij(8. )8, (11.2.12)

ij=1

where b;; € C, Y = {x1, ..., x,}.

Since §,; & L£2(Q)) expression (11.2.12) does not determine an operator
in £,(Q,). Moreover, in contrast to the standard theory of point interactions
[9], the potential Vy is not defined on the domain of definition D(D%) of the
unperturbed operator D* for o« < 1/2 (Proposition 11.2.1). For this reason we
will assume o > 1/2.

11.3. Definition of operator realizations of D“ + V in £,(Q,)

Let 9, C 1 C L2(Q,) C H-1 C H_, be the standard scale of Hilbert spaces
(A-scale) associated with the positive self-adjoint operator A = D in £,(Q)).
Here $); = D(A*/?), s = 1, 2 with the norm ||ul|, = ||(D¥ + I)*/?u|| and $)_,
is the completion of £,(Q,) with respect to the norm ||u|| ;. Naturally, £, and
$—s are dual, and the inner product in £,(Q,) is extended to the pairing

(@, u) = (D" + D*u, (D* + 1)*¢), ueH,, ¢ehH

(for details, see [27]).

By virtue of Proposition 11.2.3, the solutions £, of (11.2.3) satisfy the
relation £, ; = h, 5. Taking this into account and using (11.2.5) and (11.2.8)
we get

(81, 1) = u(x,) = (D* = ADut, hy)x(@, )+ (11.3.1)



11.3. Definition of operator realizations of D% + 'V in £,(Q,) 217

u € D(D%), x, € Q,, for any complex A # p*" (Vm € Z U {—o0}). Hence,
8x,. S ~6—Z~

In order to give a meaning to (11.2.12) as an operator acting in £,(Q,), we
consider the positive symmetric operator Agy, defined by

Asym = D" rD,
D ={ue DD :ulx)=...=ulx,) =0}, (11.3.2)

where o > 1/2.

It follows from (11.3.1) that Ay, is a closed densely defined symmetric
operator in £,(Q,) and the linear span of {h,,}"_, coincides with ker(A;‘ym —
AT). Itis convenient to present the domain of the adjoint D(A:‘ym) as D(A:ym) =
D(D*) + 'H, where H = ker(A*,_ + I). Then

sym

A:ymf = A;‘ym(u +h)=D%—h, Vf=u+he D(A:ym) (11.3.3)
(u € D(D%), h € H).

In the additive singular perturbation theory, the algorithm of the determi-
nation of operator realizations of D% 4+ Vy is well known [27] and is based
on the construction of some extension (regularization) Aey := D% + Vyey Of
(11.2.12) onto the domain D(AY,,) = D(D*) + H.

The £,(Q,) part

A= Aws I,
D(A) = {f € D(Aly) : A f € L2(Q))} (11.3.4)

N
|

of the regularization A, is called the operator realization of D* + Vy in
‘CZ(Qp)'

Since the action of D* on elements of H is defined by (11.2.3) the regular-
ization A, depends on the definition of Vyeg.

Ifa > 1, Theorem 11.2.2 gives that §,, € $_;. Hence, the singular potential
Vy = Z;szl bij(8x;, -)dy, is form bounded [9]. In this case, the set D(A;‘ym) C
£ consists of continuous functions on Q, (in view of Proposition 11.2.1 and
Theorem 11.2.2) and the 6., are uniquely determined on elements f € D(A,,)
by the formula (cf. (11.3.1))

(8x,, [) = (D*+ D' £,(D* + D', _ )y, = f(x,). (11.3.5)

Thus the regularization Ay, is uniquely defined for & > 1 and formula
(11.3.4) provides a unique operator realization of (11.2.12) in £,(Q)) corre-
sponding to a fixed singular potential Vy.
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If1/2 < o < 1, then the delta functions §,, form an §)_;-independent system
(since the linear span of {3,,}] does not intersect with $)_;) and Vyg is not
uniquely defined on D(A;‘ym) (see [169] for a detailed discussion of this part).

11.4. Description of operator realizations

Let 1 be an invertible bounded self-adjoint operator in L2(Q)).

An operator A is called n-self-adjoint in Lo(Q,) if A* = nAn~', where
A* denotes the adjoint of A [46]. Obviously, self-adjoint operators are 7n-
self-adjoint ones for n = /. In that case we will use the simpler terminology
“self-adjoint” instead of “I-self-adjoint”.

Our goal is to describe n-self-adjoint operator realizations of D* + Vy in
Lr(Q)) foro > 1.

Since the solutions £, e hy_1 (1 <r <n) of (11.2.3) form a basis of
H any function f* € D(Ag,,) = D(D) -+'H admits a decomposition f = u +

> ¢hy (u € D(DY), ¢, € C). Using such a presentation we define the linear
mappings I'; : D(AZ, ) — C" (i =0, 1):

sym
Sxn) 1
rf=| | == | (11.4.1)
f(-xn) Cn
forall f =u+ Y 7}_, cihi € D(AY,,).

In what follows we assume that
D%n =nD* and n:H—H. (11.4.2)

By the second relation in (11.4.2), the action of 1 on elements of H can be
described by the matrix Y = ||y;;|I} ;_, where entries y;; are determined by the
relations nh; = Y ""_, y;jh; (1 < j < n). In general, the basis {h;}/_, of H is
not orthogonal and the matrix ) is not Hermitian () # ?T).

Theorem 11.4.1. ([169]) Let @ > 1 and let A be the operator realization of
D% + Vy defined by (11.3.4). Then A coincides with the operator

Ag = A IDAR)
D(Ag) = {f € D(A*, ): Blof =T f}, (11.4.3)

sym

where B = ||bj; |} ;_, is the coefficient matrix of the potential Vy.

The operator Ag is self-adjoint if and only if the matrix B is Hermitian.

If n satisfies (11.4.2), then Ap is n-self-adjoint if and only if the matrix Y B
is Hermitian.
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Example 1. P-self-adjoint realizations.

Let Y = {x1, x»}, where x, = —x;, and let n =P be the space parity
operator P f(x) = f(—x) in L2(Q,). It follows from Proposition 11.2.3 that
Ph, = h, and Ph, = h;. Hence, the corresponding matrix ) has the form

Y= (? (1)) and P satisfies (11.4.2).

By Theorem 11.4.1 the formula (11.4.3) determines P-self-adjoint realiza-
tions Ag of D* 4 Vy if and only if the entries b;; of the matrix B = ||b;; ||z =1
satisfy the relations by, by; € R, by = ba.

Under such conditions imposed on b;; the corresponding singular poten-
tial Vy is not symmetric in the standard sense (except for the case b;; € R,
by1 = by, by = byy) but satisfies the condition of P-symmetry PVy = Vy P,
where the adjoint Vy is determined by the relation (Vyu,v) = (u, Vyv)
(u, v € D(D%)). Assuming formally that 7Vy = V7T, where 7 is the com-
plex conjugation operator 7 f(x) = f(x), we can rewrite the condition of
P-symmetry as follows: P7 Vy = VyP7T. This means that the expression
D% 4 Vy is P7 -symmetric (since P7 D% = D*PT). Thus the P-self-adjoint
operators Ag described above are operator realizations of the P7 -symmetric
expression D% 4 Vy in £,(Q)).

11.5. Spectral properties

As a rule, the spectral properties of finite rank perturbations are described
in terms of a Nevanlinna function (Krein—Langer Q-function) appearing as
a parameter in a Krein-type resolvent formula relating the resolvents of per-
turbed and unperturbed operators [27], [74], [201]. The choice of a resol-
vent formula has to be motivated by simple links with the parameters of the
perturbations.

Denote by £ and Ly the closed subspaces of £,(Q,) spanned by the p-
adic wavelets 0y, j,(x) (k =1,2,...,p—1, j € Z) with a # {pin}p Vx; €
Y) and a = {p"x;}, @x; € Y), respectively (see (11.2.1)). Obviously, £ &
Ly = £,(Q,). The relations (11.2.2), (11.2.4), and (11.3.2) imply that the
subspaces £ and Ly reduce the operators D* and Agyy,. Furthermore Ay, =
D* rE eaAsym rﬁy-

Let Ap be the operator realization of D% 4 V defined by (11.4.3). Then
Ap = D® | ®Ap |, Therefore, the spectrum of Ag consists of eigenvalues
A = p*N (VN € Z) of infinite multiplicity and with accumulation point A = 0.

To describe eigenvalues of finite multiplicity we consider the matrix

MQG) = HM‘X,.,X,‘,,(X)HZM, VA e C\ {p*N : VN € Z U {—oo}},
(11.5.1)
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where the functions M|, |, (A) (|x; — x;|, = p? %)) are defined by (11.2.9)
and (11.2.10).

Theorem 11.5.1. Let the matrix B in (11.4.3) be invertible. Then a point
L eC\{p*N : YN € Z U {—o0}} is an eigenvalue of finite multiplicity of Ag
if and only if det{fM(A) + B~']1 = 0. In this case, the (geometric) multiplicity
of A is n — r, where r is the rank of M(X) + B~

Ifdet[M (L) + B~'1 # 0, then ) € p(Ag) and the corresponding Krein resol-
vent formula has the form

(A =2D7" = (D* =D = (hias oo e )IM()
Gy hy3)
+B71! ; . (11.5.2)
(" hnqx)
Proof. Itis easy to see from (11.2.8) that h,; = u + h, _, where u € D(D?).
This relation and (11.4.1) give

Tihey, =,..., =1,...,07. (11.5.3)
——
rth

On the other hand, in view of Proposition 11.2.3 and (11.4.1),

Tohys = (Mpy,—z,, (M), -y MoV, .o, My, —yy Q). (11.5.4)
N——
rth

Itis clear that X is an eigenvalue of finite multiplicity of Ap if and only if A #
p*N (VN € Z U {—o0}) and there exists a nontrivial element f; € ker(A:‘ym -
A1) N'D(Ap). Representing f as fi = Y _, ¢hy;, using (11.5.1), (11.5.3)
and (11.5.4), and keeping in mind that D(Ag) = ker(I'y — B~'T"), we rewrite
the latter condition as follows: [M (L) + B~'1(ci, ..., c,)T = 0. Therefore, A
is an eigenvalue if and only if this matrix equation has a nontrivial solution.
Obviously, the (geometric) multiplicity of A is n — r, where r is the rank of
M)+ B~

The resolvent formula (11.5.2) can be established by a direct verification
with the help of (11.3.1), (11.5.3), and (11.5.4). Theorem 11.5.1 is proved. [

Remark. It is easy to see that the triple (C", —T"y, I'y), where T'; are defined
by (11.4.1), is a boundary value space (BVS) of Ay, and the matrix M (%)
is the corresponding Weyl-Titchmarsh function of Agyp, [75]. From this point
of view, Theorem 11.5.1 is a direct consequence of the general BVS theory.
However, we prefer not to employ the general constructions in cases where the
required results can be established in a more direct way.
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11.6. The case of 7n-self-adjoint operator realizations

One of the principal motivations for the study of n-self-adjoint operators in
framework of quantum mechanics is the observation that some of them have
real spectrum (like self-adjoint operators) and, therefore, they can be used as
an alternative to standard Hamiltonians to explain experimental data [189].
Since an arbitrary n-self-adjoint operator A is self-adjoint with respect to the

indefinite metric [ f, g] o (nf, &)(f, g € £5(Q,)), one can attempt to develop
a consistent quantum theory for n-self-adjoint Hamiltonians with real spectrum.
However, in this case, we encounter the difficulty of dealing with the Hilbert
space £,(Q,) equipped with the indefinite metric [-, -]. One of the natural
ways of overcoming this problem consists of constructing a certain physical
symmetry C for A (see, e.g., [48], [49], [190]).

By analogy with [48], we will say that an n-self-adjoint operator A acting in
£,(Q,) possesses the property of C-symmetry if there exists a bounded linear
operator C in £,(Q,) such that the following conditions are satisfied:

(i) AC =CA;

(i) C*=1;

(iii) the sesquilinear form ( f, g)¢ = [Cf, gl (Vf, g € L2(Q))) determines
an inner product in £,(Q,) that is equivalent to the initial one.

The existence of a C-symmetry for an n-self-adjoint operator A ensures
unitarity of the dynamics generated by A in the norm | - ||é =(, ).

In ordinary quantum theory, it is crucial that any state vector can be expressed
as a linear combination of the eigenstates of the Hamiltonian. For this reason,
it is natural to assume that every physically acceptable n-self-adjoint operator
must admit an unconditional basis composed of its eigenvectors or at least of
its root vectors (see [231] for a detailed discussion of this point).

Theorem 11.6.1. Let Ap be the n-self-adjoint operator realization of D* + V
defined by (11.4.3). Then the following statements are equivalent:

(1) Ap possesses the property of C-symmetry;

(ii) the spectrum o (Ap) is real and there exists a Riesz basis of L£,(Q))
composed of the eigenfunctions of Ap.

Proof. Ttis known that the property of C-symmetry for n-self-adjoint operators
is equivalent to their similarity to self-adjoint ones ([29], [190]). Hence, if Ap
possesses C-symmetry, then there exists an invertible bounded operator Z such
that

Ag=ZHZ ", (11.6.1)
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where H is a self-adjoint operator in £,(Q,). So the spectrum of Ap lies on
the real axis. Furthermore, it follows from Theorem 11.5.1 that 0 (Ag) has no
more than a countable set of points of condensation. Obviously, this property
holds for the spectrum of the self-adjoint operator H. Using Lemma 4.2.7 in
[46], we immediately derive the existence of an orthonormal basis of £>(Q))
composed of the eigenfunctions of H. To complete the proof of the implication
(i) = (ii) it is sufficient to use (11.6.1).

Let us verify that (ii) = (i). Indeed, if { f;}{° is a Riesz basis composed of the
eigenfunctions of Ag (i.e., Agf; = A; fi, Ai € R), then f; = Ze;, where {¢;}{°
is an orthonormal basis of £,(Q),) and Z is an invertible bounded operator. This
means that (11.6.1) holds for a self-adjoint operator H defined by the relations
He; = Aje;. Theorem 11.6.1 is proved. O

The next statement is a direct consequence of Theorem 11.6.1.

Corollary 11.6.2. An arbitrary self-adjoint operator realization A of D* +V
possesses a complete set of eigenfunctions in L,(Q)). O

In conclusion we note that the spectral properties of n-self-adjoint operators
can have rather unexpected features. In particular, the standard one-dimensional
Schrodinger operator with a certain kind of P7 -symmetric zero-range poten-
tials gives examples of P-self-adjoint operators in L,(IR) whose spectra coin-
cide with C [30].

11.7. The Friedrichs extension

Let Ar be the Friedrichs extension of the symmetric operator Agyy, defined by
(11.3.2). The standard arguments of the extension theory lead to the conclusion
(for details, see [169]) that Ap = D* when 1/2 <« < 1 and

Ar = Ayn ID0ar)-
D(Ar) = {f(x) € D(AG,) : f(x1) =...= f(x,) =0}

when o > 1. In the latter case, D(Ar) = ker['y and the operator Ar can
formally be described by (11.4.3) with B = oo.

Obviously, the essential spectrum of A ¢ consists of the eigenvalues A = p
(N € Z) of infinite multiplicity, and with accumulation point A = 0.

Leta > 1. Repeating step by step the proof of Theorem 11.5.1 and taking the
relation D(Ar) = ker I'y into account, we conclude that the discrete spectrum
o4is(A F) coincides with the set of solutions A of the equation det M (1) = 0.

aN
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The obtained relation allows us to establish some connections between
o4is(Ar) and the geometrical characteristics of the set Y. To illustrate this fact
we consider the two points case ¥ = {x, x}.

Indeed, A € o4is(AF) <—

2
0= det | My, ()] = (M) = My ()Mo + My ()

where p?” = |x; — x2],. Therefore, the discrete spectrum is determined by the
equations Mo(A) — My (L) = 0 and Mo(A) + M, (A) = 0.

In view of (11.2.9) and (11.2.10),

AN 2
paN —A pa(l—y) A

o0
p—1
Mo(A) — Mpr(2) = —— E
p N=—y+2

(11.7.1)

A simple analysis of (11.7.1) shows that the function ML) —
M,»()) is monotonically increasing on the intervals (—oo, p*!=7)) and
(p*N, p*W+Dy YN > —y + 1, and it maps (—oo, p*!~") onto (0, co) and
maps (p*", p*™+D) onto (—o0, 0o). This means that the set of solutions of
My(L) — My (1) = 0 coincides with the infinite series of numbers A = A,
N > —y + 1, each of which is situated in the interval (p®", p*¥+D) We will
call the series of numbers {A;,}?\,o:ﬂ +1 the type-1 part of the discrete spectrum
of Ar. So the type-1 part o, of o4is(Ar) consists of solutions of the equation
Mo()) — Mpy(2) = 0.

By virtue of (11.2.9) and (11.2.10),

-1 <« »p¥
Mo(A) + My (2) = 2 N_Z S
Lp=2 P el i pY
(I=y) — N _ )\’
p prTY —A P NITL P A

Analyzing this relation, it is easy to see that there exists exactly one solution
L = A}, of Mo(X) + M,y (A) = 0 lying inside an interval (p*V, p*™*+D) VN €
Z. We will call the infinite series of numbers {A; 1%, the type-2 part O’ca_s of the
discrete spectrum ogis(A ).

Obviously, oy U odfs = 0gis(AF). Let N> —y + 1 and let Aﬁ € adjfs be
the corresponding discrete spectrum points in (p®", p*¥+D) Tt follows from
Lemma 11.2.4 that AJ,(, < Ay Therefore, o3 N a;irs = .

Thus the discrete spectrum ogs(ArF) consists of an infinite series of
eigenvalues of multiplicity one, which are disposed as follows: an interval
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(p™N, p*™+D)y contains exactly one eigenvalue A}, if N < —y (type-2 only)
and exactly two eigenvalues A}, < Ay if N > —y + 1 (type-1 and type-2).

The obtained description shows that the type-1 part o, of 04s(A £) uniquely
determines the distance |x; — x2],.

In the general case Y = {xi,..., x,}, the discrete spectrum oys(AF)
also contains the type-1 part. Indeed, denote by p*m» the minimal dis-
tance between the points of Y. Without loss of generality we may assume
that |x; — x2|, = p”». Then, by the strong triangle inequality, |x; — x|, =
|xj — x2|p, = p¥ = p¥» for any point x; € Y (j # 1, 2). This means that the
first two rows (columns) of the matrix M(A) (see (11.5.1)) differ from each
other by the first two terms only. Subtracting the second row from the first, we
get

det M(1) = (Mo(A) — M pmin (1))

1 -1 0o ... 0
Mpmn(h)  MoA)  Mpn(h) ... Mpu(X)

o | Mpn(l) My (3)

My () My (N

Thus the type-1 part o of the discrete spectrum always exists and it char-
acterizes the minimal distance p’™» between elements of Y.

11.8. Two points interaction

11.8.1. Invariance with respect to the change of points
of interaction

Let Y = {x1, x»} and let the symmetric potential Vy = Zij:l b;; (Sx/, -}y, be
invariant under the change x; <> x,. This means that b;; € R and by = by,
bi» = byy. In this case, the inverse B! of the coefficient matrix B has the

a b
form B~! = <b a),wherea =by1/A, b= —b;p/A,and A = b}, — b}, #

0. (We omit the case by = b1y = by; = by,.)
The operator Ag is self-adjoint in L,(Q) and (by Theorem 11.5.1)

A € 0gis(Ag) = (Mo(A) — M,y (X)) +a — b)(My(A) + M,y (L) +a + b)
=0,
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where p¥ = |x; — x3|,. Thus, the description of o4;s(Ag) is similar to the
description of o4;s(Ar) and we can define some analogs of the type-1

05 (Ap) (L e R\ o(D*) : Mo(\) — My (3) +a — b =0}

and the type-2

of(Ap) Y (e R\ o(D%) : My(h) + M,y (0) +a + b = 0}
parts of the discrete spectrum oyis(Ap).

By analogy with the Friedrichs extension case (see formula (11.7.1)),
04,(Ap) contains an infinite series of eigenvalues A}, lying in the intervals
( po‘N , p“(N “)) VN > —y + 1. However, in contrast to the Friedrichs case, the
interval (—oo, p*~7*D) contains an additional (unique) point A~ € 04, (Ap) if
and only if

O0<b—a and b—a#[My(X)— My (W)]lhzpem, —00=<m =< —y,

where the difference [My(A) — Mpr(M)]lx=pen is determined by for-
mula (11.7.1). In particular, A~ <0 <= 0 <b—a < My(0) — M,,(0) =
pU=@Xr+D

The type-2 part o (Ag) contains an infinite series of eigenvalues A7, lying
in the intervals (p®V, p*™*+D) VN € Z covering the positive semi-axis. An
additional (unique) negative point A* € o} (Ap) arises <= b+a < 0.

Obviously o4, (Ag) U GJ{S(AB) = ogis(Ap) but o4 (Ag) and a(;i:(Ag) need
not be disjoint.

11.8.2. Examples of P-self-adjoint realizations

Consider the case Y = {x, x,} where x; = —x; and let Az be the P-self-
adjoint realizations of D* 4+ Vy described in Example 1 in Section 11.4. We
restrict ourselves to the case where the inverse B! of the coefficient matrix B

has the form B~ = | ¢ ,b)(a,beR).
—b ia

The operator Ag is P-self-adjoint in £,(Q,) and A is an eigenvalue of finite
multiplicity of A if and only if

(Mo(h) — My Q) (Mo(A) + My (W) +a* +b> =0 (p¥ = [2x1]p).

Using the properties of Mo(A) — Mp,»(A) and Mo(A) + M ,» (1) presented in
Section 11.7, it is easy to describe the real eigenvalues of Aj. Precisely:

(1) The negative semi-axis R_ = (—o0, 0) belongs to p(Ap).

(i) If N < —y, then the interval (p®V, p*™“*D) contains an eigenvalue
Ay of Ag such that p*V < Ay < A}, where A}, is the corresponding type-2
discrete spectrum point of the Friedrichs extension Af.
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(iii) If N > —y + 1, then eigenvalues of Az may appear only in the sub-
interval (A, Ay) C (p*V, p*™*D), where A, is the type-1 point of ogis(AF).
The existence of such eigenvalues in (1, Ay ) can be guaranteed by the decreas-
ing of a and b (for fixed N > —y + 1).

11.9. One point interaction

Without loss of generality we will assume x; = 0. Then the general expression
(11.2.12) takes the form D* + b(8y, -)8¢p (b € R U 00) and the corresponding
self-adjoint operator realizations A, in L,(Q,) are defined by the formula

Apf = Ap(u + hi 1) = Du — Bhy .y, (11.9.1)

where the parameter 8 = 8(u, b) € C is uniquely determined by the relation
bu(0) = —B(1 + bMy(—1)). The operators A, are self-adjoint extensions of
the symmetric operator Agyy, = D* [p, D = {u € D(D%) : u(0) = 0}.

In our case, the subspace Ly (which is defined in Section 11.5) is the closed
linear span of 6, jo(x) (j € Z,k=1,...,p—1) and A, = D* [ DAy Iz,.
The operator A, [z, is a self-adjoint extension of Ay [, and the points
p*1=7 are eigenvalues of multiplicity p —2 of the symmetric operator
Agym [z, - The orthonormal basis {g?k; jo(x)},‘f:_l2 of the corresponding subspace
ker(Agym [z, —p*771) can be chosen as follows:

= k" I o
Qk;jo(x) = <m> (9k+1;j0(x) - % Z@i;jo(x)> . (1 192)
i=1

The decomposition A, = D* [z @A, [z,, Lemma 11.2.4, and Theorem
11.5.1 allow us to describe in detail the spectral properties of A, (b # 0).

Precisely:
(i) The operator A, is positive <= b > 0. Otherwise (b < 0), the unique
solution of the equation My(A) = —1/b on the semi-axis (—oo, 0) gives a

negative eigenvalue A, of multiplicity one. The corresponding normalized
eigenfunction has the form

hl,k;(x)

W ML(A,)

1 o p-l —m/2

p
= = 2 2 i 5 o).
MGy m=oe iz PP R

¢, (x) =

(11.9.3)
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(i1) The positive part of the discrete spectrum of A, consists of an infinite
series of points A, of multiplicity one, each of which is the unique solution
of My(A) = —1/b in the interval (p%/, p*U+D) (j € Z). The corresponding
normalized eigenfunction is (cf. (11.9.3))

o p-l —m/2

djp(x) = - O mo(x). (11.9.4)
j

1 P
Mo(jb) m;oo /;: P =4
(iii) The points p*=7) are eigenvalues of infinite multiplicity of A,. The
orthonormal basis of the corresponding subspace ker(A, — p*=/I) can be
chosen as follows:

Ojax) (I1<k<p—1, a#0), G (1<k<p-2),

where 6. j,(x) and gk;jo are defined by (11.2.1) and (11.9.2), respectively.
(iv) The coefficient b of the singular perturbation b (8¢, - )Jp is uniquely
recovered by any point of the discrete spectrum and

odis(Ap,) Noais(Ap,) =8 (b1 # b2); U odis(Ap) = R\ (D).
beR
Combining properties (i)—(iii) with Corollary 11.6.2 we immediately estab-
lish the following statement.

Proposition 11.9.1. The set of eigenfunctions of A,

O jax) (JE€Z, 1=<k=<p-1, a#0),
Ojox) (JEZ, 1=<k=<p-2),

11.9.
ox) (j €D, (19
¢, (x) (for the case b < 0 only)
forms an orthonormal basis of L,(Q,). (Il

The Krein spectral shift &,(A) = %arg (1 + bMy(X + iO)) is easily
calculated

0 if &e (=00, a)U[U% (A pV*)]
Lif 2 e G OU[UZG (P, 250)]

(the interval (A_, 0) is omitted for b > 0). Therefore [227], the difference of

the spectral projectors P, (Ap) — P, (D%) (P 4 P(_0,3)) 1s trace class and
Tr[ P, (Ap) — Py (D%)] = O for all A € ker &,(A).

Let us consider the transformation of dilation U f(x) = p~/2 f(px). Obvi-
ously, U is an unitary operator in £,(Q,,) and the p-adic wavelet basis (11.2.1)
Ok, ja(x) :k=1,2,..., p—1; j € Z; a € I,} is invariant with respect to the

&) =
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dilation
Ub, ja(x) = Ok, j11a(X). (11.9.6)
Furthermore, in view of (11.2.2)
Um"D* = p*"D*U"™, m € Z. (11.9.7)

In this sense the operator D* is p“"-homogeneous with respect to the one
parameter family 4l = {U™},,cz of unitary operators [27], [103].

