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354 Groups and analysis, K. TENT (ed)
355 Non-equilibrium statistical mechanics and turbulence, J. CARDY, G. FALKOVICH & K. GAWEDZKI,

S. NAZARENKO & O.V. ZABORONSKI (eds)
356 Elliptic curves and big Galois representations, D. DELBOURGO
357 Algebraic theory of differential equations, M.A.H MACCALLUM & A.V. MIKHAILOV (eds)
358 Geometric and cohomological methods in group theory, M. BRIDSON, P. KROPHOLLER & I. LEARY (eds)
359 Moduli spaces and vector bundles, L. BRAMBILA-PAZ, S.B. BRADLOW, O. GARCÍA-PRADA &
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Preface

For a few hundred years theoretical physics has been developed on the basis of
real and, later, complex numbers. This mathematical model of physical reality
survived even in the process of the transition from classical to quantum physics –
complex numbers became more important than real, but not essentially more
so than in the Fourier analysis which was already being used, e.g., in classi-
cal electrodynamics and acoustics. However, in the last 20 years the field of
p-adic numbers Qp (as well as its algebraic extensions, including the field
of complex p-adic numbers Cp) has been intensively used in theoretical and
mathematical physics (see [1]–[3], [10]–[15], [24], [35], [38], [43], [44], [55],
[64], [65], [77]–[79], [89], [94], [115]–[122], [123], [124], [133], [157],
[158], [174], [198], [241]–[246] and the references therein). Thus, notwith-
standing the fact that p-adic numbers were only discovered by K. Hensel
around the end of the nineteenth century, the theory of p-adic numbers
has already penetrated intensively into several areas of mathematics and its
applications.

The starting point of applications of p-adic numbers to theoretical physics
was an attempt to solve one of the most exciting problems of modern physics,
namely, to combine consistently quantum mechanics and gravity, thus to create
a theory of quantum gravity. In spite of the considerable success of some models,
there is still no satisfactory general theory. In the physical literature one could
even find discussions that one should not exclude the possibility that either
quantum mechanics or gravitation theory is wrong, and radical new ideas are
needed to solve the problems of quantum gravity. Physical models with p-adic
space appeared as an attempt to provide a less radical approach to such problems
(see [39], [40], [41], [77], [79]). The main idea behind p-adic theoretic physics
(at least in the first period of its development) was that troubles with consistency
of quantum mechanics and gravity are induced by the use of an infinitely

xi



xii Preface

divisible real continuum as the basic mathematical model of the underlying
physical space-time. One should then look for new mathematical models of
space-time and of structures defined on it. The fields of p-adic numbers provide
an excellent new possibility. In the literature on applications of p-adic numbers
in physics numerous arguments have been put forward in favor of the use of
p-adic numbers. For example, in cosmology and string theory, speculations
have been formulated according to which space-time at the so-called Planck
scale (of the order of 10−23 cm) should be disordered and the Archimedean
axiom might be violated for