Proposition 11.9.2. Among the self-adjoint operators Ay, described by (11.9.1)
there are only two p*™-homogeneous operators with respect to the family 1.
One of them, Ag = D%, is the Krein—von Neumann extension of Agym, the other
one coincides with the Friedrichs extension Ay, = AF.

An orthonormal basis of £,(Q,) composed of the eigenfunctions of Ay, and
invariant with respect to the dilation U exists if and only if b = 0 or b = oc.

Proof. The first part of the proposition is a direct consequence of
[103, Section 4.4].

The p-adic wavelet basis {6. j,(x)} is an example of an orthonormal basis
composed of the eigenfunctions of Ay and invariant with respect to U..

Let us show that the orthonormal basis of eigenfunctions of A., defined
by (11.9.5) is also invariant with respect to U. Indeed, relations (11.9.2) and
(11.9.6) yield U jo(x) = b, j+10(x).

It follows from (11.2.10) that

P Mo(p* 1) = My(M). (11.9.8)

Using (11.9.8) and recalling that Ay, is the solution of Mp(A) =0 in the
interval (p®/, p*UtD), we derive the recurrence relation Ajt100 = p*Ajoc-
The obtained relation and formulas (11.9.4) and (11.9.6) imply U¢jc(x) =
&(j—1)0o(x). Hence, the basis (11.9.5) is invariant with respect to U for b = co.

Let M be an arbitrary orthonormal basis composed of the eigenfunctions of
Ap (b € R\ {0}). Since A, € (p*/, p*UtD)is an eigenvalue of A, of multiplic-
ity one, the corresponding eigenfunction ¢ ;,(x) belongs to M. Assuming that
M is invariant with respect to U, we get AU, = ulUejp,, where o € o(Ap).
To find u we note that the p*”-homogeneity of Ay and A, with respect to
4 implies that Agy, and A;‘ym also are p*”-homogeneous with respect to U.
Therefore,

AipUjp = UApdjp = UAG0jb
= pYAynUdjp = p*AsUdjp = p*nlUdjp.
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Thus w1 = p~*Xj,. Obviously, u € (p*V=Y, p®/) and p is the solution of
My(X) = —1/b (since w is an eigenvalue of A,). Employing (11.9.8) for A = u,
we arrive at the contradiction

—1/b = Mo() = p* ' Mo(p*1) = p*~ ' Mo(hnp) = —p*~' /b

which completes the proof of Proposition 11.9.2. O
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Distributional asymptotics and p-adic
Tauberian theorems

12.1. Introduction

Tauberian theorems is a generic name used to indicate results connecting the
asymptotic behavior of a function (distribution) at zero with the asymptotic
behavior of its Fourier, Laplace or other integral transforms at infinity; the
inverse theorems are usually called abelian. In the real setting Tauberian the-
orems have numerous applications, in particular, in mathematical physics (for
example, see Drozzinov and Zavyalov [80], [81], Korevaar [160], Nikolié-
Despotovié¢, Pilipovi¢ [191], Vladimirov, Drozzinov and Zavyalov [240],
Yakymiv [248] and the references cited therein). Multidimensional Tauberian
theorems for distributions are treated in the fundamental book [240]. Some of
them are connected with the fractional operator. In [240], as a rule, theorems
of this type are proved for distributions whose supports belong to a cone in
R" (semi-axis for n = 1). This is related to the fact that such distributions
form a convolution algebra. In this case the kernel of the fractional operator
is a distribution whose support belongs to the cone in R” or a semi-axis for
n =1 [240, §2.8.]

p-adic analogs of Tauberian theorems do not seem to have been discussed
so far except for [140], [141], [21]. In this chapter, we present a first study of
them based on the above papers.

In the beginning, in Sections 12.2 and 12.3, we introduce the notion of the
p-adic distributional asymptotics [140], [141]. In Section 12.2, the definition
of distributional (stabilized) asymptotic estimate at infinity is introduced. In
Section 12.3, we extend the notion of regular variation introduced by I. Kara-
mata [110] and studied by Seneta [216] to the p-adic case. Next we introduce
the definitions of quasi-asymptotics at infinity and at zero adapted to the case of
p-adic distributions (for the corresponding real case definition see [80], [240]).

230
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In Sections 12.4 and 12.5, using definitions and results of Sections 12.2
and 12.3, multidimensional p-adic Tauberian type theorems (Theorems 12.4.4—
12.4.7, and Theorems 12.5.1-12.5.6, Corollary 12.5.2) for p-adic distributions
are proved. Theorem 12.5.1 and Corollary 12.5.2 are related to the Fourier
transform and hold for distributions belonging to D’(@Z). Theorems 12.5.3—
12.5.5 are related to fractional operators and hold for distributions belonging
to the Lizorkin spaces &, (Q’;) and <I>’(Q’;,). Theorem 12.5.6 is related to the
pseudo-differential operator (9.3.1) in the Lizorkin space ®'(Q}). Taking into
account the fact that the kernels of fractional operators are defined on the whole
space ) (by virtue of the p-adic field nature), the Tauberian theorems proved
here are not direct analogs of the Tauberian theorems for the usual generalized
functions discussed in [240].

12.2. Distributional asymptotics

Let us recall the usual (in a real case) definition of the distribution asymptotic
estimate at infinity. According to [57, 6.1], we say that a distribution f € D(R")
has the distribution asymptotic estimate at infinity g if there exist constants R
and C such that the following relation holds:

I(f. @)l < C/Rn lglle)ld"x, Vo eDR"\ {x: |x] > R}).

Now we adapt this definition for the p-adic case. In contrast to the above def-
inition our adaptation allows us to obtain the estimate for the Fourier transform
(see Theorem 12.4.6 below).

Definition 12.1. We say that a distribution f € ’D’(@Z) has the distributional
(stabilized) asymptotic estimate g € D’(Q’[’,) at infinity if there exists a ball
B, = {x : x|, < p”} such that

(f9)=(s.0). V¢eDQ,\B. (12.2.1)

‘We shall write it as follows

FOR g0, Ixl, — .

12.3. p-adic distributional quasi-asymptotics

We recall some facts from our papers [140], [141], where we introduced the
notion of quasi-asymptotics [80], [240] adapted to the p-adic case.
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Definition 12.2. ([140], [141]) A continuous complex-valued function p(z) on
the multiplicative group Q such that for any z € Q the limit

ptz)
\r\,}inoo o(t) ¢@

exists is called an automodel (or regular varying) function, where the conver-
gence is uniform with respect to z for any compact K C Q.

It is easy to see that the function C(z) is continuous and satisfies the func-
tional equation

C(ab) = C(a)C(b), a,beQ,.

According to Lemma 2.3.7, the solution of this equation is a multiplicative
character m, of the field Q, defined by (2.3.12) and (2.3.13), i.e.,

C@)=z13"'mG), z€Q), acC. (12.3.1)

In this case we say that the automodel function p has degree m,. In particular,
if m,(2) = Izli‘,’1 we say that the automodel function has degree o — 1.
If an automodel function p(t), t € Q’, has degree m, then the automodel
function |t|'13,,o(t) has degree na(t)no_ﬂ(t) = yrl(t)|t|‘,’§+ﬁ, where 7o(r) = |t
For example, the functions |¢|%~'7;(¢) and |¢|% "7 (r) log]) ||, constitute
an automodel of degree 7.

Definition 12.3. ([140], [141]) Let f € D/(Q;). If there exists an automodel
function p(t), t € Q%, of degree 7, such that

f(tx)

p(t)
then we say that the distribution f has the quasi-asymptotics g of degree m,, at
infinity with respect to p(t), and write

— g(x)#0, |t|, > oo, in D(Q))

o
fx)~gl), x|, > oo (p()).
If for any « we have

f(tx)

o
Ir

— 0, |t|, = o0, in D'(Q)),

then we say that the distribution f has a quasi-asymptotics of degree —oo at
o . D

infinity and write f(x) ~ 0, |x|, — oo.

Since [t]|, — oo if and only if |x?|, = max;<;<, |tx;|, — oo for any x #
0 € Q7 our definition is natural.
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Lemma 12.3.1. ([140], [141]) Let f € D'(Q}). If f(x) Z gx)#0,as x|, —
oo with respect to the automodel function p(t) of degree mw,, then g is a
homogeneous distribution of degree 1, (with respect to Definition 6.1 (b)).

Proof. This lemma is proved by repeating the corresponding assertion from the
book [240] practically word for word. Let a € Q. In view of Definition 12.2
and (12.3.1), we obtain

_ o [ fla)
(g(@), ¢0) = tim {Z555 6 0)
_ fta)
= ml@ Jim (2500, 90) = @)z, 9)
foralla € Q;, /NS D(Q’l‘,). Thus g(ax) = my(a)g(x) foralla € (@;. O

For n = 1, it follows from Theorem 6.2.1 (describing all one-dimensional
homogeneous distributions) and Lemma 12.3.1 that if f € D'(Q,) has the
quasi-asymptotics of degree 7, at infinity then

D Cro(x), 7o #mo = |x|;",
f&x)~glx)= x|, > oo, (12.3.2)
Cd(x), o = o = |x|})',

where C is a constant, and the distribution 7, is defined by (6.2.2).

Definition 12.4. ([140], [141]) Let f € D/(Q’;). If there exists an automodel
function p(t), t € (@; of degree m, such that

/)

S T EW#EO iy oo in D@,

then we say that the distribution f has the quasi-asymptotics g of degree (7, -
at zero with respect to p(t), and write

F@ R g).  Ixl, = 0 (o).

If for any o we have

f(3)

It

. / n
— >0, [t > o0, in D(Q)),
P
then we say that the distribution f has a quasi-asymptotics of degree —oo at

. D
zero, and write f(x) ~ 0, [x], — O.
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Example 12.3.1. Let f,, € D'(Q,), m € N, be a quasi-associated homoge-
neous distribution of degree m,(x) and order m defined by (6.3.2) and (6.3.5).
In view of Definition 6.2, we have the asymptotic formulas:

Suntx) = @187 fu(x)
+ > m@% " log) ¢l fu-jx).  t], > o0,
j=1

Fa(5) = 2 @I fuo)
+ ) (=1 @), log) [t fuj(x). 1], — o0,
j=1

Here the coefficients of the leading term of both asymptotics are homogeneous
distributions fy and (—1)" fy of degree m, defined by the relation given in
Definition 6.2. For the real case, this type of distributional asymptotics is
studied in [87].

According to the latter relations and Definitions 12.3 and 12.4, we can easily
see that

N
Fn 2 folx), Il — 0o (If4mi () logl 11],),

Fu) R (=1 fo), Ixly = 0 (I (@) log 11l ,).

Example 12.3.2. Consider the quasi-associated homogeneous distribution
P(|x|;1) e D'(Q,) of degree m,(x) = |)c|‘,j1 and order 1 defined by (6.3.5).
Since

P(lexl,") = 121, P(1x1, ") + 1e1, Hog, 171, (1 — p~")8(x),

for all t € Q’, x € Q,, using the latter relation, Definition 12.3, and setting
p(t) = |t]," log,, |t|,, we obtain

P(r-1,")

_— M= (1—- —1 8, , v D )
|t|p—>oo<|t|;110gp |t|p @()) ( p )< ®) (VNS (Qp)

Thus the distribution P (|x |[j1) has a quasi-asymptotics 8(x) of degree —1, i.e.,

P(xI;") 2 (1= p)8),  Ixl, — oo (It]5' log, It],).

12.4. Tauberian theorems with respect to asymptotics

We intend to prove Tauberian type theorems with respect to asymptotics.
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Itis known thatin the general case if ¢ € D(Q,,) then the function DY g(x) €
E(Q,) is not compactly supported. Thus the operation DY f(x), f e D'(Q )
is well defined only if the convolution f_, (x) * f(x) exists (@ # —1) [241,
IX]. Moreover, from (9.2.4) and (9.2.5) it is easy to see that

(Dggo)(x) =o(IxI,*™"), x€Q, Ixl, > oco. (12.4.1)

This estimate is the direct consequence of the fact that the functions |& |‘; and
€15 F@1(§) are not locally constant in a zero neighborhood.

Since for @ > —1 we have |§|%F[@)(€)x,(—§x) = O(|1%). |£], — 0, in
view of (12.4.1), we can see that on the background of these properties of the
fractional operator is a prototype of a p-adic analog of the Tauberian type
theorem (see Lemmas 12.4.1, 12.4.2, and Theorems 12.4.4—-12.4.7).

The above mentioned situation with the fractional operator is reflected by
the following lemmas.

Lemma 124.1. Let ¢ € Dy(Q,) and ¥ (t) = F[|x[%p(x)](1), Rea > —1.
Then

"o e D@, ltl, <p,
1) =
POy + D, tl, > p~l,

715

(12.4.2)

where I' ,(@) is given by formula (6.2.6).

Proof. Since Re a > —1 the integral ¥ (¢) converges absolutely. We rewrite it
as the sum ¥ () = ¥ (t) + ¥o(t), where

Ui(t) = [ xp(e0)|x|50(x) dx,

(12.4.3)
U(0) = fo 15 Xp(E0)lx[S0(0) dx.

If x € Qp \ By the function |x|7 has a parameter of constancy larger than or
equal to /, i.e., |x|‘;<p(x) € Dﬁv. Hence according to (4.8.5),

Ya(t) = F[Ix[5(1 = A(0))p(0)] @) € D), (12.4.4)

ie Yo(t) =0if|t], > p~.
Since ¢ € Dﬁv((@ »), the function /| can be rewritten as

Vi) = / XpEOIXI? o) dx = p(0) / Xp(t0)Ix[% dx.
B[ BI
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Next, according to [24 1, VII.2, Example 9] and (6.2.6), for Re ¢ > —1 we have
FlIx1%a00](0) = / Kp(t0)|x[% dx
B

- P71 l(a+1)A_l(t) + Fp(a + 1D

1— p*(OH»l)p |t|ll);+1 (1 B A_l(t))'

(12.4.5)
To complete the proof of the lemma, it remains to use (12.4.3)—(12.4.5). [

Lemma 12.4.2. Let ¢ € Dﬁv((@p), () = F[|x|‘; log’;‘ |x|pg0(x)](t), Re a >
—1,m=1,2,.... Then

€D @), i, <p,
v(t) = i x (12.4.6)
P0) Y, Ck 10g;'l—k o & Dplat) log, Il 1, > p.

m—k at+l
da lel%

Proof. Since Re « > 0, by differentiating the identity (12.4.5) with respect
to o, we derive the following identity:

FlIxI%log? [x],A)](1)

=/ Xp(@x)1x]7 logl x|, dx
B

am pl(oH-l)
—1 m
=(1—-p")log, O <1 — @ A_i(1)

o A" + 1) logh 12,

m
k
+(1—AL1) ) Chlogh™e o pr (12.4.7)
k=0 P

where Cfn are binomial coefficients and I', () is given by formula (6.2.6).
Next, repeating the constructions of Lemma 12.4.1 practically word for
word, we obtain the proof of Lemma 12.4.2. O

Thus, the functions ¢ in Lemmas 12.4.1 and 12.4.2 are not compactly
supported. These lemmas are a direct consequence of the fact that | x|} is not a
locally constant function in a zero neighborhood.

The simplest Tauberian theorem is the following:

Corollary 12.4.3. If ¢ € D(Q,), Re o > —1, then
Y(x) = F[I&]51og) [x],0(6)](x)

= O(|x[,* "logy |x],). x|, > o0, x, & € Q).

Using Lemma 12.4.1, we can prove the following Tauberian type theorems.
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Theorem 12.4.4. Let f:U — Q, be a locally analytic function (see
Definition 2.2) (where U C Q;‘, is a convex open subset containing 0) such
that f(&) =& ---&E™ fo(&), fo(0) # 0 for & in some neighborhood of zero,
and f(§) #0,& € U \ {0}. Then we have for the Fourier transform of | f ()|,
the relation

g<x>=/uxp(xs>|f<s>|pds= O (Il ™"l ™), ] — oo

Proof. Let us cover the ball B"(0) by a finite union of disjoint balls B (&)
with centers at points &;, € B"(0) such that

[fo®)lp = 1 folE)lp = P, & € B)(§)

(see the proof of Theorem 3.4.1). Thus | fo(§)l, is a locally constant function
on B"(0). It follows from the same argument that | f(§)|,, is a locally constant
function on U \ B"(0). Consequently, applying Corollary 12.4.3, we obtain the
proof of the theorem. O

Corollary 12.4.5. Let f : U — Q, be a locally analytic function on a con-
vex open subset U C Q,, containing 0 such that f(k)(O) =0,k=0,1,...,m,
FD0) £ 0, f(&) #0,& € U\ {0}. Then we have the following relation for
the Fourier transform of | f(§)|,:

g(x) ZfUXp(XS)If(E)IpdS =o(lxI," "), x|, = oo.

Proof. ltis sufficient to realize that under the assumption of the corollary there
is a ball B(0) such that f(£) = &™ fo(&), where fo(§) # O, for any & € B(0).
Then the statement follows from Theorem 12.4.4. O

Theorem 12.4.6. Let f € D’ (Q}) and
D k —(j+1) ;1 m;
f Tl logy Ixjlp,  Ix], — oo, (12.4.8)
j=1

(see Definition 12.1), whereRea; > —1,m; € Ng, j=1,...,n. Theng(&) =
FLF(0]@) € E@;\{0}) and

s®=0(1+ ]‘[ (1+ Z 6115 10g) I&11,)), 18], > 0. (12.49)
Proof. In view of relation (12.4.8), there exists a ball B} such that

—(aj+1 m; n
o = [ [To 108 blgars, (12410
II\B

v j=I

for all ¢ € D(Q;’, \ Bﬁ).
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Let N > y. According to Theorem 4.4.5 on “piecewise sewing”, f = fi +
fa, where f1 = Ax(x)f, fo = (1 — Ay(x))f. Consequently,

(FIFL @) = ((Axe0) + (1 = Av() £, Flel)
= (0. v [0 a7s)
{0, (1= ) [ x0606 ')
-/ <<f1(x), ANCOX(x8)
+{f00. (1 - AN<x>)xp(xs>)>¢<s>d"s,

for all ¢ € D(QZ). Thus,

FLAT= {100, An(0x, )+ 2000, (1 = Ax @) 1 (x8)).

Since the distribution f; = Ay (x) f has a compact support in B, according
to Theorem 4.9.3, its Fourier transform

g1(6) = F[/i0]©) = (fi(x), An(0)x,(x§)) € EQ})

is alocally constant function with a parameter of constancy larger than or equal
to —N.

Let £:(6) = (£2(), (1 = An(0)) xp(x6). Since (1= Ay(x) xp(x6) is a
test function having the support on Q’; \ BY, using (12.4.10), we obtain

n
—(aj+1) .
g2(8) = [ T1eils " togy” xjlpxp(x8) d"x.
Q\By j=1

It is easy to calculate, by (12.4.5), that

Fixi 1,0 (1 = an)]En

~(o+1)
= [l e
Qp\BN

1 — p—(a/+1) o 1 — p—l N
= (&l — 7= T ™ )anten. - a2411)

1 — p%
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for j =1, ..., n. By differentiation of (12.4.11) with respect to o; we obtain
the relation

FIxi 1, 1ogy 1351, (1 — An(x))]E))

(orj+1)
Zf |-xj|p 4 Ingl |-xj|pxp(x]$j)d-xj
Qp\BN

m;j
= (DG Ams(@plg Iy 1og; 161,
s=0

— (1= p™HB(@)) A-n ), (12.4.12)

where C;, ~are the binomial coefficients,

4’ 1— pf(ot},-Jrl)
Ay)) = log" S e— [ —L2 ),
‘(aj) ng eda;( 1 pa/. )

am p—Na,
B(a)) = log, e do\ 1= p=@+D )

ands =0,1,...,m;,j=1,...,n.
Since g1(§) is a locally constant function, g;(§) = g(0) for all £ € B",
Next, with the help of formulas (12.4.11) and (12.4.12), we obtain

g = [g1(8) + g208)| = 1£1(0) + g2(8)]
(1+H +Z|s]| log, I£1,))-

forall§ € B \ {0}, =N < —y,i.e., (12.4.9) holds. The proof of the theorem
is complete. O

I/\

Theorem 12.4.7. Consider the following properties:
M fe D/(Qp);
(i1) f |x| (@t |x|, — oo, Rea > —1, i.e, there exists a ball B, such
that (f, ) = f |x|[j("‘“)go(x)dx, forall 9 € D(Q),\ By);
(iil) (f, Ay) = -T2
For them to hold it is necessary and sufficient that
€&Qp), §€Qp\B,,

g€ = F[f0)]®) = Lreee pep,

To prove this assertion, it suffices to repeat the proof of Theorem 12.4.6
almost word for word. Moreover, we must take into account formula (12.4.11)
and the fact that g;(0) = (f(x), A, (x)) (see [241, IX, Lemma 1]).
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12.5. Tauberian theorems with respect to quasi-asymptotics

Now we prove some Tauberian theorems with respect to the distributional
quasi-asymptotics introduced in Section 12.3.

Theorem 12.5.1. ([141]) A distribution f € 'D’(Q’;,) has a quasi-asymptotics
of degree m, at infinity with respect to the automodel function p(t), t € Q%,
ie.,

F) % ), Ixl, = o0 (p(0)),

if and only if its Fourier transform has a quasi-asymptotics at zero of degree

T, 1710 =1, +n with respect to the automodel function 7], p(), ie.,

FLFOIE) 2 Flg)l(e). &1, = 0 (It]p(0)).

Proof. Let us prove the necessity. Let f(x) 2 g(), |xl, = oo (p(1),i.e

f(tx)

Jim (275 000) = (80000, Yo D@, (1251

where p(?) is an automodel function of degree 7. In view of formula (4.9.3),

FIF@IE) = 113 FLfa0)1E), x.§ € Q.1 € Q. we have

(Frren(5). o)

= [t]3(FLA@0)IE), &) = [t} f(1x), Flp(E)1(x)),

@ E D(QZ). Hence, taking into account relation (12.5.1), we obtain

FLFOI)

im < S (x)
lt]p—00 |t|’,l;:0(t)

mpioo<T F w(é)](x))

(g(x), Flp®)]1(x)) = (Flg()1E)., 9(©)),

0©) =

for all ¢ € D(@;), i.e., the distribution F[f(x)](£) has the quasi-asymptotics
F[g(x)](&) of degree 7, Jin at zero with respect to |t|’[‘, p().
The sufficiency can be proved similarly. O

For n = 1 Theorem 12.5.1, Lemma 12.3.1, and formula (9.2.13) imply the
following corollary.
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Corollary 12.5.2. Adistribution f € D'(Q,) has a quasi-asymptotics of degree
7, (x) at infinity, i.e.,
D Clx | mi(x), Ty # 7o = |x1,",
fx)~ glx) = x|, — oo,
Cé(x), Ty = Mo = |x|
(12.5.2)

if and only if its Fourier transform F[f] has a quasi-asymptotics of degree
ﬂa_ﬁl(é) at zero, i.e.,

FLF@IE) 2 Flg())E)

CTp(ma)lE], % (&), Ty # 70 = |x],"
= &, = 0,

C, Ty =1 = |x|31,

where the distribution my(x) = |x |‘;_ln1(x) is given by (6.2.2).

Theorem 12.5.3. Let f € dD’X(Q’[’,). Then

8
f@x) ~ gx), |xl, > o0 (p)),
if and only if

DY fr) = Dlg(), Ixl, — o0 (1tl70(),

where = (Bi, ..., ) € C", 18] = Bi + - + Bo-

Proof. 1. Let B; # —1, j =1,2,.... In this case the Riesz kernel f_g(x) is
a homogeneous distribution of degree |— 8| — n. According to Lemma 9.2.2
and formulas (9.2.9), (9.2.12) and (9.2.15), we have

(DL F)ax), ) = ((f * f-p)(@x), p(x))
= 161" (700. (£-p00. 8 ()

t
= [t £ @x). (f-p(t). p(x + y)))
= 1521 f@x). (Fop(r). p(x + )
= 1721 fex), (DL o)),

for all ¢ € CDX(Q’I’,). Thus

f(x)

<(D‘3 f)x)
p)’

11,7 p(0) 400) =

(DLg)w)
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Next, passing to the limit in the above relation, as |t|, — 00, we obtain

B
lim <—(Dx_f )(tx)
o=\ e, P p(r)

T (p2g)e).

Lp) = m;%o( 0

B
Thus limy;| e (‘ﬁ‘i -[R;’(;’ = Dl g(x)in @ (Q") if and only if
5
Sftx)

e oy 8

in d, (Q7). Thus this case of the theorem is proved.

2. Consider the case where among numbers 1, ..., B, there are k numbers
equal to —1 and n — k numbers # —1. In this case the Riesz kernel f_g(x)isa
quasi-associated homogeneous distribution of degree | — 8| — n and order &,

k=1,...,n.Let By =---= B =—1, Br+1,..., B # —1. Then according
to (9.2.10),
f-py)
= ||l P17 (- 1)"@g—)(log|yll,,+log|t|p)
el Lyl

! 1 e XX S
e e ey B W
= [t fp(y)

Br+1—

1 ., —Bn—1
+|l|| Bl=n(_ 1)k(P )t [yet1lp e x | yulp
log" p Tp(—Bis1) Cp(=Bn)

x ((log|y2|p X o x 1og |yelp + <+ Tog [yl x -+ x log [y )
x log ], ++ -+ (log |yl + -+ +log |yl ) log" " Ir], + log" |z|p).
(12.5.3)

It is easy to verify that since the Lizorkin space ®,(Q’)) has the characteri-
zation (7.3.1), we have

(Fopty), $x + ) = 1t f-p (), $x + 1)
= 5P (DEg) ), p e Du(@). (1254

For example, taking (7.3.1) into account, we obtain

(X];=2 loglx; — yjlp X X{_pyqlxi — Yi|;ﬁi_l,/(@ (1, Y2, .- Yn)dy1> =0,
,
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for all ¢ € O (Q’;,). In a similar way, we can prove that all terms in (12.5.3),

with the exception of |t||p_ﬂ |=n f-p(¥), do not give any contribution to the

functional (f_g(ty), ¢(x + y)), where By = --- = B = =1, Brt1,.... B #
—1. Thus repeating the above calculations almost word for word and using
(12.5.4), we prove this case of the theorem. O

Theorem 12.5.4. Let f € @’(Q;’,). Then

O X g, Ixl, > 00 (o),

if and only if

DPf(x) % DPg(x), x|, = 0o (Itl;7p(0).
where B € C.

Proof. Let B # —n, j =1,2,.... Since the Riesz kernel k_g(x) is a homoge-
neous distribution of degree —f — n, according to Lemma 9.2.5 and formulas
(9.2.17), (9.2.22) and (9.2.24), we have

(D% £)wx), 600} = ((f k)12, $00)
= 1" £, (ks 0 (F2))

t
= [t13(f(x), (k_p(ty), d(x + y)))
= 111, 7(f (tx), (k_p(y), ¢(x + ),
= 2], P(f(tx), (D ¢)(x)),

for all ¢ € O(Q)).
Passing to the limit in the above relation, as |f|, — 00, we obtain

<(Dﬂf)(tx) f(tx)
o=oo\ (1157 p(r) p(t)’

p0) = 1im |

\t\,,»oo

(D)),

Thus this case of the theorem is proved.
Let 8 = —n. In this case the Riesz kernel «,(x) is an associated homoge-
neous distribution of degree 0 and order 1. According to (9.2.19), we have

—n —n

l—p
log p

l—p
log p

Ku(ty) = — ]0g|)’|p_ 10g|l|p~

In view of (7.3.3),
(n@y), p(x 4+ ¥)) = (kn(3), P (x + y))

1—pn
P loglil,(1.p(x + y)) = (D)%), ¢ € D@L,

log p
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Thus repeating the above calculations almost word for word and using the latter
relation, we prove this case of the theorem. O

Theorem 12.5.5. A distribution f € ®'(Q,) has a quasi asymptotics at infinity
with respect to an automodel function p of degree m, if and only if there exists
a positive integer N > —o + 1 such that

DN f(x
D@ g
oo [x]Y p(x)
i.e., the (fractional) primitive D™V f(x) of order N has an asymptotics at
infinity of degree mw,n (understood in the usual sense), where C ia a constant.

Proof. By setting 8 = —N, N > —a + 1 in Theorem 12.5.3, we obtain that
relation (12.5.2) holds if and only if

DN(xlg M), 7w # o,

DN )L D Vex)=C
foEotem=cy et e

(12.5.5)

as |x|, — oo (||} p(1)), where 7o = x|,
If 7, # mo = |x|;;!, with the help of formulas (6.2.9), (6.2.10) and (9.2.8),
we find that

-N Iy~ -1
D "g(x) = TN * (|x|p m1(x))
_ Up(Ta)  ain—
= C—Fp(ﬂa+1v)|x'p m1(x), (12.5.6)

where the I"-functions are given by (6.2.7) and (6.2.6). If 7, = mp = |x |;1 then

DV —cxlg_] ) —c'xlg_] 12.5.7
gx) = F,,(N)* (x) = 50" (12.5.7)

Formulas (12.5.5), (12.5.6) and (12.5.7) imply that

(DN f)(x)

Tp(a)
ltlplinoo< 1215 p(2) (

R x5V (x), ¢(x)),
plVlta

Lp) =C
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for all ¢ € ®(Q,). Since o + N — 1 > 0, we have

) [CORNPNE VIED!
|t],—>00 |f|,1¥,0(f) Fp(”a-&-N)

x ]V (x). (12.5.8)

By using Definition 12.2 and formula (12.3.1), relation (12.5.8) can be
rewritten in the form

Cp0re) _ (DN f)(tx)

Lp(tarn) =00 |t|N p(6)]x |5 "y (x)
(DN e p(tx)
1m
lrxlp—oo [t | N p(2x) lrlp—o0 [x]%™ 7y (x)p(t)
(DN F)»
1 —_—.
ylpy=oo |yI} p(y)

A=C

O

Theorem 12.5.6. Let A(&) € S(Q’I’, \ {0}) be the symbol of a homogeneous
pseudo-differential operator A of degree mg, which is given by (9.3.1) and
fed (Q}). Then

FO 2 g, Ixl, > 00 (p()

if and only if

(AN ¥ (A, Ixl, = 00 (w7 D).

Proof. According to Lemma 9.3.1, the Lizorkin space db(Q;’,) is invariant under
the pseudo-differential operator A. Consequently, due to formulas (9.3.5),
(9.3.2), and (4.9.3), (6.2.1), we have

X

t

(AF)@n. g0} = 111,"(£00. a70(5))
1" (. P A0 I8 () 16)] )

= %(f(x), F71[A(_t%')F[(j)(x)](tS)](x))
M e )
- %<f x). F [A<—5>F[¢<x)]<s)](?)>

- L g
= LoV FITACHFBOIO]@)

for all ¢ € O(Q)).
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Passing to the limit in the above relation, as |¢], — 00, we obtain

(ANex) _ f@x) g
I e ) = gy (7o)
i.e., in view of (9.3.2),
(Af)(Ex)

e A @

fx)

ifand only iflimy,|, oo 0l

= g(x)in CD/(Q:’,). Thus the theorem is proved.



13

Asymptotics of the p-adic singular
Fourier integrals

13.1. Introduction

We recall that in the usual real setting one studies the important class of
oscillatory (sometimes also called oscillating) integrals

/ e p(x)d"x.

Such integrals often arise in applied and mathematical physics. The classical
problem related to oscillatory integrals is to investigate their asymptotic behav-
ior when the parameter ¢ tends to infinity [42], [92], [106, 7.8]. In the p-adic
setting oscillatory integrals are studied in [107], [104], [258].

The Fourier integrals are particular cases of oscillatory integrals. There are
many problems where solutions are obtained as Fourier integrals which cannot
be evaluated exactly. Nevertheless, these solutions are no less important because
it is often possible to study the asymptotic behavior of such integrals [109, 9].
The problem of the asymptotic behavior of singular Fourier integrals is related
to the well-known Erdélyi lemma (see [84], [85]). In the one-dimensional case
this lemma describes the asymptotics of the Fourier transform of functions
f(x) defined on R and having singularities of the type

x¢ Mog" x1p(x), m=0,1,2,..., Rea >0, xeR,

where ¢(x) is sufficiently smooth [92, Ch.III, §1]. Here x% ' log™ x.+ belongs to
the class of quasi-associated homogeneous distributions from D’(R) described
in Chapter 6. There are multidimensional generalizations of this lemma [92,
Ch.II], [42, Ch.IL, §7], [252].

The latter problem has not been studied so far for the p-adic case.
In this chapter we shall perform such a study. These results are based
on [145]. In Section 13.2, for comparison, results on asymptotics of singular

247
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Fourier integrals for the real case are quoted. Next, in Sections 13.4 and 13.5,
we prove Theorems 13.4.1, 13.4.2 and 13.5.1 which describe the asymptotic
behavior of the simplest p-adic singular Fourier integrals

Jrgmio®) = From O xp (1), @), t], — 00, (13.1.1)

where fr ..(x) € D'(Q)) is a quasi-associated homogeneous distribution of
degree m,(x) = |x|‘;’1n1(x) and order m (the class of p-adic quasi-associated
homogeneous distributions from D'(Q,) was studied above in Chapter 6),
7o (x), m1(x), and x,(x) are multiplicative, resp. normed multiplicative, resp.
additive characters of the field Q, of p-adic numbers. ¢(x) € D(Q),) is a test
function, m =0, 1,2, ..., « € C. In Section 13.6, by Corollary 13.6.1 a p-
adic version of the well-known Erdélyi lemma is given. This lemma is a direct
consequence of Theorems 13.4.1 and 13.5.1 for the case Re o > 0. To prove
Theorems 13.4.1, 13.4.2 and 13.5.1, a new technique of constructing p-adic
weak asymptotics is developed.

The asymptotic relations (13.4.1)—(13.4.4) are p-adic analogs of relations
(13.2.1), (13.2.2) for the corresponding real case. However, the p-adic asymp-
totic relations (13.4.1)—(13.4.4), (13.4.15)—(13.4.18), and (13.5.1)—(13.5.4), in
contrast to the real case (13.2.1), (13.2.2), have a specific stabilization prop-
erty. Namely, these relations are exact equalities for sufficiently big [¢|, > s(¢),
where s(¢) is the stabilization parameter (see Definition 13.3 and Remark 13.1).
The stabilization parameter s(¢) depends on the parameter of constancy of the
function ¢ (see (4.3.1)) and the rank of the character m(x) (see (2.3.14)).
Asymptotics of this type will be called stable asymptotical expansions (see
Definitions 13.1-13.3 below). This p-adic phenomenon is quite different from
asymptotic properties in the real setting. This unexpected property of stabiliza-
tion of the p-adic asymptotics also arises in another context (see Theorem 14.6.1
in Chapter 14 and Propositions C.1-C.9 in Appendix C), where some weak
asymptotics are calculated.

The asymptotic stabilization property is similar to another p-adic phe-
nomenon which is described by Proposition 2.2.1: if lim, oo X, = X, X, X €
Qp, |xlp #0, then the sequence of norms {|x,|, : n € N} must stabilize for
sufficiently large n. It may well be that stabilization is a fypical property of
p-adic asymptotics.

Theorems which give asymptotic expansions of singular Fourier integrals
are the abelian-type theorems (see [240]). Indeed, according to (13.1.1), we
study the asymptotic behavior of the singular Fourier integrals

Jramip(t) = F[g(0)](1),
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where the functions

g(x) = [x|% 7 logy x| 71 () (x)

admit the estimate g(x) = 0(|)c|“j‘,’1 log;” |x],), |x], = 0.If @ # 0, according
to Theorems 13.4.1 and 13.5.1, we have

Tramip@® = O (111, ogi 11],). Il — oo,

This statement on the connection between the asymptotic behavior of g(x) and
Jr,.m;e(t) 18 a typical abelian-type theorem.

Since the asymptotic relations for the Fourier transform of associated homo-
geneous distributions from D’(R) have many applications (see, for exam-
ple, [61], [226], [252]), we hope that their p-adic versions may also be useful
in p-adic mathematical physics.

13.2. Asymptotics of singular Fourier integrals
for the real case

As was mentioned in Section 13.1, asymptotic relations for the Fourier trans-
form of distributions from D’(R),

(x £i0)* og"(x £ i0)p(x), m=0,1,2..., aeC,

where ¢ € D(R) and (x & i0)* ! log™(x £ i0) are associated homogeneous
distributions of degree o — 1 and order m, have many applications (see, for
example, [61], [226], [252]). These asymptotics were constructed in [60],
[61], [58] (see also [92, Ch.IIL§1.6.,68]). In particular, in these papers the
following asymptotic relations were derived:

(x £i0)* og"(x £ i0)e'’™

dmk e logh ]
( ) . - oo, (132.1)

~ 6(x)2
(x)2m kgo: da*\T(—a + 1)) |1
(x £i0)* og"(x £ i0)e"™ = o(|t|™V), t — Foo, (13.2.2)
for any N € N, where o ¢ N. Some particular cases of these formulas were

studied in [109, 9]. In [200, Appendix 0] (see also [109, 9.1.]), the Riemann—
Lebesgue type lemma for the case of distributions was proved.
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13.3. p-adic distributional asymptotic expansions

Let us introduce a definition of a distributional asymptotics [59] adapted to the
case of Q7.

Definition 13.1. A sequence Y (¢) of continuous complex-valued functions on
the multiplicative group Q is called an asymptotic sequence, as |t|, — 0o, if

Yir1(t) = o(Pi(2)), |t]p — 00
forallk =1,2,....

Definition 13.2. Let f(-,¢) € D’(Q';,) be a distribution depending on ¢ as a
parameter, and C; € D’(Q']g) be distributions, k = 1,2, .... We say that the
relation

fe, Y Clov(), 1], — oo, x €@, (13.3.1)
k=1

is an asymptotic expansion of the distribution f(x, t),as |t|, — oo, withrespect
to an asymptotic sequence {y(7)} if

(fC 0, () 2 Y (Cel), @O Ylt), Il —> 00, Vo € D@)).
k=1
(13.3.2)

This means that for any test function ¢ € D(QZ) and for any N we have

N
(fC. 0, 00) — Z (Ce(), @)Y (1) = o(Yn (), 2], — 00.
k=1

Definition 13.3. Suppose that a distribution f(-, t) € D’(Q”) depending on t as
a parameter has the asymptotic expansion (13.3.1). If for any test function ¢ €
D(Q’,’,) there exists a number s(¢) depending on ¢ such that for all [¢], > s(¢)
the relation (13.3.2) is an exact equality, we say that the asymptotic expansion
(13.3.1) is stable and write

[0 =Y Ceou(), 1], — oo. (13.3.3)

k=1

The number s(¢) is called the stabilization parameter of the asymptotic expan-
sion (13.3.1).
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13.4. Asymptotics of singular Fourier integrals (7 (x) = 1)

13.4.1. The case fr,..(x) = [x|%""log]) |x|,,
a#0,m=0,1,2,...
Theorem 13.4.1. Let ¢ € Dﬁv((@ p)- Then the functional J, ., (t) has the fol-

lowing asymptotic behavior:
(@ Ifa #0, m =0 then

T ® = (1¥157 20, 0(0)
ry@

—. ltl,>p, (13.4.1)
7]

= ¢(0)

where the I'-function T ,(a) is given by (6.2.6), i.e., in the weak sense

I'p(er)

Ir

xl% xp(xr) = 8(x) lt], — oc. (13.4.2)

®Ifa#0,m=1,2,... then

Trmio®) = (1157 Tog) |1, (1), 0())

d*T () logy ™ 21,

-1
, , (13.4.3
P 1], > p~', (13.4.3)

= ¢(0)Y_ Chloghe
k=0

i.e., in the weak sense

x[5~" logly [x],xp(x1)

d*T (o) log |11,

=4 C* logk
(X)Z m nge dO{k |t|%

k=0

. tlp, —> o0, (13.4.4)

with respect to the asymptotic sequence

(e[ logh ™ el 1k =0,1,...,m)}.

Thus for any ¢ € D(Q),), the relations (13.4.1) and (13.4.3) are exact equali-
ties for sufficiently large |t], > p~', i.e., these asymptotic expansions are stable
with the stabilization parameter s(¢) = p~.

Proof. 1. Let Re « > 0. In this case |x|?§’1 log’[’f lx]|,0(x) € El((@p), and the
integral

Jrymip@) = (X157 10g) x| xp(x1), 9(x))

= f lx[5 " logy x|, x,(x1)e(x) dx

P
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converges absolutely. Hence, according to the Riemann-Lebesgue
Theorem 5.2.1, Jg, m;o(t) — 0, as [t|, — o0o. More precisely, since ¢(x) €
DﬁV(Q,,) then, in view of Lemmas 12.4.1 and 12.4.2,

»(0) ( ) o _
Jﬂa.m;w(t) = ch p k |t|p7 V|t|p >p !

o
15 =

(13.4.5)

Thus relations (13.4.1)—(13.4.4) hold.
2.LetRea < 0.In this case we define the functional J;_ ,.,(¢) by an analytic
continuation with respect to «. According to (6.2.2), (6.2.3), (6.3.2) and (6.3.3):

Jrmip@) = (1X157" o) x|, x,(x1), p(x))

= / x|~ oy [x],x,(x1)(¢(x) — 9(0)) dx
By
+ [ lx[ ™" logyy 1x] xp (x)ep(x) dx
Qp\Bo

+¢(0)/ Ix]2 Tog? Il xp(xt) dx, (13.4.6)
By

for all ¢ € D(Q),), where the latter integral in (13.4.6) is defined by means of
an analytic continuation with respect to «.

Since ¢ € Dﬁ\,(Qp), it is natural to rewrite the functional (13.4.6) as the
following sum:

Tngmig®) = TL O+ T2 (O + 9O (). (13.4.7)

where

b ) = / 1% Tog? x|, x,(x1)(9(x) — ¢(0)) dx, (13.48)

J,fmm;(p(t) = / |x|i_1 log}y x|, xp(xt)e(x) dx, (13.4.9)
1

o\B
IO ) = | Ix1% log” Ixl,xp(xt) dx. (13.4.10)

B,

The integral (13.4.10) is defined by means of an analytic continuation with
respect to «.
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For Re a > 0 and m = 0, according to (12.4.5), the integral (13.4.10) is
equal to

J%“”:’T“ﬁ”ANﬂKHZ/‘mamuﬁ”dx

B

-1

- . [p(a)

= —p“ A1) + (1
l-p

— A1), (13.4.11)
112

For any o # o = ]2:[; Jj, J € Z, we define :?o,,O(t) by means of an analytic
continuation with respect to «.

Differentiating relation (13.4.11) with respect to «, we obtain
Jo @) = F[Ix]57" log)) x|, A1(x)](t)

dm
/Bxp(tx)|x|°‘ "log)) |x|, dx =log) o VAING)
1

3 d pal ”
= ALm(1-p 1)@<1 L p_a)logp e

+(1- ,(t) Z C) logh e
P k=0

() m—
O’Z log) ™ [t],. (13.4.12)

We point out that by using formulas (3.3.1)—(3.3.4), the relation (13.4.12) can
be derived explicitly.
According to (13.4.12), we have

1 & d*T ) (a ) i _
I o0=— mr Yo d”k logh ™ tl,, ltl, > p. (13.4.13)
P k=0

Since ¢ € D! '~ (Q)), it is clear that the following relations hold:

|x|';,71 log” X1 (@(x) — @(0)) Ay(x) = 0,
ety log Ll (0(1 = Ai@) € DY(@,).

Thus taking Fourier transforms, according to (4.8.5), we have

L0 = [ X[ Tog? x], xp(x1) (6) — 9(0)) dx =0,
(13.4.14)
P g ® = [ 1l ogy 1l (e i =0,

p\BI

forall |¢], > p~'. Thus for Re @ < Orelations (13.4.7), (13.4.14) and (13.4.13)
imply (13.4.1)—(13.4.4). O
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13.4.2. The case fon(x) = P(ﬂ) m=0,1,2, ...
P

x|

Theorem 13.4.2. (a) Ifo =0, m = 0 then

Fraop® = (P ) 1y, 000)

|x{p
1 1
=00 =~ = (1--)1og,
p p
i.e., in the weak sense

P( 1 )Xp(xt)—S(x)<—%—(1—%)10&,('{;—";)), 1], — oo

|x]p
(13.4.16)

t
(L—'_’})) ltl, > p~!, (13.4.15)

®Ifa=0m=1,2,... then

Ty £) = (P(logz&)xp(xt), o)

|x1p

1 m—+1 m
= ¢(0) ;(—1) (log, [t], — 1)
N (1 _ l) 1 (( 1)m+1(10gm+1 It], — logm“ 1)
+1
— (=1)"C,41Bi(log) |11, —logy p~')

+ Z( 1)m+1 rCm-H

r=2
(log’”“ "t — log’”“ —r —1)>}’ 1], > p,
(13.4.17)
where the Bernoulli numbers B,, r =0, 1, ..., m, are defined by the relation

(B.1), i.e., in the weak sense,

log” |x
P(—gp| |p>)(p(xt)
lx1p
1 m
= §(x) —;(—logp|t|p+1)

1
+ (1 _ _) n ] (( 1)m+1(10gm+1 |t|p logm+1 )

—(=1)"Cp . Bi(logy |t], — log p~')
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4 Z( 1)m+1 rCerlB

r=2

x (log =" ], — og’,’f“’pl))}’ 1], = 00, (13.4.18)

with respect to the asymptotic sequence
{flogh*' ¥ Jt], 1k =0,1,....m+1}.

Thus for any ¢ € D(Q)), relations (13.4.15) and (13.4.17) are exact equali-
ties for sufficiently large |t], > p~', i.e., these asymptotic expansions are stable
with the stabilization parameter s(¢) = p~.

Proof. Leta =0,andm =0, 1,2, .... According to (6.3.5), we have

log;n |x|p
et eto)

log” |x|
= / Mxpow)(go(x)—qo(0>)dx
By

1x1p

Tamo® = (P(

log” |x|
+f Mxp(xt)(p(x)dx, (13.4.19)
Q[7\30 |x|p

for all ¢ € D(Q)).
Since ¢ € Dﬂv (Q)), it is natural to rewrite the functional Jy ., (¢) as a sum
of integrals:

Trpmig @) = Tho (O + T2, () + @O0, (1), (13.4.20)

where

log’) x|
nomso(’)_ fB %Xﬁ()ﬂ)((p(x)_(ﬂ(o))dX, (13.4.21)

p

o 1x]
T2 () = / p—pxp(xt)(p(x)dx, (13.4.22)
Q,\Bi lx |17

1 m
m)m(t) = / Og|;—||X|p(Xp(xt) — 1) dx. (13.4.23)
B

P
Since ¢ € D! ~(Qp), it is clear that
log,;;l |x|p(

lx 1,
logly |x1,

1x[p

9(x) — 9(0)) Ay(x) =0,

P()(1 = Ai(x)) € Dy(@Q)).
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Thus as above, according to (4.8.5), for (13.4.21) and (13.4.22) we have

1) = J?

Ta g ) =0, ¥t > p~". (13.4.24)

Let us calculate the integral (13.4.23). Suppose that |¢|, = p™, M > —I.
We start with the case m = 0. Taking into account that —M + 1 <[/, accord-
ing to formulas (3.3.1)—(3.3.4), we have

0 _ Xp(xt)_ _y/ _
VENOES fB’ —le,, Z (xp(xt) — 1)

y=—00

l

—(— _Male _ 1
— _pCMED pMI- Z p y(l_;)py

S D=L e ()
(13.4.25)

The relations (13.4.24) and (13.4.25) imply that

1 1 1] .
Tro0ip (1) = (p(O)( - (1 - ;) log, (p-ﬁ)) 1], > p~. (13.4.26)

Note that the latter relation can also be proved if we use the representation
of the functional (13.4.19) in the form of the convolution (4.7.1) Jz n:o(t) =
F[P(ﬁ)](t) * F[gp(x)](t), and the formula form of Example 6.4.1:

P

F[(1 = p~")log, Ix| ](t)_—P< !

Itlp

) — pls@).

Inthecasem =1,2,...,for |t|, = pM, M > —I, using formulas (3.3.1)—
(3.3.4), we obtain

log’) | x|
7Tom(t) = Lli—p(xp(xt) dx_ Z Pty / X,,(xt)—l)dx

| |P y=—00

1
—p MDY 4 1y p ML Z p‘VV”’<1 - —)pV
=M+l p
1 1\ <
- (M1 — (1 _ _) p. (13.4.27)
p p 2
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Next, using equality (B.2) from Appendix B and formula (B.3), the relation
(13.4.27) can easily be transformed into the form

1 1
I8 0@ = = (=M + 1" = (1= =) (Su(1) = Su(= D)
14 p
1 1 1
= —— (=M lm (1__ ( Mm+1 lm+1
M+ )i (=)
_C;‘[JrlB]((_M)m + Z +1B ( M)erl r lm+17r)>
1 m m
= —;(—1) (log, [t], — 1)
+ (1 _ l)L((—l)m-‘r](lOgm-H |t| logm+l )
p/m+1 P b
—(=D"Cp B (log |t], —log? p~')
+ Z( l)m+1 rC':1+1B (logm+1 r |t|p logm+1 r l))7
r=2
(13.4.28)
where the Bernoulli numbers B,,r = 0, 1, ..., m are defined by formula (B.1),

and the polynomial S,,(y) is given by formula (B.2) from Appendix B.
The relations (13.4.20), (13.4.24) and (13.4.28) imply

1 m—+1 m
er,m;w(t) = @(O){;(_l) (logp Itlp - ])

] ] m m m
+(1—;)m—+1((—1) 1 (logi ! It], — logi*! p~)

—(=1)"C,,;Bi(log) |t], —log) p~')

+ Z( 1)m+1 rcm+l (logp+1 r |t|p logm+l r Z))}’
r=2

(13.4.29)

for all [¢], > p!
Thus the relations (13.4.17) and (13.4.18) hold. O

The following corollary is immediate:

Corollary 13.4.3. For a = 1, since the Fourier transform is an isomorphism
on D(Q)), the formulas (13.4.1) and (6.2.6) imply the statement (4.8.5) of
Lemma 4.8.3.
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Indeed, in view of (6.2.6), I',(1) = 0, and consequently for ¢ € Dﬁv((@p)
we have F[g] =0 for |t], > p~!

Remark 13.1. The asymptotic expansion (13.4.4) can be represented in the
form

|x|a—1 IOgm |x|po(XI)

og |71 _
== ”(ZAkm)log tlp +o(log, ™ It],)). Il — oo,
k=0
(13.4.30)
where Ap(a) is an explicit computable constant, k = 0, 1, .. .. Here the stabi-

lization property is expressed by the following assertion: for N > m and for
large enough |t|, the remainder 0( log;N |t] p) disappears and the asymptotic
expansion becomes an exact equality.

The same remark is also true for the case of the asymptotic expansions
(13.4.18).

Remark 13.2. Since ¢ € D} (Q,), to calculate the asymptotics of the func-
tionals Jr, . (t) and Jz, ., (1) (for the case i (x) = 1, a # 0), it is natural to
represent these functionals as the sums of the integrals (13.4.7) and (13.4.20),
respectively. However, we can represent these functionals as the sums of
integrals

T mip® —/ |97 @) logly x|, xp (k1) (9(x) — @(0) dx, (13.4.31)
B

lo

T mig®) = / |x[% 7! Togl) x| xp(x1)e(x) dx, (13.4.32)
Qp\By,

VARN( =f |x[% 7 log? [x ], xp(xt) dux, (13.4.33)
By,

where [y € Z. For example, we can choose [y = 0, as in the standard represen-
tations (13.4.6) and (13.4.19). In this case

lx[2 " Togy! 1], (#(x) — 9(0)) Ay, (x) € DY (@y),

x[%7 log™ x| ,@(x)(1 — Ay (1)) € DY@,
and, as above, according to (4.8.5), ng (t) = Jﬁ mw(t) =0 for all [¢], >
pmx(=L.=l) Thuys repeating the above calculatlons almost word for word, we
obtain the asymptotic relations from Theorem 13.4.1. However, in this case the

stabilization parameter is equal to s(¢) = p™>*(1=h),
The same remark is also true for the case of Theorem 13.4.2.
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13.5. Asymptotics of singular Fourier integrals (;r(x) #£ 1)
Let us consider the case fr ., (x) = |x|‘;"7tu,(x)log’; |x]p,m=0,1,2,....

Theorem 13.5.1. Let ¢ € Dé\,(Q »), and let kg > 0 be the rank of the character
71(x). Then the functional Jx, .,(t) has the following asymptotic behavior:
(@) If o # 0 and m = 0O then

T @) = (13157 M @)1, (1), 9)

()

—l+ko
s t s 13.5.1
@ 7P (1321

= ¢(0)

forall ¢ € Dﬁv((@p), where the T'-function T ,(,) is given by (6.2.7), i.e., in
the weak sense

") (70a)
NG

®Ifa#0andm = 1,2, ... then

el ) xp () = 8(x) 1], — co. (1352)

Trmip®) = (115771 6) logs x1, xp(x1), ¢0)

d*T () logh ~* 11,
da* lrlgm(@)

—l+ko

9(0) ) Chloghe 1], > p~

k=0

(13.5.3)

forall ¢ € Dﬁv((@p), i.e., in the weak sense

|x]% 7 1 () logly [x ] xp(x1)

drT () logly = 1],
de|tlgmi()

=8(x) Y Chloghe lt], = oo, (13.5.4)
k=0

with respect to the asymptotic sequence
(e (D logh ™ ],k =0,1,....m}.

Thus for any ¢ € D(Q),), the relations (13.5.1) and (13.5.3) are exact equal-

ities for sufficiently large |t|, > p~lth je. these asymptotic expansions are

stable with the stabilization parameter s(¢) = p~'*ko,

Proof. Letm = 0. By formulas (4.9.5) and (4.9.8), the functional J, o.,(¢) can
be rewritten as a convolution (4.7.1):
Tr () = (1x[97 11 () 1 (x1), @(x)
= Fllx[57' m@)e)l@) = FlIx|5 ™ 7 0))@) ¢ (1), (13.5.5)
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where ¥ (§) = Fle(x)](§) and according to (6.2.8)
F[IXI“_lm(X)](t) = Fp(ﬂa)ltl_"‘ﬂfl(t)- (13.5.6)
Since ¢ € D ~(Q)) then, in view of (4.8.5), ¥ € D—z Qp). If |t], > p~
according to (13.5.6) and (4.7.7), relation (13.5.5) can be rewritten as

S 0:(1) = Fp(ﬂa)/Q |t — &1, (= §)v(§) dé. (13.5.7)

Since |t|, > p~' and & € B_; the latter integral is well defined for any a.
Moreover, we have |t — &]|, = [t], for [t], > p~!, &€ € B_;. Thus the relation
(13.5.7) can be transformed into the form

Iy 00p() = T p(a)lt], 1) v, ), >p, (13.5.8)
where
q/(z)zf n;1(1—5)w(g)d5. (13.5.9)
B_, t

Let kg be the rank of the character 771 (x) # 1. Inis clear thatif |¢|, > p” +ho
then the inequality | |p < p~*0 holds for all £ € B_;. Thus in view of (2.3.14),

we see that 711_1 (1 — %) = | forallé € B_;and |t|, > p~'™%.Next, applying
an analog of the Lebesgue theorem to the limiting passage under the sign of an
integral (Theorem 3.2.4) to (13.5.9), and taking into account that |;(x)| = 1
and

v©rds = [ v ds =0
B_, (O
we see that the formulas (13.5.8) and (13.5.9) imply the relations (13.5.1) and
(13.5.2) for all |t|p > p itk
Itm=1,2,..., differentiating (13.5.8) with respect to «, we obtain

m

d
Jnu,m;(p(t) = log;,: eﬂJna.O;w(I)

u C. N .
=Z%%,” 1% log ¥ [t ],m  (OW (@), Jt], > p!
k=0

(13.5.10)

Just as above, since W(t) = ¢(0) for |¢], > p’”ko, relation (13.5.10) implies
(13.5.3)and (13.5.4). O

The analogs of Remarks 13.1 and 13.2 are also true for the case of
Theorem 13.5.1.
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13.6. p-adic version of the Erdélyi lemma

Theorems 13.4.1 and 13.5.1 for Re @ > 0 imply the following p-adic version
of the well-known Erdélyi lemma.

Corollary 13.6.1. Let ko be the rank of the character |, and ¢ € Dﬁ\,(@p).
Then forRea >0, m =0,1,2,..., we have

f |97 1 () Togly 1] xp (D)@ (x) dx

P
m

=¢(0)) " Ckloghe
k=0

d*T () logl 11,
dak  tjam(r)

lt], > p~"*h. (13.6.1)

Moreover, for any ¢ € D(Q)), the latter relation is a stable asymptotic
expansion.



14

Nonlinear theories of p-adic
generalized functions

14.1. Introduction

In standard mathematical physics (in the real setting) there are problems
which require the definition of products of distributions (generalized func-
tions) [66], [68], [86], [97], [194]. Such problems appear in quantum mechan-
ics [53], [9], [27], quantum field theory, some problems of gas dynamics,
elasticity theory, and also in the description of, e.g., shock waves, §-shock
waves, and typhoons. In the framework of the approaches connected to prob-
lems of multiplications of distributions, a theory of singular solutions of non-
linear equations has been developed [8], [68]—[71], [149], [150], [195], [220].
Solving problems of this kind requires the development of special analytical
methods, the construction of algebras containing the space of distributions,
and the development of a technique for constructing singular asymptotics. As a
result, the demand arises for a construction of a nonlinear theory of generalized
functions. Besides, the development of nonlinear theories of distributions is of
great interest in itself.

Since p-adic mathematical physics is a relatively young science, p-adic
analogs of the above mentioned problems have not been studied so far (to the
best of our knowledge). The problems of p-adic analysis related to the theory
of p-adic distributions which have been solved up to now are of the linear type.
To deal with nonlinear singular problems one needs some additional technique
similar to that developed in the usual real mathematical physics mentioned
above. From the aforesaid it seems natural to introduce the p-adic analogs of
the usual (the real case) nonlinear theories of generalized functions, which we
construct in this chapter. These results are based on the papers [18], [19], [20].
We also intensively use some algebraic constructions related to distributions
from [149], [150], [70, Section 1-2].

262
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At first, in Section 14.2, we recall some standard (in the real case) results
on nonlinear theories of generalized functions and algebras of distributions and
give a brief survey of this area.

In Sections 14.3 and 14.4, by using some ideas of Livchak, Egorov,
and Colombeau, we construct the p-adic algebra of generalized functions
Gp(Q}), called the Colombeau-Egorov algebra. The Colombeau—Egorov alge-
bragG, (Q;’,) is associative and commutative (see Section 14.3.2). G, (Q}) isalso
an associative convolution algebra (see Section 14.4.5). In the algebra G, (Q’;,)
the product of p-adic distributions from D’(Q’;,) can be defined, which, in the
general case, presents a generalized function from G,(Q7). As in the real theo-
ries, there is a linear injective embedding D/(Q’;,) C G,(Q}), which, however,
is not unique. This is known to be a general shortcoming of the Colombeau
approach. The space D(Q’I’,) is a subalgebra in the algebra QP(QZ) (Theo-
rem 14.3.3). In the p-adic Colombeau—Egorov theory we can define arbitrary
continuous functions of generalized functions from gp((@’l’]) (Section 14.4.1).
In Section 14.5, in the p-adic Colombeau—Egorov theory the operation of frac-
tional differentiation and fractional integration are introduced in two ways: by
the Vladimirov—Taibleson fractional operators (instead of the usual operation
of differentiation and integration in the case of real theories). According to
Theorems 14.5.1 and 14.5.2, the families of fractional operators form abelian
groups on G,(Q’).

In Section 14.6, we construct the p-adic algebra of asymptotic distributions
A* generated by the linear span A of the set of p-adic quasi associated homoge-
neous distributions (QAHD) (which were introduced and studied in Chapter 6,
Sections 6.2-6.5). The algebra A* is an analog of algebras (in the real case),
constructed in the papers [68], [220], [149], [150] (see also Section 14.2.2).
A* is also an associative convolution algebra. Each element of the algebra A*
(called an asymptotic distribution) is a product of QAHDs and is represented
as a vector-valued Schwartz distribution (which is finite from the left and from
the right) (14.6.7):

f*()C) = (f(k,,l,;l)(x))a )\m € R, m,n € N(),

where Lo = 0, f,.0) € A, fi,.n) = Cmn8(x); A, € Risanincreasing sequence,
Cmn are constants; 1 <m < M, 0 <n < N. Each distribution f(x) from the
subspace .4 can be identified with the vector-valued distribution f*(x) =
(f(,\m’,,)(x)), where fyo(x) = f(x), while all the other components are equal to
zero, i.e., A C A*. Elements of the algebra A* can be represented in the form
of sums (14.6.8). The vector-valued distribution f* € A* is a linear continuous
functional over the space D, of test vector-valued functions

QD*(.X) = (¢(ﬂm,n)(x))’ D(B,.n) € D(Qp)s ﬂm € R,
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where §,, € R is an increasing sequence, m, n € Ny. On D, a locally convex
topology can be introduced analogously to the case of the real algebra of
asymptotic distributions [ 149]—[ 151]. However, here the problem of introducing
this type of topology is not further discussed. The construction of the algebra .A*
is based on the main Theorem 14.6.1, which gives weak asymptotic expansions
of products of regularizations of QAHD. The proof of the main theorem (see
Appendix C) uses a new technique of constructing p-adic weak asymptotics.
Theorem 14.6.1 is a p-adic analog of Theorem 14.2.1 from Section 14.2.
According to Section 14.7, the algebra of asymptotic distributions 4* can be
embedded into the Colombeau—-Egorov algebra G,(Q,) as a subalgebra. The
latter fact is an analog of results [219], [222] for the real Colombeau algebra.

Unlike the Colombeau approach, where, in the general case, a product of
distributions is not a distribution, asymptotic distributions from the algebra A*
are Schwartz vector-valued distributions. Therefore, these results show the way
to the construction of a nonlinear theory of distributions of the same type as
the standard Schwartz theory of distributions.

14.2. Nonlinear theories of distributions (the real case)

14.2.1. Colombeau type algebras

Let us recall standard (in the real setting) results which serve as a prototype for
our p-adic investigations.

The first nonlinear “sequential” theory of distributions was constructed
in papers by Ya. B. Livchak [177]-[179]. These excellent papers are full of
deep ideas. Some ideas used by Livchak can also be found in the papers by
C. Schmieden and D. Laugwitz [215], and D. Laugwitz [172], [173]. In order
to construct an algebra of generalized functions Ya. B. Livchak used the fol-
lowing. Let M be the set of all sequences { fy(x)} of real-valued measurable
functions on R”. A sequence { f;(x)} € M is called an almost zero if there exists
ko such that fi(x) = 0 for all k > kq. Let T(M) be the set of all almost zero
sequences. The Livchak algebra of generalized functions [179, §8] is defined
as the quotient algebra

L=M/TM).

In Ya. B. Livchak’s papers the point value characterization of generalized
functions was introduced, which is an analog of the point value characterization
on the set of nonstandard numbers introduced later by M. Oberguggenberger
and M. Kunzingerin in [196] (see also [97]).
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A particular case of the Livchak’s algebra was later introduced by
Yu. V. Egorov in [86] by the following definition. Let 2 be a domain in
R”. We will call two sequences { f;} and {gi} (fr, gk € C*(R2)) equivalent if
for each compact subset K C €2 there exists N > 0 such that f;(x) = gi(x)
for all k > N, x € K. The Egorov algebra of generalized functions Q\(Q) is
introduced as the set of the equivalence classes in this case.

The nonlinear “continuous” theory of distributions developed in the works of
J. Colombeau [66] is widely used and finds extensive application in mathemat-
ical physics [54], [66], [86], [97], [113], [193], [194], [195]. Let Np = 0 U N.
For any g € Ny we define subsets of test functions Ay(2) = {x € D(Q) :
[ xydx =1},

Ag(2) = {x(x) € Ao() : /X"’X(X)dx =0, I=lal=gq}

where QCR", ¢g=1,2,.... Obviously, D(RQ) D Ay(R) D A(2) D
A (Q) D - Ag(R2) D - -+ and A (R2) # ¥ forall ¢ € No.

Denote by £(S2) the algebra with differentiation of all mappings f :
Ap(2) - C*(R"). The elements of this algebra are families f (i, x), where
Ve .Aq(Q) is considered as a parameter.

Let us define a family of functions v (x) = E%w(;—‘), e > 0, where ¢ €
Ao(2). Let £3(2) be the subalgebra with differentiation of moderate elements
f(p, x) from £(R), i.e., such that for any compact K C € and any o € Nj
there exists N € N such that for all ¥ € Ay(2)

sup [0 f (e, x)| < Me™™, Ve € (0, &),

xekK
where M > 0 is a constant, &g > 0 is a certain number. We define an ideal
N () in the algebra £,,(2) as the set of all elements f (¥, x) € £(2) such that
for any compact K C 2 and any o € Nj there exists N € Ny such that for all
¥ € A, (), where g > N, the following inequality holds:

sup [0 f (e, x)| < M7V, Ve € (0, &),

xeK
where M > 0 and gy > 0.

The Colombeau algebra is defined as the quotient algebra

G(Q) = En(Q)/N(2)

and its elements are called generalized Colombeau functions.

Note that in the Colombeau, Livchak, and Egorov algebras products of distri-
butions, in the general case, are not distributions. The elements of these algebras
have no explicit functional interpretation, which restricts their application.
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14.2.2. Algebras of asymptotic distributions

There is another approach to the problem of multiplication of distributions
associated with the names of Ya. B. Livchak [179], Li Bang-He [176] and
V. K. Ivanov [108]. The main idea of this approach is that the product f(x)g(x)
of distributions f(x) and g(x) from a certain class is defined as a weak asymp-
totic expansion of the product f(x, €)g(x, €) as € — +0, where f(x, &) and
g(x, €) are regularizations of the distributions f(x) and g(x), respectively,
and ¢ > 0 is the approximation parameter. The development of this approach
in [217]-[220] led to the construction of the associative and commutative alge-
bra E of asymptotic distributions, generated by a linear span E; of distributions

8Mm=D(x — ¢p), P(ﬁ), m=1,2,....,€eR k=1,...,s.

In the framework of the same approach, in [68], the associative and commu-
tative algebra E* of asymptotic distributions, generated by the linear span of
quasi associated homogeneous distributions (QAHD) (which were studied in
Chapter 6 and Sections A.2—A.7) was constructed. Now we recall the scheme
of these constructions [68].

Let us introduce the linear space E C D’'(R) generated by the linear com-
binations of quasi associated homogeneous distributions (QAHDs): (x — ¢ +
i0Olog?(x — ¢ £i0), AeR, p=0,1,2,...; cgeR, k=1,...,s (see
Chapter 6, Section A.3). Let us also introduce the space of harmonic regular-
izations of distributions from E':

h = span{(x — ¢; £ie)*log’(x — c; +ig):
AreR, p=0,1,2,...5€eR k=1,...,5;,¢ >0},

where z = x +1ie, Z=x —ie. The elements of this space belong to the
Vladimirov algebras [236].

Let us further introduce an associative and commutative algebra h* with
unity and without zero divisors generated by the space /. The elements f*(x, &)
of this algebra are finite sums of finite products of functions f(x, €) € h.

The following assertion holds.

Theorem 14.2.1. ([68, Corollary from Theorem 4.3.]) Let f*(x, €) € h*. For
allp e DR)andall M >0, N =0,1,...,no(M):

M N
{<f*(x’ €), p(x)) — Z Z(ftxm,n(x)’ <P(X))£“'”10g"°(’")"s}

m=0 n=0

= o(e"1og" ™ Ne), & — +0,

where o,, € R is an increasing sequence, ag = 0, no(m) € Ny, the coefficients
Ja,,.n(x) are distributions from the space E. Thus, each element f*(x, €) of the
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algebra h* has a unique representation in the form of a weak asymptotic series

(finite from the left)

00 no(m)

fr(x, ) = Z Z foy n ()% log™ ™ e, & — 40, (14.2.1)

m=0 n=0

In particular, for any element f*(x, &) € h C h* its representation (14.2.1) is
a “Taylor type” expansion.

Let A* be the linear mapping which associates each element f*(x, &) from
the algebra &* with the unique vector-valued distribution:

@) = (fapn®), ameR, neZy, (14.2.2)

where the components of the vector are fy, n)(x) € E, o, € R is an increas-
ing sequence, n =0, 1,2, ...,n9(m), m € Nyg. The mapping A* is defined
in the following way. A* associates to each element f*(x,e) € h*\ h the
unique vector-valued distribution (14.2.2), whose components f,,, ,(x) are the
corresponding coefficients of the asymptotics (14.2.1). By A* each element
f*(x,e) € h C h* is associated with the unique vector-valued distribution
(14.2.2) whose components f,, ,(x) are equal to zero except for the component
Jone(x) = lim,—, 10 f*(x, &) € E. According to (14.2.2), any vector-valued
distribution f*(x) is finite from the left.

The image f* = A*[f*(-, &)], f*(-, &) € h*, is called an asymptotic distri-
bution. By

E* = A"R* ] ={f"=A"[f"C.o)]: f*(.e) €™}

we denote the linear space of all asymptotic distributions. Each distribution
f(x) from the subspace E can be identified with the vector-valued distribution
f*(x) = ( S, ,,)(x)), where fo ,,0)(x) = f(x), while all the other components
are equal to zero, i.e., there is an embedding £ C E*.

As in [220], [67], [149]-[151], we can consider vector-valued distributions
f*(x) from E* as continuous linear vector-functionals on the space of test
vector-valued functions (finite from the left) D,:

9.(¥) = (9p,.2(¥),  ¥p,.n(x) € DR), (14.2.3)

where B,, € Ris an increasing sequence, n € Ny. Here the action of the vector-
valued distribution f* on a test vector-valued function ¢, is defined as

(f* 04) = Z Z(fotm.ns Oty —n)>

m=0 n=0
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where the latter sum contains a finite number of terms. Using results of the
papers [149]-[151], the space D, can be equipped with the sequentially com-
plete topology.

From Theorem 14.2.1, and taking into account the construction of the map-
ping A*, the asymptotic distribution (14.2.2) can be identified with the corre-
sponding formal series

oo no(m)

FrE=) D" faax)elogh e, (14.2.4)
m=0 n=0
where f, .(x) € E, a, € R is an increasing sequence, and n =
0,1,2,...,n0(m), m,ny(m) € Ny.
It is proved in [68] that the mapping A* : h* — E* is an isomorphism and
A*[h] =E.
Now let us introduce the operation of multiplication on the space of asymp-
totic distributions £*, and thus for distributions from E.

Definition 14.1. The product of the asymptotic distributions f}, f5° from E*
is defined as the asymptotic distribution

00 = ff @ fi @) = A*[ Fie o) f(x, s)] c E*, (1425

where f*(x, &) = A1 fi(x) € h* is a regularization of the asymptotic distri-
bution f, k=1,2.

Since h* is an associative and commutative algebra of functions and
A* : h* — E* is an isomorphism, the multiplication (14.2.5) is associative
and commutative. The multiplication (14.2.5) turns the space of asymptotic
distributions (the space of vector-valued distributions) £* into an algebra.

Example 14.2.1. (see [68], [218], [220])

(@ (x +i0) ™o (x —i0) ™" = A*[(x +ie) " (x —ie)"]

i m+n—2 m+n—2 is
_ (11 = +7 o) —m—n+s+1
=(-1 <2> b4 éo B s!6 (x)e

_1\yn—1;
%((_Dm+27m7n+2B;nk+n71>6(m+n71)(x)+P(xfmfn)
.\ m+n—1 o]
+(=1"! <’§> Z i3<(—1)s(x+i0)’s’lBj

s=m+n

_ (x _ io)—s—lBS—)g—m—n+X+l’
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where m,n =1,2,...; B:’ = By(m,n), B = Bs(n, m), and the coefficients
Bg(m, n) have the form

hy OC:qn-&-ln i2CE=DF, 0<s<m—1,
Bs(ma }’l) =

ml n—1 k k
Cm+n 12 Ci(=2)", s > m.

Here the asymptotic distribution (x +i0)™ o (x —i0)™" € E* is represented
as the formal series (14.2.2).

(b) xo0d(kx) = A [ ((x+ls)+(x—l£))~_—l<;— L )]

2wi \x +ie x—i¢

o k 2%kl 1 Qk+1) 7\ 2k+2
_Z( 1){ ( 2k+1>8 o

Here the asymptotic distribution 0 # x o §(x) € E* is represented as the formal
series (14.2.2). We recall that in the framework of the classical Schwartz theory
we have x o §(x) =

J( 1 1 ! ’
A [(ﬁ(x—i—ie - x—i8>> ]
= im 271fz Z( l)k{(zk).&zk)( » 2i+2)€2k}'

Here we consider the asymptotic distribution (8(x))2 €€ E* as the formal series
(14.2.2). On the other hand, this asymptotic distribution can be represented as
the vector distribution (14.2.4):

(8(0))* = (o’ fiu)s frrr (), .0,

_ 1)k
where fi(x) =0, k<=1, f1(x)=380), fa-1(¥)= 3358 ),
k
Fo(x) = %P(x‘”‘”), k=1,2,....For all test functions ¢,(x) € D, we
have

<(5(x))2’ g”*(x)> = %(5(36), wn(x)> + # g(_nk

x{(w< 529(x), @-a1(0)) + (P ( Z,f+2),¢_zk<x))},

where the last sum is finite.

© ()

Constructing approximations of distributional products in the form of weak
asymptotic series (14.2.1) has proved to be very useful in the theory of discon-
tinuous solutions to nonlinear equations. This formalism was used to develop
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the weak asymptotics method (for a summary of this method see [70]). The
dynamics of propagation and interaction of nonlinear waves (infinitely narrow
8-solitons, shocks, §-shocks) have been studied in [68]-[73], [220] and [224]
using this method.

14.3. Construction of the p-adic Colombeau—Egorov algebra

14.3.1. Regularization of distributions
Wecall w, € D(Q’;)aé—sequence if there exists N € Z such that wy(x) = & (x),
k> N, x € Q", where §;(x) is a canonical §-sequence (4.4.6), k =1,2,....
It is clear that w; — 8, k — oo in D/(Q’I‘,).
In view of formula (4.7.8) from Proposition 4.7.4, the regularization of the
distribution f € D’((@’;) is the sequence

A fp™ = (f@ o)A, xe @ (1430

where * is a convolution, where A(x) is the canonical 1-sequence (4.4.5),
k=1,2,....Itis clear that f; € D(Q"}]).

Lemma 14.3.1. Let f; be the regularization of a distribution f € ’D/(Q;‘,).
Then fr — f, k — ocoin D/(Q;‘,). Moreover, for any test function ¢ € D(Q’;)
we have

<fk7§0>=<f7§0)7 VkZ_L
where | = [(¢) is the parameter of constancy of the function ¢.

Proof. 1t is clear that
(e @) = (f i) Ilfk(x)=/17"k9(17k|§|p)<ﬂ(x—S)dé, (14.3.2)

x € Q. If I = l(p) is a parameter of constancy of the test function ¢ € D(Q})
then we have

Vo) = f PR €t — ) d

= p0)p™ / d§ = (), (143.3)
B",
forallk > —I,x € Q;').
Consequently, (14.3.2) and (14.3.3) imply ( fi, ¢) = (f, ¢), forall k > —1.
Thus for any function ¢ € D(Q;’,) we have limy_, o { f, @) = (f, ¢). Moreover,
Ji = f for any compact K C (, and for sufficiently large k. O

It is easy to prove the following lemma.
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Lemma 14.3.2. If f € C (Q?’,) then we have

Jelx) = f(x) % 8(x) = f(x), k — oo,

pointwise for all x in any compact K C Q’I’,.

14.3.2. The basic construction

Consider the set P(Q’;,) of all sequences { f : k € N}, where f; € D(@Z). Note
that in P(Q’]’]) there are constant sequences of the form { f;(x) = f(x) : k € N},
where f are arbitrary functions from D(@Z). On P(Q’;) we introduce an algebra
structure, defining the operations componentwise:

(fi + £2),0) = fia@) + frr(x),
(f12),(0) = fia@) frux), x €@,

where { fj «(x) : k € N} € P(Q}), j =1, 2. Let NP(Q’I’J) be the subalgebra of
elements {fi(x) : k € N} € P(Q)) such that for any compact K C Q, there
exists N € Nsuch that fy(x) =0forallk > N, x € K. Clearly, NP(Q’;) is an
ideal in the algebra P(Q’I',).

Now we introduce a p-adic Colombeau-type algebra.

Definition 14.2. The quotient algebra
Gp(@3) = P(QL)/N,(@)

will be called the p-adic Colombeau—Egorov algebra. The elements f of
this algebra will be called the Colombeau—Egorov generalized functions. The
equivalence class of sequences which defines the element f(x) will be denoted

by f(x) = [fi(0)].
The algebra G,(Q)) of generalized functions is associative and commutative.
Theorem 14.3.3. There is a linear embedding
D@ C G,(Q)),

i.e., any distribution on Q’;) is a generalized function on Q;') This embedding
D(Q}) C G,(Q)) is a homomorphism of algebras and the space D(Q)) is a
subalgebra of the algebra G,(Q).

Proof. Let us embed the distribution f € D'(Q)) into G,(Q) by the mapping
D'(@) 3 f(x) = f(x) = {il)} + N,(Q)) € G,(Q)), x€Q),

where f; is the regularization of the distribution f given by (14.3.1).
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Let us prove that {fi(-)} € N,,((@’;,) if and only if f(x) = 0. Indeed, if
f(x) =0 then fi(x) =0 for all k, and {fi(x)} e,r'\f',,((@;')). Suppose that
{fi(H} e N,,(Q;‘,). Hence according to (14.3.2) and (14.3.3),

(fi0) = ({f. ) =0,

forall ¢ € D((@’;) and sufficiently big k, k > —I,i.e., f(x) =0.

Thus any distribution f € D’(Q’;) determines a unique sequence {f; : k €
N}, which determines a unique generalized function f € G,(Q).

Since P(Q’;) contains the constant sequences { fi}, fr = f € D(Q’;), from
Lemma 14.3.2 and the above arguments, we find that the mapping

D@ 3 f(x) > Fx) = (filr) = F()) + Np(@)) € Gp(@))
is a homomorphism of algebras. O

Remark 14.1. In the usual real case Egorov theory [86], the embedding D’ C G
is not injective, and hence any distribution f € D’(Q;’,) determines infinitely
many generalized functions belonging to the Colombeau algebra. For the p-
adic theory the embedding D’((@’;) into G, (Q’;’) is injective as in the real case
of the Colombeau theory.

14.4. Properties of Colombeau-Egorov generalized functions

14.4.1. Function of generalized functions

Let g(uy,...,u,) be a continuous function, i.e. g € C(R"), and let
fi,..., fin be generalized functions from g,,(@*;,). We define the general-
ized function g(fi,..., fu) by the sequence {g; : k € N}, where gi(x) =
8(f1..(x), ..oy fnk(x))Ar(x), and Ag(x) is the canonical 1-sequence (4.4.5),
k=1,2,....Itis clear that g(fi, ..., fin) € G,(Q2).

14.4.2. Associated distribution

We say that the generalized function f = [ fk] € g,,(@;’,) is associated with
the distribution g € D/(Q;')), if we have limy_ oo (f%, ©) = (g, @), for all ¢ €
D(Q'})- We shall write this fact using the notation f~g.

Example 14.4.1. According to (4.4.6), the generalized function 82(x) €
G,(Q,), x € Q,, is defined by the sequence {pz" Qz(pk|x|p)} for sufficiently
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large k. It is clear that 8% ¢ D'(Q »). Moreover, since limy_, o ( pH*Q?
(pX|x] »), @) does not exist, 82(x) is not associated with any distribution.

Example 14.4.2. The following relation (which is also true in the usual
Colombeau theory) holds

(1+ (5@))”)1/" ~145(x), xeQ,

Indeed, consider the integral

n 1/n
Jk:/ {<1+(8k(x))> —1—5k(x)}<p(x)dx

Q,
1/n
=/ {<1+p”k9”(p"|x|p)) —l—ka(kaXIp)}w(x)dx,

where 8;(x) is a regularization of the §-function, ¢ € D(Q),). Using formulas
(3.3.1) and (3.2.6), we have

I = {(1 +p”k)1/" - pk}gﬁ(O) dx

B_
= w(O){(l + p‘”")l/n -1- p"‘}

for sufficiently large k. Thus limy_, o J;y = 0.

14.4.3. The point value

We are going to define the Colombeau—Egorov generalized numbers. Let C =
C U oo be the compactification of C. Consider the set F of all sequences
{cx € C: k € N} and the subset Z C F of all sequences such that there exists
N € N such that ¢, = 0 for all k > N. The equivalence classes

C=F/T

are called Colombeau—Egorov generalized numbers. It is clear that C is an
algebra. The equivalence class of sequences which defines the generalized
number ¢ will be denoted by ¢ = [ck]. Since the set C contains t}}g constant
sequences ¢ = {c; = c}, where ¢ € C, k € N, the embedding C C C holds.

Definition 14.3. Let f = [ fi] € G,(Q}) be a generalized function. We define
the value f(xo) at a point xy € Q’]'J as the generalized number from C, deter-

mined by the sequence { fi(xo) 1 k € N} e F.
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This definition is correct. Indeed, by the definitions of the ideals N, ,,(Q’]’,)
and 7, if [ fk(x)] e N, ,,(QZ) then for any element of the class fi(x) € [ fk(x)]
we have fi(xo) € Z.

Let f = [fk], fe D(Q}) C Gp(Q)). According to Lemma 14.3.2 and
Theorem 14.3.3, the “classical” value f(x() at a point xy € (@’;, coincides with
the generalized value at a point f(x) in the sense of Definition 14.3.

Remark 14.2. In the standard theories over the reals of Colombeau, Egorov,
and Livchak, generalized functions are not uniquely determined by their point
values [66], [86], [97, 1.2.4], [194], [196]. For example, consider the general-
ized function f(x) = x - §(x) € G. Since the Dirac §-function is defined as the
equivalence class

1 x
80) = [sve. 0] 8o ) = —w(2),

then f(x) = [ f (., x)], where (¥, x) = x & (-) Itis clear that f(x) % 0
as a generalized function. On the other hand, it is easy to show ([66], [ 194]) that
at any point x € R"” we have the point value f(x) = 0. Indeed, f(¥.,0) =0,
and for any xo # 0 f (¥, xo) — 0 faster than any power of ¢ (see the definition
of the Colombeau ideal N'(€2) in Chapter 14, Section 14.2).

For lack of the point value characterization, in [196, Remark 2.11.], [97,
1.2.4.] a new type of characterization of elements of the real Colombeau and
Egorov algebras was introduced. The basic idea of this characterization is to
introduce generalized points which are analogues of nonstandard numbers (see,
e.g., [7]). In particular, in the framework of the Egorov algebra on the set

Qe ={xeQ:3IK CCQ3IN eN:x; € K, Vk > N}

an equivalence relation was introduced by x; ~ y if for some N € N x; = y;
for all k > N. Then Q. = 2./ ~ is the set of compactly supported points of
Q.. In the above mentioned papers the following theorem was proved: f = 0
in G(Q)iff f(z) = 0in C forall z € Q.

In the p-adic case generalized functions also are not uniquely determined by
their point values [183]. In the paper [183], following an idea due to M. Kun-
zinger and M. Oberguggenberger [196], a generalized point value characteri-
zation of the p-adic Colombeau—Egorov algebra is given.

Example 14.4.3. Letn = 1.

(i) For point values of the §-function we obtain the following result: if xo = 0
then 8(x¢) = ¢, and if x¢ # O then 8(xg) = 0, where ¢ € C is the generalized
number defined by the sequence {c; = p*Q(0) = p* : k € N}.

(ii) Consider the generalized function f(x) = |x]| > fe D'(Qp) C G,(Q)).
In the classical sense, we have 0], = 0. Since the generalized function fis
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defined by the sequence (|x|,), = p* [ |x — &[,Q(p*|&],) d§. the value f(0)
is a generalized number determined by the number sequence

—k+1

p
(|0|1’)k = pk/ |§|P9(pk|$|p)d§ =p /;_k &1, d§ = e

It is clear that (|O| p) L & I;and, consequently, this sequence determines a gen-
eralized number f(0) € C which is not equal to zero. Thus for generalized
functions f ¢ D(Q’]’]) the classical value may not coincide with the point value
in the sense of generalized functions.

14.4.4. The Fourier transform

Let f(x)= [ fk(x)] be a generalized function from g,,(@;). Its Fourier
transform is the generalized function F[f](§) = [F[fi(x)1(€)]. This defini-
tion describes F[f](&) uniquely, since F[fi(x)](€) € D(Q’I’J), and if fi(x) €
NP(QZ) then there is N € N such that F[fi(x)](¢§) =0 for all k > N, i.e.,
FIN,(@)] C Np(@D).

14.4.5. Convolution

The convolution f * g of the generalized functions f = [fi], & = [gk] is
defined as the generalized function

h(x) = (f*8)x) =[], xeQ, (14.4.1)

where
he() = i) * g(x) = / Ful)gilx — £)dE.

Definition (14.4.1) determines the convolution f g uniquely. Indeed,
here iy (x) = [ fi(§)gr(x — &) dE € D(@Q)), and if fi(x) € N,(Qp)or gi(x) €
Np(@) then h(x) = [ ful®)gu(x — §)dE € Np(@D).

The convolution (14.4.1) turns Q,,(Q;’,) into an associative convolution
algebra.

It is clear that

FIf*gl=FLfIFIgl,  f,8eG, Q).

Example 14.4.4. Since according to (4.8.10), §;(x) = F[Ax(£)](x) and § =
[(Sk], 1= [Ak], then

1x1=F[§.
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14.5. Fractional operators in the Colombeau—Egorov algebra

It is known that the space of test functions D(Q';,) is not invariant under the
fractional operators D%, « € C*, and D%, o € C. Indeed, since both functions
1€;15 and |&;|7 Flel(§), § € Q", are not locally constant on Q' in general
ijj(p & D(Q'},) for ¢ € D(Q;). Since, according to Lemma 4.8.3, we have

Flpl(§) € DZIN(Q',’,) for ¢ € DY(Q}) then [£;|%F[@](§) € DZ"(@;’,) for all
EeQ\Bt. Bjy=(6€Q:1&l, < p ) k>N, and

[@ &)1 Flp)(§)x,(—Ex)dE € DUQY), k>N, j=1,....n.
;\Bi:—k

Taking into account the above fact, we introduce the fractional operators on
generalized functions f € G, (Q}), using some ideas from Chapter 7.

Let us define the fractional operators (studied in Chapter 9, Section 9.2) in
the Colombeau—Egorov algebra.

Definition 14.4. Let f = [ fk] be a generalized function from G ,,(@’;,). The
Vladimirov operator of f is the generalized function D% f, « € C", defined by
the sequence {D{, ;i : k € N}, where the operator D(;_;, is defined by

(D 1 fi) @) = FUIEI Yo~ FLAIE)],  a e,

and Y () = I—[;le(l — A_i(&))) is the characteristic function of the set
EeQ:l&l,>p ™t j=1....n} AE) =0 1), j=1.....n
Here [£]% = |/ --- |&,1%.

Theorem 14.5.1. (a) If f € Gp(Q}) then DS, f is a uniquely determined gen-
eralized function, i.e., Definition 14.4 is correct.
(b) The family of operators {D$, : « € C"} on the space of generalized
function G,(Q') forms an n-parametric abelian group: if feg »(Q}) then
DED [ = DLDE [ = D
o (14.5.1)
DD *f=f, a, g eC.

Proof. @) Let = [fi] € G,(@}). Since FIfl € D@} for fi € D@}),
then foralla € C" wehave Y, () Ffil(€) = 0, [§15 Y (x,—E)FLfil(€) =
Ofor§; =0,j=1,2,...,n. Thus,

Yox,~0EFLIE), 1§15 T, —0@E)FLAIE) € Wi (Q)),

and, consequently, (Df‘x’ o fi) € ®.(Q%) C D(Q}), where the spaces W, (Q})
and <I>X(Q’;,) are defined in Chapter 7, Section 7.3.1 (here CIDX((@’;)) is the
Lizorkin space of test functions of the first kind). If f; € N, ,,(Q’I’,) then there
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is N € N such that F[ fi(x)](§) = 0 for all k > N, and (Df‘xyk)fk)(x) =0 for
allk > N,ie., D¢, N,(Q)) C N,(Q}). Thus, D f is a uniquely determined
generalized function, i.e., Definition 14.4 is correct.

(b) Since ( (x, k)fk)(x) ed ((@”) and according to Lemma 9.2.2, the
Lizorkin space & (Q") is invariant under the Vladimirov fractional opera-
tor, we have

(DfX,k)D?x,k)fk)(x)
= F U161 Y )12 Y O FLANE)]. @, B e C".

Taking into account that (T(X,,k)(é ))2 = Y(x,—k)(£), we deduce that

(D 1 Dy i) ) = FUIE Y i@ FLAIE = (DI fie) ().
for any «, B € C". Thus (14.5.1) holds. O

Definition 14.5. Let f = [ f¢] be a generalized function from G,(Q}). The
Taibleson operator of f is the generalized function D® f, a € C, defined by
the sequence {D(;, fi : k € N}, where the operator D, is defined as

(D fe) () = FHIE IS Y@ FLAE)],  «eC

and Yy (&) =1 — A_(&) is the characteristic function of the set {£ € Q’;, :
&l > PR, AL = Q(pk|$|,,). Here |£] is defined by (7.2.1).

Theorem 14.5.2. (a)If f € G p(Q}) then D* f is a uniquely determined gen-
eralized function, i.e., Definition 14.5 is correct.
(b) The family of operators {D* : a € C} on the space of generalized func-
tions G,(Q',) forms a one-parametric abelian group: if fe Gp(Q)) then
D*DP f = DPD* f = D f,
. . (14.5.2)
D*D™* f = f, a, peC.

Proof. (a) Let f=[fi]e Gp(Q). Since F[fi] e D@Q}) for fi €
D((@’I’)), then for all « € C we have that Y_(&)F[fx](§) =0 and
&1, ) EVF[fil(§) = 0 for §; =0, j = 1,2, ..., n. Thus,

T o@EFLAIE).  ETCH@EFLAIE) € @),

and, consequently, (Dé’j{) fk)(x) € CD(Q’[’,) C D(Q;), where the spaces \II(Q;)
and CD(Q’;,) are defined in Chapter 7, Section 7.3.2 (here CID(QZ) is the
Lizorkin space of test functions of the second kind). It is easy to see that
D?;()N » (@;) CN, (Q;). Thus, D® f is auniquely determined generalized func-
tion, i.e., Definition 14.5 is correct.
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(b) Since ( o) fk)(x) € CD(Q") and according to Lemma 9.2.5, the Lizorkin
space ®(Q)) is invariant under the Taibleson fractional operator, we have

(D} (oDl f) () = FUIELY Cin©)IEIS T i@ FLAIE)],  a, B eC.
Taking into account that (Y (& ))2 = Y(_p(&), we deduce that

(D5, D fi) ) = FLIEIST Y L@ FLAIE) = (D" fir) ()
for any «, B € C. Thus (14.5.2) holds. O

Remark 14.3. In the general case, the fractional operators D%, o € C", and
D%, a € C are well defined on a distribution f € D’(Q’;,) only as generalized
functions D¢ f and D* f from QI,(Q’;?). It is obvious that if D% f (or D* f)
exists for f € D’(Q’;,) as a distribution and f = f € QP(Q’I’]) then D% f (or
D* f) coincides with the generalized function D¢ f (or D* f).

Definitions 14.4, 14.5 and formula (4.9.8) imply that for f, g € QP(Q;',) we
have

D(f*g)=(D2f)*x§=F+(D%g), o peCh

and

D*(f+g)=(D*f)xg=fx(D*g), a peC.

14.6. The algebra A* of p-adic asymptotic distributions

14.6.1. Weak asymptotics of regularizations of distributions

Using formula (14.3.1), we construct the regularizations of the p-adic QAHDs
introduced in Chapter 6. The regularization of the é-function is given by
(4.4.6). According to (14.3.1) and (6.3.2), the regularization of the distribu-
tion 77y (x) log)y |x],, m € Ny is given by the formula:

7o (x) logy x| s i (x)

To:m k(x)
3

(a(®)log], €1, PP 1x = £1,)) = 7D (). (146.1)

j=1
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where

T 1(¥) = p f |£19~  (8) log &1,

x(Q(p [x = &1,) = QApHll,)) ds,

72 ) = pr 1§ (&) logh €1,k Ix — €1,) dE,
Q,\Boy

o () = Pt 1) [ 1615w logg) I d.

(14.6.2)

Here 7, 1(x) = 740 1 (x). In view of (14.3.1) and (6.3.5), the regularization of
the distribution P (|x|,"logy |x|,), m € Ny, is given by the formula:

Py i(x) = P(|x[," log)) |x],) * 8(x)
2
(P(1x]," logh |x],). P*Q(p*Ix —&1,)) = D Pi(x).  (14.6.3)
j=1

If we set « =0 and 7;(§) = 1 then P(Dk(x) P(zk(x) are defined by formula
(14.6.2). We set P(x) = Py r(x).
Let A be the linear span of the set of QAHDs and let

H=1{fix)=fOx,p) keN: feA

be the space of regularizations of distributions from .A. It is clear that there is
a one-to-one correspondence between the elements of the spaces H and 4.
Let us introduce an associative and commutative algebra H* generated by
the space H. The elements f;*(x) = f*(x, p %) of this algebra are finite sums
of finite products of elements from . In order to construct the p-adic algebra
of asymptotic distributions we need to construct asymptotic expansions in the
weak sense (weak asymptotics) of elements of the algebra H*, as k — o0, i.e.,
the asymptotic expansions of ( f", ¢), k — oo, where f* € H*, ¢ € D(Q)).
Now we state the basic theorem whose proof we relegate to Appendix C (due
to its technical character involving a large amount of calculations). This theorem
forms the basis of our construction of the algebra of asymptotic distributions.

Theorem 14.6.1. Let f* € H*. Then for any test function ¢ € D(Q,) there
exists a unique representation in the form of a weak asymptotics

e o) = (fow +‘/’(O)ZZ%P P Jogh T (p7h) + o(p M),

m=1 n=0
k — o0, (14.6.4)
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where fo(x) is a distribution from the space A, Ay, € R is an increasing
sequence, M € N, N € Ny, ¢y, are constants (Which depend on fi). In partic-
ulay, if f¥ € H C 'H* then in the representation (14.6.4) ¢y, = 0 for all m, n.
Moreover, there exists a stabilization parameter s(¢) depending on ¢, such that
forall k > s(¢) the remainder o(p~***) disappears and the asymptotic expan-
sion (14.6.4) turns into an exact equality (cf- Lemma 14.3.1). We will write the
weak asymptotics (14.6.4) as

M N
K@ = fo)+8) ) D cnnp " logh " (p7h),  k— o0, (14.6.5)

m=1 n=0

Remark 14.4. In our construction
p logh ™" (p7H = pT M=)V k — oo,

n=0,1,...,N,m=1,2,..., M,is an asymptotic sequence which is an ana-
log of the asymptotic sequence ¢*"log"¢e, ¢ — +0, arising in the construction
of the real associative algebra of asymptotic distributions [68], [149], [150],
[220]; the role of the small parameter ¢ is played by p~* (see Section 14.2.2).

Remark 14.5. For f;* € H* we can construct a weak asymptotics of the type
(14.6.5) from the superposition g( f;(x)), k — oo, where g(u) € C°(R). For
example, if g(0) = 0 then

g(ph)
pk

g(8e(0) = 8(x), k — oo. (14.6.6)

Indeed, for all ¢ € D(Q,),
(2(8:(). () = fg(pkﬂ(kaXIp))w(X)dx

=g(p") | e)dx = g(p"pFe0), k- .
B

14.6.2. Asymptotic distributions

Let A* be the linear mapping which associates each element f;* € H* with the
unique (in view of Theorem 14.6.1) vector-valued distribution:

@) = (fonm®), An€R, mneZy xeQ, (146.7)

where A9 =0, A, € R is an increasing sequence; and the components of
the vector f, n(x) = fo(x) € Aand f,, »(x) = ¢und(x) are corresponding
coefficients of the asymptotics (14.6.5); m=1,2,..., M, n=0,1,..., N,

M e N, N € Ny; ¢y and M, N are constants. According to Theorem 14.6.1,
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A* associates to each element f;* € H C H* the unique vector-valued dis-
tribution (14.6.7) whose components f;, » are equal to zero except for
So.nmx) =limg_, « f{ € A. According to (14.6.5), any vector-valued distri-
bution f*(x) is finite from the left and from the right. Theorem 14.6.1 implies
that A* is an isomorphism.

The image f*(x) = A*[f(x)], fi € H* is called a p-adic asymptotic dis-
tribution. By

we denote the linear space of all asymptotic distributions. In view of Theo-
rem 14.6.1, each distribution f(x) from the space A can be identified with the
p-adic vector-valued distribution f*(x) = ( f(,\m,n)(x)), where fo y(x) = f(x),
while all the other components are equal to zero, i.e., there is an embedding
A C A*. Let D, be the linear space of all test vector-valued functions

@+(X) = (0(8,.m X)), @) € D@Q)y),

where B,, € R is an increasing sequence, m,n € Ny. Then a vector-valued
distribution f* € A* is a linear continuous functional over the space of test
functions D,. For all ¢, € D, we set

(f*s §0*> déf Z Z(f(otm,n)v (p(fa,,,,fn)>'

m=0 n=0

Here the sums contain only a finite number of terms. Thus the space of asymp-
totic distributions .4* is a linear space of vector-valued Schwartz distributions.

In view of the representation (14.6.5), any asymptotic distribution f* € A*
can be identified with the sum

M N
@) = fox)+8() Y cunp M logh (pTH,  (146.8)
m=1 n=0
where k is sufficiently large (we write it as k — 00), fo € A, A, € Ris an
increasing sequence, M, N, ¢,,, are constants depending on f*. In view of the
stabilization property of the representation (14.6.4), this identification is natural,
since the right-hand side of (14.6.8) is the final value of the corresponding
sequence f; € H*.
It is easy to show that if f is QAHD of degree m,(x) and order m and
fi(x) = f(x, p~)is its regularization (14.3.1) then for ¢ € Q;

Fax |tpp™) = w0 G, p) + Y ma(t) log) [t]p fujx, p5),
j=1
(14.6.9)
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where f,_;(x, pH = (fn—j (&), PFQpFlx — &],)) is the regularization of
QAHD f,,_; of degree ny(x) and orderm — j, j =1,2,...,m. Thus fi(x) =
f(x, p~*) is a quasi associated homogeneous function of degree m,(x) and
order m with respect to the variables (x, p~%). In view of (14.6.9) and Defini-
tion 6.2, we introduce the following definition.

Definition 14.6. A weak asymptotic distribution f* € A* is called quasi asso-
ciated homogeneous of degree m,(x) and order m € Ny if the right-hand side
of the representation (14.6.8) is a quasi associated homogeneous function of
degree 7, (x) and order m with respect to the variables (x, p~¥).

Definition 14.7. We say that the asymptotic distribution (vector-valued
distribution)

B*() = f*()og*() = A*[fF()gi ()] € A (14.6.10)

is the product of the asymptotic distributions (vector-valued distributions) f*
and g* from A* (or distributions from A). Here f*(-) = A*~! f*& € H* and
g;() = A*'g*(-) € H* are regularizations of f* and g*, respectively.

Since H* is an associative and commutative algebra of functions, and A* :
H* — A* is an isomorphism, the multiplication (14.6.10) is associative and
commutative.

Itis clear thatif f* € A* is an associated homogeneous asymptotic distribu-
tion of degree 7, (x) and order m, and g* € A* is an associated homogeneous
asymptotic distribution of degree mg(x) and order n (in the sense of Defini-
tion 14.6) then their product f*(-)g*(-) € A* is an associated homogeneous
asymptotic distribution of degree m,(x)mg(x) and order m + n.

Example 14.6.1. Using Propositions C.1-C.9, we can calculate the following
products of distributions.

(i) 8"(x) = 8(x)p*™" V. k — oo;

i) 8" o (P(—))" = 130 p = og) (574) (1= p7')'.

|x|p

as k — oo;
(>iii) Ifa,ﬁ;éaj=%j, m(a—l)+n(ﬂ—1)+1=%j,jeZ and
m1(x) = 1 then

1
n;n(X)ong(X) = P(W) + I (@) (B)s(x) — (1 — pil)logp (pik)S(x),
P

as k — oo, where m, n € N,
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Here the asymptotic distributions (products of distributions) 6™ (x),
8’”(x)o(P(ﬁ))n, and n&”(x)ong(x) belong to the algebra A* and are rep-
resented in the form (14.6.8). These products can be represented as vector
distributions (14.6.7).

According to Definition 14.6, the product (ii) is an associated homoge-
neous asymptotic distribution of degree |x|,” " and order n; the products
(1) and (iii) are homogeneous asymptotic distributions of degrees |x],™ and
|x|;,”(°‘_”+"(ﬁ_l)n{"+”(x), respectively.

(iv) Using formula (14.6.6), we define the singular superposition

g(6) = g(PHpFs(x), k—> o0 €A,

where g(u) € C°(R). Using asymptotics similar to (14.6.6), we can define a
singular superposition g( f *(x)), where f* € A* is an asymptotic distribution,
g(u) is a smooth function.

Note that the right-hand sides of the above products can be represented as
vector-valued distributions.

We define the Fourier transform of the asymptotic distribution (vector-valued
distribution) (14.6.8) from A* by the formula

M N
(&) = FLf1E) = FLIE) + Y Y cump " log) "(p™"),  k — oo.

m=1 n=0

(14.6.11)

According to Theorem 6.4.1, F : A* — A*.

14.6.3. A* as a convolution algebra.

The generalized convolution of asymptotic distributions g7(§), g5(§) from
A* (or distributions from .A) is defined as the asymptotic (vector-valued)
distribution

g7 ()

gr(E)*g5 ()
FUFIgi®l)oFgi@)Iw)] e A (146.12)

Since the algebra A4* is closed under multiplication (14.6.10) and the Fourier
transform (according to Theorem 6.4.1), A* is also an associative and commu-
tative convolution algebra. Note that in the general case the associativity does
not hold for the ordinary p-adic distributional convolution [241, IX.1.].
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Example 14.6.2. Examples 14.6.1 and 6.4.1 imply:

DH)1x1=pr k— oo

.. -1 1 _ _
(ii) 1 (zlnp1n|g|,, n ;) = ptlog, (p k)(1 _p 1), k = oo.

14.7. A* as a subalgebra of the Colombeau-Egorov algebra

According to Sections 14.3.1 and 14.6.1, we have
HCH CPQ)), H*NN,(Qp) =0.
In view of the latter relations it is clear that the mappings
H > filo) = filo) + Np(Q)p) € G,(Qp), 1470
H* > ff () = ff @) +N,(@Q)p) € G,(Qp),

are one-to-one.
Taking into account (14.7.1) and the fact that A* : H* — A* is an isomor-
phism, we can identify the product

(fF0) + Np(@))) (85 (x) + N,(Q))) € GH(Q))

with the asymptotic distribution A*[ fk*(x)g,f(x)] € A*. Therefore, by (14.7.1)
we can define the mapping A* — G,(Q,,) which is an algebra monomorphism.
Thus the product (14.6.10) in the algebra A* coincides with the corresponding
product in the algebra G,(Q,).



Appendix A

The theory of associated and quasi associated
homogeneous real distributions

A.1. Introduction

In this appendix we construct and study associated homogeneous distributions
(AHDs) and quasi associated homogeneous distributions (QAHDs) for the real
case. These results are based on the paper [223]. The results of this appendix
are used in Chapter 6 to develop the theory of p-adic associated and quasi
associated homogeneous distributions.

The concept of AHD was first introduced and studied in the book [95, Ch.I,
§4.1.] (see Definitions A.2 and A.3 by analogy with the notion of the associ-
ated eigenvector (A.2.2)). Later the concept of an AHD was introduced in the
paper [232, Ch.X, 8.] by Definition A.4, and in the books [87, (2.6.19)], [88,
(2.110)] by Definition A.5. In the book [95, Ch.I, §4] and in the paper [232,
Ch.X, 8.] a theorem was given (without proof), in which all AHDs were
described (see Proposition A.2.1). In Section A.2.2 we discuss and analyse
Definitions A.3, A4, A.5, (A.2.9) of an AHD and show that they are self-
contradictory for k > 2. Moreover, these definitions come into conflict with
Proposition A.2.1. According to Section A.2.2, there exist only AHDs of order
k = 0, i.e., homogeneous distributions (HDs) (given by Definition A.1) and of
order kK = 1 (given by Definition (A.2.3) or Definition A.2). Thus one can see
that the concept of an AHD requires a special study.

In Section A.3, we study the symmetry of the class of distributions mentioned
in Proposition A.2.1 under the action of dilatation operators U,, a > 0. We
prove that the dilatation operator U, acts in this class (and, consequently, in the
space AHy(R)) according to formulas (A.3.7) and (A.3.11) but not according
to Definition A.3.

According to the above result, a direct transfer of the notion of associated
eigenvector to the case of distributions is impossible for k > 2. This is con-
nected with the fact that any HD is an eigenfunction of all dilatation operators

285
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U, f(x) = f(ax) (for all a > 0), while for k > 2 no distribution x’; logk X4,
P(x"log" ' x.) is an AHD for all the dilatation operators.

In Section A.4.1, in view of the results of Section A.3, a natural general-
ization of Definition A.3 is given. Namely, we introduce Definition A.8 of a
distribution of degree A and of order k by the relation:

k
Ua fi(x) = filax) = a” fi(x) + Za’\ log" afi—r(x), Va >0, (A.LD)
r=1

where f;.x_,(x)is adistribution of degree . and of orderk —r, r = 1,2, ..., k;
k=0,1,2,....Herefork = 0we suppose that the sum in the right-hand side of
(A.1.1) is empty. By Theorem A.4.2 the linear span AH | (R) of all distributions
of degree A and of order k (. € C, k =0, 1, 2, ...) is described. Moreover, it
is proved that AH;(R) = AHy(R).

In Section A.4.2, taking into account Definition A.8, we give a natural
generalization of the notion of an associated eigenvector (A.2.2) and introduce
Definition A.9 of a quasi associated homogeneous distribution (QAHD) of
degree X and order k by the relation:

k
Ua filx) = filax) = a* fi(x) + Y he(@) fir(x), ¥a > 0,
r=1
where f;_,(x) is a QAHD of order k — r, h,(a) is a differentiable function,
r=1,2,...,k; k=0,1,2,.... (For k =0 we suppose that the sum in the
right-hand side of the latter relation is empty.) Here the dilatation operator U,
acts as a discrete convolution

Ua fi(x) = filax) = (f(x) % h(a)),

of a sequence f(x) = {fo(x), fi(x), f2,...} and the sequence h(a) =
{ho(a), hi(a), ha(a), ...}, where ho(a) = a*.

Thus the QAHD of order & is reproduced by the dilatation operator U, (for
all a > 0) up to a linear combination of QAHDs of orders k — 1,k —2,...,0
(see (A.4.7)).

According to the main Theorem A.4.3, in order to introduce a QAHD of
degree A and order k we can use Definition A.10 instead of Definition A.9, i.e.,
the relation (A.1.1).

Remark A.1. Comparing Definition A.10, i.e., the relation (A.1.1), and Defi-
nition A.7 (see Grudzinski’s book [99, Definition 2.28.]), we can see that quasi
associated homogeneous distributions are a special case of almost quasihomo-
geneous distributions. The motivation for the concept of almost quasihomo-
geneous distributions in [99] is not connected with the problem of associated
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eigenvectors (A.2.2).In [99, Ch. 2, (c)] almost quasihomogeneous distributions
appear as zero order Laurent coefficients of certain meromorphic functions of
quasihomogeneous distributions.

From Theorems A.4.2 and A.4.3, the linear span AH(R) of all QAHDs
coincides with the Gel fand—Shilov class of distributions

AHo(R) = span{xi logk x, P(x;" log" ! xi) :
A#—1,-2,...,—n,...; n,meN, ke {0}UN},

introduced in [95, Ch.I, §4.] as the class of AHDs (see Proposition A.2.1).
From Definitions A.1, A.2 and A.10, the classes of QAHDs of orders k =0
and k = 1 coincide with those of HDs and AHDs of order k = 1, respectively.

In Section A.5, multidimensional QAHDs are introduced. By Theorem A.5.2
it is proved that f; is a QAHD of order k, k > 1, if and only if it satisfies the
Euler type system of differential equations (A.5.2). The Euler type system
(A.5.2) can be rewritten as (A.5.14). This result generalizes the well-known
classical statement for homogeneous distributions (see Theorem A.5.1). Itis a
special case of Proposition 2.31 from Grudzinski’s book [99].

In Section A.6, a mathematical description of the Fourier transform of
QAHD:s is given for the multidimensional case. In Section A.7, I'-functions of
a new type generated by QAHDs are defined. In particular, these I"-functions
are calculated and their properties derived for k = 1.

Let us note that our results can be used in the theory of noncommu-
tative residues for the algebra of pseudo-differential operators with log-
polyhomogeneous symbols [175]. These symbols are represented as sums of
QAHDs. Some areas for applications can also be found in the book [99].

A.2. Definitions of associated homogeneous distributions and
their analysis

A.2.1. Associated homogeneous distributions

The concept of the one-dimensional associated homogeneous distribution
(AHD) was first introduced and studied in the book [95, Ch.I, §4.1.]. Later,
AHDs were studied in the books [87, (2.6.19)] and [88, (2.110)]. Let us repeat
the main ideas and definitions of these books (we shall discuss in A.2.2 some
problems which arise with these definitions). Define the dilatation operator on
the space D'(R) by the formula U, f(x) = f(ax), a > 0. The definition of a
homogeneous distribution (HD) is as follows.
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Definition A.1. ([95, Ch.l, §3.11., (1)], [232, Ch.X, 8.], [106, 3.2.]) A distri-
bution fy € D'(R) is said to be homogeneous of degree A if for any a > 0 and
¢ € D(R) we have

(A0 0(2)) = @ {foto). p)),

i.e.,

Ua fo(x) = folax) = a* fo(x). (A2.1)

Thus a HD of degree A is an eigenfunction of any dilatation operator U,,
a > 0 with the eigenvalue a*, where A € C, and C is the set of complex
numbers.

It is well known that in addition to an eigenfunction belonging to
a given eigenvalue, a linear transformation will ordinarily also have so-
called associated functions of various orders [95, Ch.I, §4.1.]. The functions
fi, f2s -+ fx» - .. are said to be associated with the eigenfunction f of the
transformation U if

Ufo = cfo,
Ufi = cfi+dfic, k=1,2,...,

where c, d are constants. Consequently, U reproduces an associated function
of kth order up to some associated function of (k — 1)th order.

(Def 1) In view of these facts, in the book [95, Ch.1, §4.1.], by analogy with
Definition (A.2.2), the following definition is introduced: a function f; is said
to be associated homogeneous of order 1 and of degree A if for any a > 0

filax) = a* fi(x) + h(a) fo(x), (A.23)

where fj is a homogeneous function of degree A. Here, in view of (A.2.1) and
(A.2.2), c = a*.Next, in [95, Ch.I, §4.1.]itis proved that up to a constant factor

(A22)

h(a) = a” loga. (A.2.4)

Thus, by setting in the relation (A.2.3) ¢ = a* and d = h(a) = a” log a, Defi-
nition (A.2.3) takes the following form:

Definition A.2. ([95, Ch.I, §4.1., (1), (2)]) A distribution f; € D'(R) is called
associated homogeneous (AHD) of order 1 and of degree A if for any a > 0
and ¢ € D(R)

(o) = o e

1.€.,

U, fi(x) = filax) = a” fi(x) + a* log afy(x),
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where fj is a homogeneous distribution of degree A.

It is clear that the class of AHDs of order k = 0 coincides with the class of
HDs.

Finally, according to (A.2.1), (A.2.2) and (A.2.4), using ¢ = a* and d =
h(a) = a*log a, the following definition is introduced.

Definition A.3. ([95, Ch.l, §4.1., (3)]) A distribution f; € D'(R) is called an
AHD of order k, k = 2,3, ..., and of degree A if for any @ > 0 and ¢ € D(R)

X
<fk’ (p(;>> = a)\+1<fk’ (p) + a)\—H loga(fk—ls (P>’ (A25)
where f;_; is an AHD of order k — 1 and of degree A.

In the book [95, Ch.I, §4] (see also the paper [232, Ch.X, 8.]) the following
proposition is stated (without proof).

Proposition A.2.1. Any AHD of order k and of degree A is a linear combination
of the following linearly independent AHDs of order k, k = 1,2, ..., and of
degree \.:

() x} logh xy for x # —1,-2,...;

(b) P(xz"log" ' xy) fora = —1,-2,...;

(c) (x £i0)* logk(x % i0) for all .

The above distributions are defined in Section A.3.

Denote by AHo(R) the linear span of distributions mentioned in Proposi-
tion A.2.1.

(Def 2) In contradiction to Definition A.3 (from the book [95]), in the
paper [232, Ch.X, 8.] based on the book [95], the following definition is used.

Definition A.4. ([232, Ch.X, 8.]) A distribution f; € D’(R) is called an AHD
of order k, k = 2,3, ..., and of degree A if forany a > 0

filax) = d* fy(x) + a* log" afi_1(x),
where f;_; is an AHD of order k — 1 and of degree A.

Here an analog of relation (A.2.5) is used, where on the right-hand side of
(A.2.5) the term log a is replaced by logt a.

In [232, Ch.X, 8.] Proposition A.2.1 is also given (without proof).

(Def 3) In the books [87] and [88], according to (A.2.1), (A.2.2), the concept
of an AHD is defined recursively.
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Definition A.5. ([87, (2.6.19)], [88, (2.110)]) An AHD f; € D'(R) of order k
and of degree A is such that for any a > 0

filax) = a* fi(x) + a*e(a) fi_1(x), (A.2.6)

where fi_; is an associated homogeneous distribution of order k — 1 and of
degree A, and e(a) is some function.

Next, in these books it is stated that formula (A.2.6) (i.e., formula [87,
(2.6.19)], [88, (2.110)]) implies the relation

e(ab) = e(a) + e(b), (A2.7)
ie.,
e(a) = Kloga (A.2.8)

for some constant K, which can be absorbed in f;_; [87, p. 67], [88, p. 76].
Finally, the authors of these books conclude that in view of (A.2.6)—(A.2.8)
one can define an AHD of order kK — 1 and of degree A by the equality

filax) = a” fu(x) + a* logafi_i(x), Ya >0, (A.2.9)

where f_; is an associated homogeneous distribution of order k — 1 and of
degree A.

Thus according to the above arguments from the books [87], [88], Definition
(A.2.9) ([87, (2.6.19)], [88, (2.110)]) coincides with Definition A.3 ([95, Ch.],
84.1., (3)D.

It remains to note that in the book [106], the concept of an AHD is not
discussed. It is only stated that for the distribution P(xj_”) “the homogeneity
is partly lost”. However, according to Definition A.2 and Proposition A.2.1
this distribution is an AHD of order 1 and of degree —n, i.e., has a special
symmetry.

(Def 4) We would like to give special attention to the excellent book by Olaf
von Grudzinski [99]. In this book some problems related to quasihomogeneous
distributions are studied. The definition of a quasihomogeneous distribution
(see Definitions 1.13., 2.1. in [99]) is the following.

Definition A.6. A distribution f € D'(R") is said to be quasihomogeneous of
degree X and of type p = (py1, ..., py) € R"\ {0} if

fMux)=d"f(x), Ya>0, (A.2.10)
where M,x = (aP'xy, ..., a"x,).

Homogeneous distributions correspond to p = (1, ..., 1).



A.2. Associated homogeneous distributions 291

In the book [99] the concept of almost quasihomogeneous distributions is
also introduced (see Definitions 1.32., 2.28. in [99]) and the problems related to
these distributions are studied. The definition of an almost quasihomogeneous
distribution is as follows:

Definition A.7. A distribution f; € D'(R")is called almost quasihomogeneous
of degree A (and of type p = (py, ..., p,) € R" \ {0}) and of order < k if there
exist distributions fx_1, ..., f1, fo such that

k
fiMox) = a* fi(x) + ) a*or(@) fer(), Va >0, (A2.11)

r=I1

where w,(a) = ri!log’ a. (According to [99], every distribution f;, j =
0,1,...,k — lappearing in (A.2.11) is unique; it is called jth order deficiency
of fi.)

In the book by Grudzinski more general definitions than Definitions A.6 and
A.7 are also presented.

In the book [99] the relationship between almost quasihomogeneous and
associated homogeneous distributions is not considered.

A.2.2. Analysis of definitions of AHD

Unfortunately, Definitions A.3, A.4, A.5, and (A.2.9) of an associated homoge-
neous distribution (AHD) fore-quoted in Section A.2.1 are not quite consistent
and have many inaccuracies. Now we discuss and analyse these definitions of
an AHD and show that they are self-contradictory for k > 2. Moreover, these
definitions come into conflict with Proposition A.2.1. According to our analy-
sis, there exist only AHDs of order k = 0, i.e., HDs (given by Definition A.1),
and of order k£ = 1 (given by Definition (A.2.3) or Definition A.2).

Comments on (Def 1-2). (i) For example, according to Proposition A.2.1,
log?(x.) is an AHD of order 2 and of degree 0. Nevertheless, for all a > 0 we
have

log’(ax+) = log® x5 + 2logalog x+ + log* a.

which contradicts Definitions A.3 and A .4.

(ii) In Section A.3, relations (A.3.7) and (A.3.11) imply that in compliance
with Proposition A.2.1, x} log x+ and P (xx") are AHDs of order k = 1 and of
degree A and —n, respectively (in the sense of Definition A.2). However, for k >
2, relations (A.3.7) and (A.3.11) imply that x* log* x5 and P (x1"log"™' xy)
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are not AHDs of order k (in the sense of the above Definition A.3 or Definition
A.4) which contradicts Proposition A.2.1.

(iii) We also point out that using Definition A.3 for an AHD of degree A
and of order k we get contradictions to certain results relating to distributional
quasi-asymptotics. Indeed, if we temporarily assume that an AHD of degree A
and of order k is defined by Definition A.3, in view of (A.2.5), we have the
asymptotic formulas:

filax) = a* fi(x) + a* logafi_i(x), a— oo,
fk(f) = a*fi(x) —a*logafi_1(x), a — oo.
a

Here the coefficients of the leading terms of both asymptotics f;—;(x) and
— fr—1(x) are AHDs of degree A and of order k — 1.

In view of the above asymptotics, and according to [80], [240, Ch.I, Sec. 3.3.,
Sec. 3.4.] (see also Chapter 12, Section 12.3), the distribution f; has the dis-
tributional quasi-asymptotics fr—1(x) at infinity with respect to the automodel
function a* loga, and the distributional guasi-asymptotics — fi_1(x) at zero
with respect to the automodel function a—* log" a:

Je(x) R Si1(x), x —> 00 (a*loga),

D (A2.12)
Jk(x) ~ = fr1(x), x—>0 (a*loga).

Here both distributional quasi-asymptotics are AHDs of degree A and of order
k — 1 (in the sense of Definition A.3), k > 2. However, according to [80],
[240, Ch.L, Sec. 3.3., Sec. 3.4.], any distributional quasi-asymptotics is a homo-
geneous distribution. Thus we have a contradiction.

Remark A.2. Let f; € AH(R)be a QAHD of degree A and of order k, k > 1.
In view of Definition A.10 (see (A.1.1)), we have the asymptotic formulas:

felax) = @ filx) + 3 5_, a*log" afi_, (x), a — oo,
fke) = a7 fi() + X5 (=1Ya " log afir(x),  a— 0.
(A2.13)

Here the coefficients at the leading terms of both asymptotics are homogeneous
distributions fy and (—1)¥ f, of degree A.

According to [80], [240, Ch.I, Sec. 3.3., Sec. 3.4.] and formulas (A.2.13),
the distribution f; has the distributional quasi-asymptotics fy(x) at infin-
ity with respect to an automodel function a*logta, and the distributional
quasi-asymptotics (—1)* fo(x) at zero with respect to an automodel function
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a*logka:

fil) R fol), x = 00 (a*logha).

o (A.2.14)
K ~ D fo), x =0 (a7t logha).

In contrast to (A.2.12), both the distributional quasi-asymptotics (A.2.14) are
homogeneous distributions. This is in compliance with the corresponding result
from [80], [240, Ch.1, Sec. 3.3., Sec. 3.4.]: a distributional quasi-asymptotics is
a homogeneous distribution. Thus our Definition A.10, unlike Definition A.3,
implies the “correct” results relating to distributional quasi-asymptotics.

(iv) Let us make an attempt “to preserve” Definition (A.3) by some minor
technical modifications.

By analogy with relation (A.2.3) we will seek a function %, (a) such that if
f2(x) is an AHD of order 2 and of degree A then for any a > 0

U, f(x) = folax) = a* fo(x) + hi(a) fi(x), (A.2.15)

where f1(x) is an AHD of order 1 and of degree A.
Similarly to [95, Ch.I, §4.1.], using (A.2.15) and Definition A.2, we obtain

falabx) = (ab)" f(x) + h(ab) fi(x) = " H(bx) + h(@) fi (bx)
= @ (b f25) + MB)A1) + M @(B* fi(x) + b log b Jo(x)
(@b f2(x) + (@1 (B) + B 11 (@) f1(x) + h1(@)b* Tog b fo(x),

where ﬁ)(x) is a HD of degree A. Then for all a, b > O:
(h1(ab) — a*hy(b) + b*h1(a)) fi(x) — hi(a)b” log b fo(x) = 0.

It is easy to prove that a HD of degree A and an AHD of order 1 and of
degree A are linearly independent (see Lemma A.4.1 below). Consequently,
there are two possibilities. If (a) = 0 then, according to (A.2.15), fo(x) is a
HD of degree A. If ﬁ)(x) = 0 then h(ab) = a*h\(b) + b*h\(a), h(1) = 0. As
mentioned above, the latter equation has the solution (A.2.4), and, consequently,
f2(x) is an AHD of order 1 and of degree A.

Thus even for k = 2 it is impossible to preserve relation (A.2.2) for all
dilatation operators U, f(x) = f(ax), a > 0. Consequently, it is impossible
to construct an AHD of order k > 2 defined by the relation (A.2.2) with the
coefficients ¢ = a* and d = h(a) = a* loga.

Remark A.3. Definitions A.2 and A.3 are given in compliance with the
book [95, Ch.I, §4.1., (3)]. Thus, in the case of Definition A.2 (which defines an
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AHD of order 1) one can clearly see that the distribution f; does not depend on
a. In the case of Definition A.3 (which defines an AHD of order k for k > 2), it
is not clear what the authors of the book [95, Ch.I, §4.1., (3)] mean concerning
the independence of f;_; from a. However, it is impossible “to preserve” the
definition [95, Ch.I, §4.1.] even if we suppose that a distribution f;_; may
depend on the variable a.

Indeed, if we suppose that in Definition A.3 f;_; may depend on a, we will
need to define AHD of degree A and of order k > 2 by the following relation

filax) = a” fi(x) + e(a) fi—1(x,a), Ya >0,

where f;_(x, a) is an AHD (with respect to x) of degree A and of order k — 1.
In this case, due to the dependence of the distribution f;_; on a, it is impossible
to determine a function e(a) uniquely.

Thus, unfortunately it seems impossible to find elements satisfying Defini-
tion A.3 (from [95, Ch.1, §4.1., (3)] as well as Definition A.4 (from [232, Ch.X,
8.]) and, consequently, the recursive step for k = 2 is impossible.

Comments on (Def 3). Let us prove that formula (A.2.6) (i.e., formula [87,
(2.6.19)], [88, (2.110)]) does not imply relation (A.2.7) for any k > 2, and,
consequently, Definition (A.2.9) does not follow from Definitions A.5. Indeed,
in view of (A.2.6), for any a, b > 0 we have

filabx) = (ab)* fi(x) + (ab)e(ab) f-1(x) = a* fi(bx) + a*e(a) fi—1(bx),
(A.2.16)
and

filbx) = b* fi(x) + b e(D) fi1(x),

fi1(bx) = b* fio1(x) + b e(b) fi_a(x),

where f;_; and f;_, are AHDs of degree A and of order k — 1 and k — 2, respec-
tively, e(a) is some function. By substituting relations (A.2.18) into (A.2.16),
we obtain

(ab)* fi(x) + (ab)*e(ab) fi_1(x)
= a" (b fr(x) + b e(b) fie1(x)) + a*e(@) (b fio1(x) + bre(b) fra(x)).

Thus we have forall a, b > 0

(e(ab) — e(a) — e(b)) fi—1(x) — e(@)e(b) fr—2(x) =0,  (A.2.18)

k=1,2,....Here we set f_;(x) = 0.
It is clear that in contrast to the above cited statement from [87] and [88],
relation (A.2.18) is equivalent to (A.2.7) only if fr_»(x) =0,1i.e.,k = 1.

(A.2.17)



A.3. Symmetry of the class of distributions AHy(R) 295

Indeed, setting kK = 1, one can calculate that e(a) = K loga, i.e., (A.2.9)
holds for k = 1.
Let k = 2. In this case, using (A.2.18) and (A.2.8), we obtain

(logab —loga — logb) fi(x) — logalog bfy(x) = 0,

i.e., fo(x) = 0, which means that f} is a homogeneous, but is not an associated
homogeneous distribution. Consequently, we have a contradiction.

Conclusion. According to the above result, an AHD of order k is reproduced
by the dilatation operator U, (for all ¢ > 0) up to an AHD of order k — 1 only
if k = 1. Thus direct transfer of the notion of an associated eigenvector to the
case of distributions is impossible for k > 2.

Consequently, there exist only AHDs of order k = 0, i.e., HDs (given by
Definition A.1) and of order k = 1 (given by Definition (A.2.3) or Defini-
tion A.2). Definition A.3 (from [95, Ch.I, §4.1., (3)]), which defines AHDs of
order k > 2 contains, unfortunately, no nontrivial elements.

This is related to the fact that any HD is an eigenfunction of all dilatation
operators U, f(x) = f(ax) (for all a > 0), while for k > 2 no distribution
x}t logt xx, P(x3"log"™" x.) is an AHD for all dilatation operators.

A.3. Symmetry of the class of distributions AH,(R)

The distributions mentioned in Proposition A.2.1 (which are sometimes called
“pseudo-functions”) are defined as regularizations of slowly divergent integrals.
For all ¢ € D(R) and for Re A > —1 we set

o0
<x¢ logh xs, <p(x)> o /0 x* logh xo(x) dx. (A3.1)

For Re A > —n — 1, A # —1, =2, ..., —n, according to the book [95, Ch.I,
§4.2., (2), (6)], we have

n—1

1 .
(xi log* x4, w(X)> = /0 x* log"x(m) -y %¢<j>(0)) dx

=0
ok D! ()
: j
+/] x* log X(p(x)dx+j2=;j!(x+j+l)k“¢ 0).
(A3.2)

The latter formula gives an analytical continuation of relation (A.3.1).
The distribution P(x;” log* x+) is the principal value of the func-
tion x" log x, (it is not the value of the distribution Xk log® x, at the point
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A = —n) (e.g., see [95, Ch.l, §4.2.]). According to [95, Ch.I, §4.2., (4), (7)],
we have

oo
<P(x;” log* x.), go(x)> = /(; x " logk x
n—2 j ,,_

x <<p(x) -y ]—cp“)(O) W " VO)H(1 — x)) (A3.3)

j=0

where H(x) is the Heaviside function.
The other distributions mentioned in Proposition A.2.1 are defined in the
following way:

U
<

e

<xf logk x_, (p(x)) <Xi log* x4, <P(—X)>,

(A3.4)

Ny
<,

e

<P(x:" log x_), (p(x)) <P(x;” log" x), w(—X)>,

for all ¢ € D(R).

The distributions (x % i0)* logk (x £i0) are represented as linear combina-
tions of the distributions x} log* x; and P(x%"log" x4) [95, Chl, §4.5.]. In
particular, for all A [95, Ch.1, §3.6.]

(xx iO)A = xi 4T A #* —n,
(A3.5)

(x£i0)" = P(x™") F TEEPEW e,

where the distribution P (x™) = P(x}") + (=1)" P(x") is called the princi-
pal value of the function x~". This distribution is homogeneous of degree —n.
For A # —1, =2, ..., the distribution (x & i0)* 1ogk(x 4 i0) can be obtained
by differentiating the first relation in (A.3.5) with respect to A.

Let us see how distributions from the class AHy(R) (mentioned above in
Proposition A.2.1) are transformed by the dilatation operators U,, a > O.

1. For Re A > —1, k € N, and for all ¢ € D(R), a > 0, definition (A.3.1)
implies

(¥ og" x10(2)) = @ / " £ logh @€ (&) dt

= “1210g aCj/ £ log" ™ Eq(€) dt
=0

)»+1<

= a""{x} log" x4, (p(x))

k

Z og’ af fru— (), o)), (A.3.6)
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where fi—;j(x) = kx 4 * log" = x4, Ck are the binomial coefficients, j =
1,2,...,k. For all » % —1, -2, ... we define (A.3.6) by means of analytic
continuation. Thus

k
(et tog v () = @i log 1 ()] Y @™ g af (), 9(0)
j=1

(A.3.7)
forall A # —1, =2,
2. For k € N and for all ¢ € D(R) definition (A.3.3) implies the following

relations.

@0<a<1l:

[pesgt o (2)

. )
= [) x " logk x((p(x/a) — Z (xé—?)j(p(j)(O)> dx

j=0

~ - (/a)
—{-f x " logk x ((p(x/a) — Z .—,<P(j)(0)> dx
1 J:

Jj=0
1/a n—1 %—j ,
=a‘"“{ | §7og (aS)<<p(S) Zﬁwm(O)) dé
j=0 """
00 n— 2&_
], £ log"<as)(go<5) - ]—go<f>(0)) ds}
a <_O
n— 1%_1
=a"*! { £7" log (a$)<<ﬂ(€) -3 J—¢<f>(0)) dg
j=0
n—2
n R LA "~ D(0) }
/ 5" log <as)(go<s> X_(j) e (0)) ds = vl

=1
" )11},

k
a"“{ X_:logr aCj(P(x7"log" ™" x1), o(x)) — T

(A.3.8)

where

1/a k k 1/a k—r
I = / log;"é) dE = Zlog’ac,:/ logs 5 ue
1 — 1

=1 Cr =— log"t! a. A3.9
og' az kk+1 Kyl 8 ¢ ( )
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b)a=1:
(P(x;” log* x4), <p(;—c)> = (P(x " logh x4), p(x)).

(©a>1:

ez o(2)

1/a n—l gl
= a"“{ /0 £ log"(a@(go(@ -3 Fgo(”(m) dg

j=0 7"
00 n—2 éj '
g 1ogk(as><<o(s> -3 me(m) ds}
a j=0 .

(n—1) O
" )12}7

k
= gt { ZlograCﬂP(Xln log"™" x), ¢(x) + (n—D!

r=0
(A3.10)

where

logc*! a.

M logt@®)

Thus, (A.3.8)—(A.3.10) imply
<P(x;” log* x+), go<£>> = a’”“(P(xj_” log x+), (p(x))
a

k+1

+ Z a™" M og" a{ foppr1-r (1), 9(x))

r=1

(A3.11)

where
_qy-t _
fonox) = m(g(n D(x),

fongeri—r(x) = CLP(x"log" " x}), r=1,2,... k.

For the distributions x* log* x_, P(x~" log* x_) relations of the type (A.3.7)
and (A.3.11) can be obtained from (A.3.4).

A.4. Real quasi associated homogeneous distributions

A.4.1. A class of distributions AH;(R)

In Section A.3 (see also Section A.2.2), it is recognized that the dilatation
operator U, for all a > 0 does not reproduce a distribution of order k from



A.4. Real quasi associated homogeneous distributions 299

AHp(R) with accuracy up to a distribution of order (k — 1) from AHy(R).
It follows from the results of Section A.3 that the dilatation operator U,
acts in AHy(R) by formulas (A.3.7) and (A.3.11). Now, by analogy with
the transformation laws (A.3.7) and (A.3.11), we introduce the following
definition.

Definition A.8. A distribution f;; € D'(R) is said to have a degree A and
orderk,k =0,1,2,...,ifforany a > 0 and ¢ € D(R)

k

(Fa@.0(2)) = @ fix. @) + @ log al s (). ().

r=1
(A4.1)
ie.,
k
Ua () = fralax) = a” fiu(x) + Y a*log" afip—r(x), (A42)
r=1
where fy.«—,(x)is adistribution of degree ) and of orderk —r,r = 1,2, ... k.

Here for k = 0 we suppose that the sums in the right-hand sides of (A.4.1) and
(A.4.2) are empty.

Let us denote by AH,(R) the linear span of all distributions f; € D'(R)
of order k and degree A, ). € C,k =0, 1,2, ..., defined by Definition A.8.

In view of Definitions A.1, A.2 and A.8, a HD of degree A is a distribution
of order k = 0 and degree A, while an AHD of order 1 and degree X is a
distribution of order k = 1 and degree ). According to (A.3.7) and (A.3.11),
x} log" x4, and P(x;” logh~! xi) are distributions of order k and of degree A
and —n, respectively. Thus AHo(R) C AH(R).

Remark A.4. The sum of a distribution of degree A and of order k (from
AH/(R)) and a distribution of degree A and of order r < k — 1 (from AH;(R))
is a distribution of degree A and of order k (from AH;(R)).

Lemma A.4.1. Distributions from AH,(R) of different degrees and orders are
linearly independent.

Proof. This lemma is proved in the same way as the analogous result for
linearly independent homogeneous distributions [95, §3.11., 4.].
Suppose that

afl)+- e f"(x) =0,
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where f* € AH(R) is a distribution of degree A and of order kg, such that all
Asorkg, s =1,2,...,m are different. Then, by Definition A.8, for all a > 0
and ¢ € D(R) we have:

cra” ((f%x), o) + 5 log al £l 0. ¢<x>))

r=1

Y (( £ 9] + ilogra<fk’zr(x), <P(x)>> =0,
r=1

where f,fs _(x) € AH(R) is a distribution of degree A and of order (k; — r),
r=12,...,k;, s=1,2,...,m.

If all A, are different, by choosing different values a, it is easy to see that
cs=0,s=12,...,m.

If, for example, A; = A, and k; > k», then for all @ > 0 and ¢(x) € D(R)
we have

ar({ 11, o) + > log af £ (), 9))

r=1

k2
+ e (2. 00 + Y log al £, (), 9(x) ) = 0.

r=1

The latter relation implies that ¢, fkl, _,x)=0, r=k+1,..., ki, and, con-
sequently, ¢; = 0. Thus, ¢c; = 0. O

Theorem A.4.2. Each distribution f € AH(R) of degree ) and order k €
N (up to a distribution of order <k — 1) can be represented as a linear
combination of linearly independent distributions:

(@) x}logxy, if A & —N;

(b) P(x;" logh~! xi), if . € —N, where P(x;" logh~! xi) is the principal
value of the function x1" log" =" x..

Thus the class of distributions AH{(R) coincides with the class AHy(R)

from Proposition A.2.1.

Proof. We prove this theorem by induction. (a) Let us consider the case A #
—1, =2, ....According to Definitions A.2 and A.8, adistribution f; € AH(R)
of degree A and order k = 1 is an AHD of degree A and order k = 1, and for
all a > 0 satisfies the equation

filax) = a* fi(x) + a* log afo(x), (A.4.3)
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where fo(x) is a HD of degree A. In view of Theorem [95, Ch.,
§3.11.], fo(x) = Alxi + Ayx?, where A;, A, are constants. If we differ-
entiate (A.4.3) with respect to a and set a = 1, we obtain the differential
equation

Xf{(x) = Afi(x) + Arxh + Aox”. (A.4.4)

For £x > 0 this equation can be integrated in the ordinary sense.
Thus, for x > 0 equation (A.4.4) coincides with the equation

{0 = Afi(0) + Arx.

Integrating this equation, we obtain fj(x) = A;x’ logx, + Bix’, where B,
is a constant. Similarly, we can prove that f;(x) = A>x* logx_ + Byx* for
x < 0. Thus the distribution g(x) = fi(x) — Ajx% — Aox* — Bix% — Byx*
satisfies equation (A.4.4) being concentrated at the point x = 0. Therefore,
glx) = Z,AZZO Cm8(’”)(x), where Cy, ..., Cy are constants. However, since
8™ (x) is a HD of degree —m — 1, g(x) = 0 by Lemma A 4.1. Thus

fi(x) = Aix} logxy + Ayx? logx_ + Bixh + Box?.

Consequently, up to the distribution Byx} + Brx* € AH;(R) of order 0, we
have fi(x) = Ajx% logxy + Ayx* logx_.
Let us assume that the distribution f;_;(x) € AH(R) of degree A and order
(k — 1) is represented as the linear combination
k—1
ficn =Y (A1 it logl xy + Agjx* log! x_). (A4.5)
j=0
A distribution f; € AH;(R) of degree A and of order k > 2 satisfies (A.4.2)
for all @ > 0. Differentiating this equation with respect to a and settinga = 1,
we obtain

xfi(x) = Afi(0) + fio1(x). (A.4.6)
Taking (A.4.5) into account and integrating (A.4.6) for x # 0, we calculate
A A
Lj j+1 2j A j+1 x A
= log’ log’ _ B Byx”,
Je(x) ]E:O<j+1x+ og x++j+1x_ og/™ x >+ 1xy + Box”

where Bj, B, are constants. By repeating the above reasoning we obtain

k=1 3 Aok

A k
Jik(x) = 5 log" x4 +

x* logk x_

up to distributions of degree X and of order < k — 1.
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By induction, the statement (a) is proved.
The statement (b), when A = —n, n € N, can be proved similarly. O

A4.2. QAHDs

Taking relations (A.3.7) and (A.3.11) into account, by analogy with (A.2.3),
we can naturally generalize the notion of an associated eigenvector (A.2.2).

Definition A.9. A distribution f; € D'(R) is said to be quasi associated homo-
geneous of degree A and of order k, k =0,1,2,3,... if for any a > 0 and
¢ € D(R)

k
(A0 0(2)) = @ 0 00 + Y- hrl@) e (). 90)),

r=I1

1.e.,

k
Ua filx) = filax) = a* fi(x) + Y he(@) fir(x), (A.4.7)
r=1
where fi_,(x)is a QAHD of degree A and of order k — r, h,(a) is a differen-
tiable function, r = 1,2, ..., k. Here for k = 0 we suppose that sums on the
right-hand sides of the above relations are empty.

Let us denote by AH (R) the linear span of all QAHDs of order k and degree
MAeCk=0,1,2,...,defined by Definition A.9. In view of Definition A.8,
AH(R) € AH(R).

Theorem A.4.3. Any QAHD fi(x) of degree A and of order k, k = 0,1, ...
(see Definition A.9) is a distribution of degree )\ and of order k (from AH(R))
(see Definition A.8 and Theorem A.4.2), i.e., fi(x) satisfies relation (A.4.2).

Thus AH(R) = AH(R), and, consequently, the class AH(R) coincides
with the Gel'fand-Shilov class AHo(R) from Proposition A.2.1.

Proof. We prove this theorem by induction.

1. For k=1 this theorem is proved in [95, Ch.I, §4.1.] (see also
Section A.2.1).

2.If k = 2, according to Definition A.9, for a QAHD f,(x) of degree A and
of order k = 2 we have

frlax) = a* fr(x) + hi(a@) f1(x) + ha(@) fo(x), Ya >0, (A4S8)



A.4. Real quasi associated homogeneous distributions 303

where f(x)is an AHD of degree A and of order k = 1, fy(x) is a HD of degree
A, and hi(a), ho(a) are the desired functions.

Taking into account that f;(bx) = b* f1(x) + b* log bf " (x), where £"(x)
is a HD of degree A, in view of (A.4.8) and Definition A.2, we obtain for all
a,b>0:

fo(abx) = (@b)* f2(x) + ha(@b) fi () + ha(ab) fo(x)
= @ Hbx) + m(@fi(bx) + ha(@ fobx)
= @ (V" 00 + B ) + o) o))

+ (@b 1) + b og bfi () + ha(@)h* fo(x)
= @) ) + (a1 (B) + b1 (@) fi(x)
+ (@ h20) + ha@P) fo(x) + (@b log by ().

Obviously, this implies that for all a, b > 0

(m(@b) = a*m®) = b1(@) fi(x)

+ (haab) — a*ha®) = b"ha(@)) fox) = I (@b* log b () = 0.
(A4.9)

According to [95, Ch.I, §3.11.], there are two linearly independent HDs
of degree A, such that each HD is their linear combination. Thus there are
two possibilities: either fél)(x) and fy(x) are linearly independent HDs, or
fo(l)(x) = Cfy(x), where C is a constant.

Thus, in the first case, since from Lemma A.4.1 any HD and AHD of order
1 are linearly independent, relation (A.4.9) implies k1(a) = 0 and hy(ab) =
a’hy(b) + b*hy(a). The solution of the latter equation constructed in [95, Ch.I,
§4.1.] (see also Section A.2.1) is given by (A.2.4), i.e., hy(a) = a” log a. Thus,
relation (A.4.8), Definition A.2, and Theorem A.4.2 imply that f>(x) is an AHD
of order 1. Consequently, we obtain a trivial solution.

In the second case, in view of Lemma A.4.1, fy(x) and fi(x) are linearly
independent, and, consequently, relation (A.4.9) implies the following system
of functional equations:

hi(ab) = a*hi(b) + b h(a),

(A.4.10)
ha(ab) = a*h>(b) + ha(a)b* + Chi(a)b* logh, Y a,b > 0,
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where h1(1) = 0, hy(1) = 0. According to [95, Ch.1, §4.1.] (see also (A.2.4)),
hi(a) = a” log a. Then the second equation in (A.4.10) implies

ho(ab) = hy(a)b* + a*hy(b) + C(ab)* loga log b (A4.11)

ha(a)

a*

and, consequently, the function ha(a) = satisfies the equation
hy(ab) = ha(a) + ha(b) + Clogalogh, Ya,b>0. (A4.12)

Making the change of variables ¥,(z) = I~12(ez), where ¥,(0) = 0 and a = €,
b = €, we can see that (A.4.12) can be rewritten as

Va(§ +m) = V&) + v + Cén, V& 1. (A.4.13)

We will seek a solution of equation (A.4.13) in the class of differentiable
functions. Differentiating the relation (A.4.13) with respect to 1, we obtain for

all€,n
Vi€ +n) = Yi(n) + CE, ¥2(0) = 0.

Setting n = 0, we have the differential equation

V(&) = ¥,(0) + C&,  ¥(0) =0,
whose solution has the form

’ C 2
V2(8) = ¥, (0)§ + 55 .
Since a = €%, then h»(a) = A, loga + %log2 a and
) C orrne?

hy(a) = Aza”™loga + Ea log”a, (A.4.14)

where A, = E’z(l) = h5(1) is a constant.

By substituting the functions 4 (a), hx(a) given by (A.2.4) and (A.4.14) into
(A.4.8), we obtain

C
falax) = a* fo(x) + a* log afi(x) + (AzaA loga + > log’ a) Folx).
The latter relation can be rewritten in the desired form (A.4.2):

folax) = a” fr(x) + a’ log aj?;(x) +ad log2 aﬁ)(x), Ya>0,
(A4.15)
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where ﬁ(x) = fi(x) + Ay fo(x) is an AHD of degree A and of order k = 1,
ﬁ)(x) = % fo(x) is a HD. Thus f>(x) is a distribution of degree A and of
order 2 (in the sense of Definition A.8), and, according to Theorem A.4.2,
fa(x) € AHH(R).

3. Let fi(x) be a QAHD of degree A and of order k. Let us assume that any
QAHD fj(x), j =0,1,...,k — 1is a distribution of degree A and of order j
(in the sense of Definition A.8). Then, according to Theorem A.4.2, f;(x) €
AHp(R), and the relation (A.4.2) holds. Thus, in view of our assumption,
(A.4.7) and (A.4.2) imply for all a, b > O:

k k
(@b fi(r) + Y hr(@b) fir(¥) = @ fibx) + D ho(@) fimr (b)

fi(abx)

k
a* (bA H0+Y hr(b)fk_r(x))
r=1

k—1 k—r

+ Y @b fier 0+ Y2 b log? bFET () + @b fo)

r=1 j=1

k
@b i) + Y (@1 B) + bR (@) fior ()

r=1

=~

-1
+ h(@)b* log’ b7 (x),
1

=~

—r

r

1

where fk P J(x) is a distribution of degree A and of order k — r — j (in the
sense of Definition A.8) which belongs to AHy(R), r=1,....k—1, j=
1,...,k —r. By changing the order of summation, we can easily see that for
alla,b > 0:

k
S habif ) = > (@) + by (@) fir ()
r=1 r=1
k r—1
+3°3 he (@b log/ b (x). (A4.16)

r=2 j=1

Since, in view of Lemma A 4.1, the distribution fr1 € AH 1 (R), of order
k—1 and the distributions fi_,, fi '™ € AH\(R)y of order k — r, are

r

linearly independent, r =2,...,k, j=1,...,r — 1, the relation (A.4.16)



306 The theory of real AHDs and QAHDs

implies that for all a, b > 0
hi(ab) = a*h(b) + b (@),
haab) fi s = (a*hab) + b ho(@) fia + I (@b* log bfS ",

ha(ab) fis = (a"hs(®) +b"hs(@)) fios + Y, hs- (@b log! b3,

hiab) fo = (@ hib) + Bhi(@)) fo + 52} e j(@)b* log! by,

Taking into account that the function h(fl (b“)l;) - % - % is symmetric in
a and b, it is easy to see that the latter system has a nontrivial solution only if
fk(k " (x) = Ck ,H")fk (), WhereC ") are constants, r = 2,3, ..., k,
j=1,2,...,r — 1. Thus in view of Lemma A.4.1, we obtain the following

system of functional equations:
hi(ab) = a*h\(b) + b*hi(a),

hy(ab) = a*hy(b) + b*hy(a) + C 5 hy(a)b” log b,
hy(ab) = a*hs(b) + b*h3(a) + Y 1_, C 3V hs_j(@)b* log! b, (A417)

hi(ab) = a*hy(b) + b*hi(a) + Y5} C§ hi_j(@)b* log/ b.
h; (a)

Consequently, the functions h j(a) = satisfy the system of equations
I(ab) = 7(b) + h(a),

hy(ab) = hy(b) + ha(a) + C  (a) logb,

hy(ab) = h3(b) + h3@) + Y5, C4 5 ha_j(@)log/ b, (A418)
h(ab) = hi(b) + hi(a) + Y7} C§ i (@) log! b,

wherehj(1)=O,J =1,2,...,k.
By changing variables v/;(z) = h;(e®), where ¥;(0) =0, j =1,2,...,k
anda = ¢¢, b = e, the system (A.4.18) can be rewritten as

YiE+ 1) = Y1) + (),
Y&+ 1) = ¥a(&) + ¥a(n) + CLS v m,
V3E+1) = Y@ + s + Yo, CE s, (AALD)

Y€ + ) = Y®) + i) + X5 O W .



A.4. Real quasi associated homogeneous distributions 307

Differentiating relations (A.4.19) with respect to n and setting n = 0, we obtain
the following system of differential equations:

Y1(€) = ¥1(0),
Y5 = ¥300) + CL i (6),
Vi) = Y500 + CX 7y ®), (A.4.20)

Yi(E) = Y1 0) + C w1 (8),

where ¥;(0)=0,j=1,2,...,k.
By successive integration, it is easy to see that the solution of the system
(A.4.20) has the form

Ve (E) =) Al&,

j=1
where A/ are constants which can be calculated, r = 1,2, ...k, j=
1,2,...,r. '
Since a = €, ¥;(z) = hj(e%), then h,(a) = > A} log’ a and
ho(a) = a* Z Al log a, (A4.21)
j=1
where Af are constants, r = 1,2,...,k,j=1,2,...,r.

By substituting the functions (A.4.21) into (A.4.7), the latter relation can be
rewritten in the form (A.4.7):

k r
filax) = a* fix)+a* YY" Allog afir(x)

r=1 j=I

k
= " fix)+ ) _a*log’ afi_,(x), (A4.22)

r=1

where, according to our assumption, f~k_,(x) = Zl;sr A’ fi-j(x) € AHo(R),
r=1,2,..., k. Moreover, in view of Remark A.4, f;_,(x) is a distribution of
degree A and of order k — r (in the sense of Definition A.8), r = 1,2, ..., k.
Consequently, fi(x) satisfies the relation (A.4.2).

By the induction axiom, AH(R) = AH;(R).

According to Theorems A.4.2, the class AH(R) of QAHDs coincides with
the class AHy(R).

Thus the theorem is proved. O
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A.4.3. Resume

In [95, Ch.I, §4.1.] it was proved that in order to introduce an AHD of order k =
1, one can use Definition A.2 instead of Definition (A.2.3). Similarly, according
to Theorem A.4.3, in order to introduce a QAHD, instead of Definition A.9 one
can use the following definition (in fact, Definition A.8).

Definition A.10. The distribution f; € D'(R) is called a QAHD of degree A
andof order k, k =0, 1,2, ...,ifforany a > 0 and ¢ € D(R)

k
(fk(x), w(;—c)) = a""!fi(x), p(x)) + Z a’log” a( fi—r (x), p(x)),
r=1

(A.4.23)

1.€.,

k
fiax) = a* fix) + ) a*log’ afir(x), (A4.24)
r=1
where fi_,(x) is an AHD of degree A and of order k —r, r =1,2,... k.
Here for k = 0 we suppose that the sums on the right-hand sides of (A.4.23),
(A.4.24) are empty.

Thus instead of the term “distribution of degree A and of order k” one can
use the term “QAHD of degree A and of order k.

According to Remark A .4, the sum of a QAHD of degree A and of order k
and a QAHD of degree A and of order r < k — 1 is a QAHD of degree A and
of order k.

A.5. Real multidimensional quasi associated
homogeneous distributions

Definition A.11. (see [95, Ch.III, §3.1., (1)]) A distribution fy(x) =
Sfo(xy, ..., x,) from D'(R") is said to be homogeneous of degree A if for any
a > 0and ¢ € D(R")

<fo, ¢<x1 x—n>> =a""(fo. p(x1, . ... X)),

Ty e ey
a a

A
folaxy, ..., ax,) = a” folxi, ..., x,).

Let us recall a well-known theorem.
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Theorem A.5.1. (see [95, Ch.IIL, §3.1.]) A distribution fy(x) is homogeneous
of degree M if and only if it satisfies the Euler equation

n

d
E xjﬁ = Afo,
" 8Xj

Jj=1

Now we introduce a multidimensional analog of Definition A.10, and prove
a multidimensional analog of Theorem A.5.1.

Definition A.12. We say that a distribution f; € D'(R") is a QAHD of degree
randof order k, k =0, 1,2,...,if for any a > 0 we have

k
filax) = filax, ..., ax,) = a* fi(x) + Y _a*log" afi(x), (AS5.1)

r=1

where fi_,(x) is a QAHD of degree A and of order k —r, r =1,2,... k.
(Here we suppose that for k = 0 the sum on the right-hand side of (A.4.2) is

empty.)
The characterization of a QAHD is given by the following theorem.

Theorem A.5.2. fi(x)isa QAHD of degree A and of order k, k > 1, if and only
if it satisfies the Euler type system of equations, i.e., there exist distributions
Ji—1, -+, fo such that

n

0
52 =,
j=1 Xj
"oy (A52)
ij =M+ fic, r=1,..k,
8xj

i.e., forall p € DR")

n a(p
(. ;x,-gj) = G+ 1) fo. ),

)
_<fr12xj8_j):()\-‘i‘n)(fr,@)—i-(fr_l,(p), r:l"..’k.
j=1 i



310 The theory of real AHDs and QAHDs

Proof. Let fi, € D'(R") be a QAHD of degree X and of order k. According to
Definition A.12, there are distributions fj, j = 0,1,2,...,k — L and f{*.¥
s=0,1,2,....k—2,r=2,...,k — s such that

flaxy, ..., ax,) = a* fi(x) + a* logafi_(x)
+ Y, atlog af (x),
fici(axy, ..., ax,) = a* fi_1(x) + a* logafi2(x)
+3 5 atlog"afi5l (v,
ficalaxy, ..., ax,) = a* fi2(x) + a* logafi3(x) (A.5.3)
+3 5 atlog" afif32, (v),

filaxy, ..., ax,) = a* fi(x) + a* logafo(x),

folaxy, ...,ax,) = akfo(x).

Differentiating (A.5.3) with respect to a and setting a = 1, we derive the system
(A.5.2).

Conversely, let f; € D'(R") be a distribution satisfying the system (A.5.2),
i.e., there are distributions f; € D'(R"), j =0,1,2,...,k — 1 such that the
system (A.5.2) holds. We prove by induction that f; is a QAHD of degree A
and of order k.

For k = 0 this statement follows from Theorem A.5.1.

If £ = 1 then the system of equations

—~
iji = Arfi+ fo.
— T 0x;
= (A5.4)
Y °h g,
’ax,

holds. Here, in view of Theorem A.5.1, the second equation in (A.5.4) implies
that fj is a HD.
Consider the function

gi(a) = fiaxy, ..., ax,) —a" fi(x) — a" logafy(x).
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It is clear that g;(1) = 0. By differentiation we have

gi(a@) = ijg(axl, o axy) — Aa* T () — d*oga + a7 fo(x)
j=1 !

(A55)

Applying the first relation in (A.5.4) to the arguments axy, ..., ax, we find
that

"9 A 1
iji(axl, .o axy) = — filaxy, ..., ax,) + — folaxy, ..., ax,).
= 0x; a a

(A.5.6)

Substituting (A.5.6) into (A.5.5) and taking into account the relation
1 fotaxy, ... ax,) = a*7 fo(xy, ..., x,), we find that g;(a) satisfies the dif-
ferential equation with the initial data

A
g (@) = —a@, =0 (A.5.7)

Obviously, its solution is gj(a) =0. Thus gi(a) = fi(axy,...,ax,) —
a® fi(x) — a* logafy(x) = 0,i.e., fi(x)isan AHD of orderk = 1,i.e.,a QAHD
of order k = 1.

Let us assume that for k — 1 the theorem holds, i.e., if f;_; satisfies all the
equations in (A.5.2) except for the first one, then f;_; is a QAHD of degree A
and of order k — 1.

Now, we suppose that there exist distributions f;_1, ..., fo such that (A.5.2)
holds. Note that in view of our assumption f;_; is a QAHD of order k — 1.

Consider the function

gr(@) = filaxy, ..., ax,) — d" fi(x) — a* logafi_i(x). (A5.8)

It is clear that g(1) = 0. By differentiation we have

, S -
gla) = Zw%(axl,..-,axn) —xa*! fi(x)
j=1 J

—(a*oga +a* ™) fim 1 (x). (A.5.9)
Applying the first relation in (A.5.2) to the arguments axy, ..., ax, we find
that
" fe A 1
ij—(axl, e axy) = — fiulaxy, ..., axy) + — fioi(axy, ..., axy,).
= 0x; a a

(A.5.10)
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Substituting (A.5.10) into (A.5.9) and taking into account that according to our
assumption, fr—; is a QAHD of order k — 1, i.e.,

k—1

fiai(axy, ... ax,) = a* fis(x) + Y _ a* log" af* ;D (x),

r=1

where £7" (x)is a QAHD of order k — 1 —r, r =1,2,...,k — 1, we find
that gi(a) satisfies the linear differential equation

k—1
A
g@) = ~g@)+ ) a*log af V@), a)=0.  (AS.I1)

r=1
Now it is easy to see that its general solution has the form
k-1 (k=1)
g@ =Y atlogt a2 ),
r+1

r=1

where C(x) is a distribution. Taking into account that g;(1) = 0, we get C(x) =
0. Thus

k—1 (k— 1)

gua) =Y a*logt! g = ‘+f1 . (A5.12)
r=1

By substituting (A.5.12) into (A.5.8), we find

flaxy, ... ax,) = a* fi(x) — a* logafi1(x) + Y _a*log a
r=2

k k—1
£E )
r 9

(A.5.13)

where by our assumption f;_; is a QAHD of order k — 1, and, consequently,
5 (x) is a QAHD of order k —r, r =2, ..., k. Thus, in view of Defini-
tion A.12, f; is a QAHD of order k.

By the induction axiom, the theorem is proved. O

It is easy to see that Theorem A.5.2 can be reformulated in the following
way:

Theorem A.5.3. fi(x) is a QAHD of degree A and of order k, k > 1, if and
only if

n 3 k+1
<ij— —,\> felx) = 0. (A.5.14)
= 0%
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In this form, Theorem A.5.2 is a special case of Proposition 2.31 presented
in Grudzinski’s book [99].

A.6. The Fourier transform of real quasi associated
homogeneous distributions

The Fourier transform of ¢ € D(R") is defined by

Flpl(§) = / p(x)e*d"x, &eR",
er

where £ - x is the scalar product of vectors x and &. We define the Fourier
transform F[ f] of a distribution [95, Ch.II]

(FLf] @) = (/. Flel), V¢ € DR").

Let f € D'(R"). If a # 0 is a constant then

FILA@OIE) = FLf@x. ... ax)l® = la " FLAI(5). (A61)

a
Theorem A.6.1. If f € D'(R") is a QAHD of degree ) and of order k, then

its Fourier transform F[f] is a QAHD of degree —) — 1 and of order k,
k=0,1,2,....

Proof. We prove this theorem by induction.
If k = 0 then using (A.6.1) and Definition A.11, we have for alla > 0

FLo)as) =aF[f(3)]© = a7 F[f0)©).  (A62)

ie., F[f(x)](¢)is a HD of degree —A — n.
Let k = 1. Using (A.6.1) and Definition A.12, we obtain for alla > 0

Flf@]@) = a FL£(=)]©)

= a [ f@0)]€) — a7 " logaF [ /o] @),

where fj is a HD of degree A. In view of (A.6.2), F[ fol(§) is a HD of degree
—A — n, hence, according to Definition A.12, F[f(x)](§) is an AHD of degree
—A —nand of order k = 1,1i.e.,a QAHD of degree —\ — n and of order k = 1.
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Let f be a QAHD of degree A and order k, k = 2,3, .... By using (A.6.1)
and Definition A.12, for all a > 0 we have

Flf@]@s) = a FL£()]©)

k
= a " F[fW]E) + Y (=1Ya " log" aF[ fi (0] (),
r=l

where fi_,(x)is a QAHD of degree A and order k —r, r = 1,2, ... k.

Suppose that the theorem holds for QAHDs of degree A and order k =
1,2...,k — 1. Hence, by induction, the latter relation implies that F[ f](§) is
a QAHD of degree A and of order k.

The theorem is thus proved.

Taking into account Theorem A.4.2 and Remark A.4, we can prove the
above theorem at once by calculating the Fourier transform of the distributions
P(xz"log" ' x4) and x} log" x4, where A # —1, =2, ... O

Thus F[AHo(R)] = AHo(R).

A.7. New type of real I'-functions

Consider the Fourier transform of the homogeneous distribution x}r, A F#
—1, -2, ..., which according to Theorem A.6.1 is represented as

F[x:]&) = CE +i0) ™, (A7.1)

where C is a constant, and the distribution (x £ i0)" is given by (A.3.5). Setting
& = i, we can calculate that

o0
C = i”1/ e dx = i*'T(L 4+ 1). (A.7.2)
0

Thus the factor of proportionality in (A.7.1) is (up to i**!) the I'-function,
F(a+1) = [~ x*e ™ dx.
In view of Theorem A.6.1 and Remark A .4, for A £ —1, —2, ... we have
k

F[x% log* x;](6) = ZAk JE+i0) 7 ogh i (£ +i0), (A7.3)
j=0

andfor A = —n,n e N,

F[P(x7"log" " x;)]®) = ZBk & M og" i (& 4 i0), (A.7.4)
j=0
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where A;, B; are constants, j =1, ..., k. Here (§ + i0)~*1 logk’j(é +i0)
and "' log" /(& + i0) are QAHD:s of order k — j and of degree —A — 1 and
n — 1, respectively (we set (£ +i0)*"! = £"~! n e N).

Similarly to (A.7.2), the factors

T+ Lk =i"""log/i A; (A.7.5)
and
Tj(—n+1;k)=i"""log/ i B; (A.7.6)

in the relations (A.7.3) and (A.7.4) are said to be I"-functions of the type (j; k, A)
and (j; k, —n), respectively, where A # —n,n € N, j =0, 1,..., k.

By successively substitutingé =i, 2i, ..., (k + 1)i into (A.7.3)and (A.7.4),
we obtain the linear systems of equations for A, ..., Ay and By, . .., B. Solv-
ing these systems, we can calculate the associated homogeneous I'-functions
['j(A + 1;k) and T j(—n + 1; k), respectively.

Now we calculate the I'-functions for k = 1.

Let X % —1, =2, .... According to [95, Ch.II, §2.4., (1)],

F[x}logxi]&) = —i*"'TO + D(E +i0)"* ' log(€ +i0)
1 (o T - —A—1
+i (F (D +iZT0A+ 1))(5 +i0) 1,
This relation and (A.7.5) imply that

FiG+ 1) = =i 2T+ 1),

(A.7.7)
Coh+1;1) = '+ D +i 5T+ 1).
Let A = —1, =2, .... According to [95, Ch.II, §2.4., (14)],
Flx"]) = —a}5" " log(§ +i0) +ay"5" ",
where
a(—nl) = (rinj)!*
™ _ (n”*l‘),(l S +F’(1)+ig).
Thus, in view of (A.7.6), we have
Fi(=n+1:1) = —i5 (=,
(A.7.8)

Fo(—n+1:1) = & ‘3),(1+ +- +—+F(1)+l—)

Formulas (A.7.7) and (A.7.8) can be derived directly as well.
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According to (A.7.7) and (A.7.8), we have
Ci(a+1;1) = A D),
Lo 4+ 1;1) = ATg(A; 1) + T'(A),
and

Ci(=n+1;1) = (=)' (=n; 1),
Po(—n+1;1) = (=m)To(—n; 1) — &L,

n

where res;—_,['(A) = (_,,lg)n .

In the same way, we can calculate the I'-functions of the types I'j(A + 1; k)
and I'j(—n + 1; k) and study their properties.




Appendix B

Two 1dentities

Let us recall that the Bernoulli numbers B, are defined by the following
recurrence relation:

y—1
By = 1, > B, =o0. (B.1)
=0

In particular, By = —3,B;;_1 =0,/ =2,3,..., By =, By = — 5.

Now we present the well-known relation, which we will use repeatedly in
our construction.

Proposition B.1. (see [167])

Yo K
1 _
Ss(vo) = E ' = SF1 E ClLoByy ™+
y=1 r=0

V(SYJF] - C.3+1B1Vos + Cs2+1B2V0v_1 oot C§+1B‘gy0)’
(B.2)

s+1(

where yy > 1; C:H are the binomial coefficients; r =0,1,...,5,5 =
0,1,2,...; B, are the Bernoulli numbers.

By formula (B.2) we can consider S;(yy) as a polynomial with respect to yy
for which the following relation holds.

Lemma B.2. Ifwe consider S;(yy) as a polynomial with respect to y, then for
vw<-1,s5=0,1,2,... we have

0
> v =8 (B.3)

y=y+1

317
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Proof. Let us rewrite the above sum by using the relation (B.2) as

0 —v—1
2 V= Ly
y=vo+1 y=1

1
=7 (G0 + D = =DC Bio + 1

+CL B+ ' e (CD'CL Bn + D). (BA)

Using (B.1), it is easy to see that the coefficients of y, +1 Y5 Yo ~!in the

above sum are equal to 1, C!,, + C!, B, = —=C{, By, C}_, + C!, B,C! +

C? B2 = C? 1 B2, respectively. Taking into account the relation (3.2) and the
relation By;_; = 0, j = 2, 3, ..., we obtain the coefficient of y,

Cj;{ + Csl+1B1C§_j + C52+1B2Cj:{ - C§+1B3C5:2j
+o (=D C)B G+ (DT B
j
j+1 r j+1 j+1
=C/11 ) CiB +C/ By = C[| By,
r=0

j=2,3,...,5s — 1. The coefficient of yé) is equal to:

i C’, B, =0.
r=0



Appendix C

Proof of a theorem on weak
asymptotic expansions

Now we prove the main Theorem 14.6.1, which gives weak asymptotic expan-
sions for the products of regularizations of p-adic QAHDs. The proof of this
theorem is reduced to the construction of the weak asymptotics of the elements
of the algebra H*:

n,

8 00(Pa 40) "+ (P 1)

mi mg
(e 40) o (a1 0) s k= o0, (1)
wherem,nj,my € No, j=1,2,...,r,k=1,2,...,s. The above-mentioned
weak asymptotics are constructed by using Propositions C.1-C.9, which we

shall prove below.

Proposition C.1. In the weak sense we have
<8k(x))s — 5P D, ko0, s=1,2,.... (C2)

Proof. Using (3.3.1) and the regularization of the delta-function (4.4.6), we
obtain

(610" o) = [ 204 1a1pordx

=p’“/ p)dx = pe©) [ dx = pPg(0),
B_i

B_y
k — o0,

for all ¢ € D(Q),) and all sufficiently large k. O
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Proposition C.2. If a #a; = % J, J €Z, then the following asymptotics
holds in the weak sense:

m

BT 1 (0) = B0 VBN ( 3 ¢ Iy m — jylog) p )
=0
k— oc0. (C.3)

Proof. For m € Ny, s, n € N let us calculate the following asymptotics

Jie = (8 ()G 1 (1), @(x)), k= 00,

where @ #aj=F4j, j€Z, and, by (14.6.1), T r(x) =7y}, (x) +

2 )+ (x).

a;m k am k

First, using (14.6.1) and (14.6.2), we calculate the asymptotics
D = (800(2, 10) S 0@)) = po / @ (pFlxl,)
x{ / €19y (€) log! 1€1,Q2(p* x — sws} @(x)dx
Qp\BO
= plk / { / &[5~ 1(5) log) €1,Q(p"1x — §|p)ds} p(x) dx.
B_; Q[}\BU

where r =1,2,.... Since |x|p§ﬁ and £ € Q, \ By = {|€], > 1} then

lx —&l, > #. Otherwise, we would have

1
€], = |x — (x — &)], < max(|x],, |x —&|,) = o

Thus Q(pF|x — £l,) =0, 1.e., Jox = 0 for all sufficiently large k.
Hence, using the binomial formula, we find

T = (50 (78, 40 + 70 40 p0)) = po f @' (1)
x{ el @) logy 615 (211 = £1,) — QW 1x1)) de

+Q(p"Ix1,) fB £197 " 71 (€) log)y |$|,,ds} @(x)dx
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= ptrt f { |£1% " 1(8) log); |é|,,(sz<p"|x—élp>—l)dé
B By
+ fB &% 1 (8) log)y |é|pds} (x) dx
- p<s+"“’<¢<0>{ 61 m @) logy 151, Q(p1 151, d }

- p<s+n—'>k¢,(0){ /B 157" 71(8) log)y |s|pds} : C4)

Making the change of variables £ — p~*£ and taking into account the
relation 7, (p*€) = 1 (&) and formulas (6.2.3) and (6.3.3), we obtain

I(aim) = /B £127 1 (6) log” |€1, &

p ’ E15~ w1 &) log)y (P I51,) dE

_ p—ka Z Ch’;(—k)jlo(a;m -7, (C.5)
=0

where the integral Ip(«; m) is defined by (6.3.3).
Using (C.5), we have from (C.4) that

m

I = go(o)p(m*"“*‘)k(zc,;(—k)flo(a;m - j)) . k= 0.
j=0

Proposition C.3. The following asymptotics holds in the weak sense:

S (P) = (=1780p ™ logy (57) (1= p7') s k= oo,
(C.6)

wherem € N, n € Ny.
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Proof. Using calculations similar to those carried out in Proposition C.2, it is
easy to show that for any test function ¢ and sufficiently large k:

(sreo(P)” o)

= p‘"“+"">"¢(0)( f &1, (2011 1) ds)
(Wl+n l)k(p(o)( Z / lE]> ldé'_)

y=—k+1

— p(m+n—l)k logll‘l) (p_k)(l _ p—l) (_])nw(o)’

Repeating calculations similar to those in Propositions C.1-C.3, we can
prove the following

Proposition C.4. We have the following asymptotics in the weak sense:

5000 (o 1) (i 1)) (Po )"+ (P, @)
= 8(x)kaRN(logp pik), k — oo,

where Ry(z) is a polynomial of degree N =Y _ mja; + 3 _ n; with the
computable coefficients y =m —1—37_ mj(a; — 1)+ 3 n;.

We also have the following.

Proposition C.5. Suppose that o # oj = lnp] Jj €Z, n € N. Then we have
in the weak sense:

@ ifn(a — 1)+ 1 # a; and m(x) # 1 then

|n(a—l)

Ty k() = |x i nl"(x)log;’" lx]p

m

4 p e DHDE { ( Z c/ logf, (p™)Io(a;m — j))
=0

nm

— ZC logp )Io(n(a — 1D+ 1;nm —j)}é(x), (C.7

as k — oo;
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(b) ifn(a — 1)+ 1 =o; and m1(x) = 1 then

T l(X) = p(log'flf&) {(szcfn log), (p~)Io(et; m —]))

[, ~
_(1 - Pl)Sz1m(10gp(Pk))}5(x), k — oo. (CS)

In particular, the following assertion holds for m = 0:
@ ifn(a — 1)+ 1# o; and m1(x) #Z 1 then

7y 1 () = |x [V ()

+p‘<"<°'-“+”"{(lo<a))" — lonle = 1)+ 1)}8(x>, (€9)

as k — oo;
®)ifnl@ — 1) +1=ojand m1(x) = 1 then

1 n
)+ {(Io(a)) —(1—pHlog, (p_k)}S(x), (C.10)

x1p

7y (X)) = P(
as k — oo.

Here the integrals Iy(«) and Iy(o;m — j) are defined by (6.2.3) and (6.3.3),
respectively, the function S;(r) is defined by (B.2).

Proof. Letus calculate the asymptotics of Ji = (7., ,, ¢),n € N, represented
in the form of the sum

S = [ Ao - 0O) dx
By

+/ T k@) dx +¢0) | 7)., (x)dx.

Q,\Bo By

Since 7, (x) log;” |x], is a continuous function for x # 0, in view of
Lemma 14.3.2, for x # 0 we have

n
T 1) = () logy [xl,)" = e[

nl”(x)logzm lx|p,  k — o0,

in the sense of pointwise convergence. Let Jj; = f B Ty k(x)(go(x) —
(p(O)) dx, Joy, = fQ \Bo Ty (X)@(x) dx. Denote by I(¢) the parameter of con-
stancy of the function ¢. Taking into account that ¢(x) — ¢(0) = 0 for all
X € Byy) C By, according to Lemma 14.3.1, for any ¢ and for sufficiently large
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k we have

hi= [ (maoiog ixl,) (ot = 0(0) d.

B \ (C.11)
o = / (na(x) log |x|p) p(x)dx.

QP\BO

Now we calculate the asymptotics of the integral

3
. n
J3k :/ Ty () dx = f (Zﬂ‘i},),, k(x)) dx = J3 1 + J3,45
B() BO j—
j=1

where, in view of (14.6.2),
s = / (i () + 7o, ()" dx,
By

- (C.12)
ik = Z C;/ (nlilr)n k(x))r(no(i:n k(x))nir dx.
r=0 By

By calculations analogous to those used for (C.4), we derive from (C.12),
(14.6.2), (6.3.3) and (C.5)

n—1

n—1
S0k = Z o / (”élr)n k(x))r(”f;z)n ()" dx = p* Z o
r=0 Bo

r=0

x / ( |s|°;,—1m<s>log':|z§|p(9<pk|x—5|p>—sz<pk|x|p>)ds>
By By

stn'~<pk|x|p>< / €151 (6) log)y Iflndf?) dx

n—1

= p ZC:;( /B &%~ 1 (8) log)y |s|,,(sz(pk|s|,,) - 1) dé)
r=0 0
x ( /B £127 17, (8) log” |§|pds)

n—1
- p<”‘”ch2(/ E15 T () log) €1, d&
r=0 B

n—r

-/, &5~ m1(8) log)y |§|pds) ( ’ &1~ m1(§) log)y |s|pds)

n—1 m "
_ ey {p_ka S Gk oo — ) — Iofes m))
r=0

Jj=0
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x (Io@sm)" " = p—<"<a—1>+l>k{(gc,{;<—k>f ot@im = )’

- (Z ClL(—=k) Io(a;m — j) — p"“lo(a;m))n}, k — oc.
=0
(C.13)

Next, we construct the asymptotics of the integral J3 j. It is clear (see
(14.6.2)) that for |x|, < I and for sufficiently large &

T 1 () = / €1e™ mi(§) log)y £1,Qp" |x — £1,)d& = 0.
Qp\Bo

Indeed, since |x|, <1 and & € Q, \ By = {|£|, > 1} then |x —&|, > ﬁ

Otherwise, supposing [x — &|, < ﬁ, we would have |§|, = |x — (x — §)|, <

max(|x|p, |x —&],) =1, which is a contradiction. Thus Q(pk|x —£&lp)=0

and na n t(X) = 0. Thus we have

J3.1k Z/ ( zilr)nk(x)‘*‘”amk(x)) / ( zil;:q k(x))
Bo BU

=/ (g 1)) der/ (i ()" d (C.14)
B_i

Bo\B_

as k — oo, where, in view of (14.6.2),
(1) a—1 m k k
7@ =Pt [ g5 m©)logy 161, (R 1x — &1,) — RpH1x1,)) dé.
U

Now we calculate the first integral in (C.14). Let |x], < p~*. Hence, taking
into account the relation (C.5), we obtain

Ty k) = —p* / o B @) o8] 6], d

_ Ay fw '71(6)log], €1, d

y=—k+1

—p (Io(oe;m) - Lk(a;m))

—p* (folesm) = p™* Y~ Ch—k) ho(@im = ). (C.15)
j=0

where the integrals Ip(«; s) and 1 k(a s) are determined by the formulas (6.3.3)
and (C.5), respectively, o # o; = lnp =Ll j j € Z. Here the latter expression was
obtained by the analytical continuation with respect to «. Using (C.15), (3.3.1)
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and (3.2.6), we write the first integral in (C.14) in the form

/; (m (ilr)n k(x)) dx = (—l)np(n_l)k(lo(a;m)

—p Y Gl R @m = ), k= o,
=0
(C.16)

Next, we calculate the second integral in (C.14). Let x € By \ B_k It is
clear that Q(p*|x — £],) = 0. Otherwise, we would have |x — $|p p“ and
lxlp = 1§ + (x — )|, < max(|§],, |x —&|,) = 7- Thus, for p™ < |x|, <1
we have

T () = p / N 6157 M@ log) 61,26 x — €l ds. (C17)
pr<|El,=

Let 1(x) #£ 1. In view of (3.3.5), the relation (C.17) implies
T £X) = P > prety”

y=log, [§|e[—k+1.0]; §€B_(x)

x / T@Ep0dE =0, p*t<lxl, <1 (CI8)

SV
Let(x) = 1. Since the convolution is commutative, (C.17) can be rewritten
as

4o 1) = p* [@ §157" 10g 161, (1 = A—4(®) A0(®)RAp 1x — £1,) ds

(115 Togy 1x1, (1 = A-4(x)) Ag())  8u(x),

- pk/ e — g1 log 1 — &1, (1~ Autx — £))

Q

xAg(x — E)QUpXIEl,)dE, pF < x|, <1,

where (1 — A_k(x)) Ap(x) is the characteristic function of the set By \ B_.

Analogously to (14.3.3), taking into account that for all p~ < |x|, < 1 and
&lp < p~*, wehave |x — &|, = |x|,. We can see that the latter integral is equal
to

T (%) = [x[%7 Togly €], (1 — A_k(x)) Ag(x). (C.19)

Substituting (C.19) into the second integral in (C.14), we obtain

/ () ()" dx = Li(n(e — 1) + Lnm), (C.20)
Bo\B_
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where i (n(e — 1)+ Linm) = [y x5 logh |x|, dx.

Ifn(a — 1)+ 1 # o, from (6.3.3) and (C.5), we have

Li(n(e — 1) + 1;nm) = / |x 2V (x) logh™ |x|, dx
ph<lxl,<1

= lIy(n(e — 1)+ Lynm) — I (n(e — 1) + 1;nm)
Io(n(a — 1) + 1;nm) — pfk(n(a71)+1)

x 3 CL(=k) Io(ne — 1) + Linm — j). (C.21)
=0

If n(e — 1) + 1 = «}, taking into account that p”*/ = 1, the equality (B.2),
and Lemma B.2, we can obtain

0
L@ =D+ Linm) = / e[V} (x) log}y” x| dx
S}/

y=—k+l

0
— (1 _ p—l) Z py(—l+a/)pyynm
y=—k+1

= —(1 — p~HSuu(—k), (C.22)

where the function S,(r) is defined by (B.2).
Summarizing the above results and using the formulas (C.11), (C.13), (C.14),
(C.16), (C.20), (C.21) and (C.22), we calculate

Je = T+ Ju + 90) (I3 + J3.2)

=/, e[ Dt () Toghy” x|, (9(x) — 9(0)) dx

+/@ x5V (x) logh" x| p(x) dx 4+ (0)Ci,  k — o0,
»\Bo
(C.23)

where if n(a — 1) + 1 # «; then

m

Ce = B+ sk = Pf(n(afl)ﬁ)k(z Cy(—k) To(e;m — j))
=0

+ Iy(n(e — 1) + 1;nm) — p~Kr@=b+D

X Y Cl(—k) Io(n(er — 1)+ 1inm — j); (C.24)
=0
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andif n(a — 1) + 1 = «; and 1 (x) = 1 then

Ce = Jy+ i = (Y Ch=b Iotesm — )’
j=0
— (= p™HSun(—k). (C.25)

In view of the formulas (6.3.2), (6.3.3) and (6.3.5), the relations (C.23)—
(C.25) can be rewritten in the weak sense as (C.7) and (C.8). O

Analogously one can prove the following proposition.

Proposition C.6. (a) If o, B, m(a — ) +n(B—1)+1#a; = fg;,] jez,

then the following asymptotics holds in the weak sense:

~1
T QT (X)) = Tomga—1yn(p—1y+1(0)7] " (%)

() p @AV () [(B) — To(m(e — 1)

+n(B=1)+1D).
as k — oo.

®) If a,f#a;= 2’”], m(ot—l)+n(,8—1)+1_(x]_2”1’)j and
mi(x) = 1, then the followmg asymptotics holds in the weak sense:

1
— )+ (B@Ie) — 1= pHiog, () )50,

x1p

zro’["k()c)ﬂ/gZ () = P(
ask — oo.
Proposition C.7. The following asymptotics holds in the weak sense:

(Pe@)" = Ixl," + = (Togy (™) (1 = p71)" = To(=n + D)3(0),
ask - oo,n=2,3,....
Proof. To construct the asymptotics J; = ((Pk(x))”, @(x)) we use the same
calculations as in the proof of Proposition C.5. Let us represent the latter

expression as a sum

Ji = Jie + Ju + 0(0) I3,
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where
he= [ (Pw) (o - ) ax.
By
s= [ (P g,
Q/)\BU

s =/B (Pk(x))ndx.

By repeating the proof of the relations (C.11) word for word for all ¢ and
sufficiently large k, we have

Jie = | 1xl," (9(x) — 9(0)) dx,
By

Iy = / x| p(x) dx.
Q,\Bo

Next, representing J3; as the sum

Jse =/ (Pe)) dx =/ (P,f”(x))"dx+f (PO (x))" dx,
By B_; Bo\B_¢
where
P = pt /B 61" (200 1x = £1,) — QW 1x1)) d,

and repeating the calculations used in (C.16) and (C.20) almost word for word,
we obtain

/ (Pk(l)(x))n dx = (_1)np(n—l)k</ |E|;l ds)
B pr<lgl,<1

0 n

—cpr ([ eyte)

y=—k+1
— (_1)np(n71)kkn (1 _pfl)n
:/ (Pk(l)(x))n dx = / |x|;” dx
Bo\B_ ph<lxl,<1

0
= > /|x|;"dx:(1—p<"-“k)10(—n+1).
SV

y=—k+1

To construct the asymptotics of Ji, we note that the following relation (analo-
gous to (C.19)) holds:

(1151 (1 = Ae@) B0(@) ) #81x) = [x[;" (1 = &) Ao().
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Thus,

T = ((Pe0) " 00)) = i+ Sk + 9O

= fB x5 () — 9(0)) dx + f 1[0 (x) dx + p(O)Io(—n + 1)

Qp\Bo

+ (0)pn— 1k ((—k)"(l Y = hy(—n + 1)), k — oo,

Analogously one can prove the following proposition.
Proposition C.8. (a) If o, m(a — 1) —n+1#a; = ZLj, j€Z, then the

~ Inp
following asymptotics holds in the weak sense:

n&"k(x)(Pk(x)) = Tna—t-nt1 7 ()
+ p—(m(oz—l)—’H'l)k{]6"(0{)(1 — p_l) IOgl; (p_k)
— Io(m(a — 1) — n + 1)}8()6)7 k= oo.

(b)Ifa;éaj=lznllij,m(a—l)—n—i—lzozj=12nl]’;jand7t1(x)zl,lhen

the following asymptotics holds in the weak sense:

70 Po))

_ P(L) + {Ig"(a)(l _ pfl)" tog?, () — (1= p~")log, (pk)}S(x)’

|xlp

k — oo.

Repeating the calculations, analogous to those used in Propositions C.5-C.8,
one can prove the following proposition.

Proposition C.9. We have the following asymptotics in the weak sense:

<7Toq;a1 k(x))ml e (7701J;aJ k(x))mx(Pbl k(x))nl e (Pby ](()C))nr
= |x|Px{"(x)logl |x], + 8(x)p”* Ry (log, p7*). k — oo,

where 8 = Zj‘:l mj(ej — 1) — Z;:l nj, m= Zj‘:l mj, a= Zj’:l m;aj,
y=—1=3"_ymjlej— 1)+ 3" nj, Ry(z)isapolynomial of degree N =
Y ioymjaj+ 3y nj with the computable coefficients.



Appendix D

One “natural” way to introduce a measure on QQ,

The following remark was communicated to us by A. V. Kosyak and follows
A. Kosyak’s book [161].

For simplicity we consider the case of the ring of p-adic integer numbers
Z, (see Section 1.7), but a similar procedure can be used to construct a product
measure on Q. Since Z,, can be realized as

Z, = Zanp":anelﬁ'p, neNyyg,

HGNO

where F, = Z/pZ is the finite field with p elements, one can consider the
space Z,, as the infinite product of the rings IF ,:

Zy =[], Ephw=F,.

HGNQ

Consequently, a measure on Z, can be constructed, for example, as the infinite
tensor product of the probability measures v, on IF:

v= ) vu. v@Ep) =1, > k) =1. (D.1)

neNy keF,

Remark D.1. One can obtain the Haar measure hz, on Z, as a particular case
of (D.1), i.e., as the tensor product of the invariant measures on [ ,:

_ inv
hZP - ® Vs
nENn

inv
n

. 1
v"(k) = ;, kelF, neN.

where the invariant measures v,"” on [F, are defined as

In [160] the following lemma is used:

331
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Lemma D.1. Two measures n = @, oy, hn, V = Q@
lent if and only if their Hellinger integral

d n
Hpov) =[] /F J TGt = TT 3 Vi Gow, (0

neNy neNy kel

neN, Vn O Z, are equiva-

is positive, i.e., H(u, v) > 0. Otherwise, u 1 v.

The definition and the properties of the Helliger integral can be found
in [168].
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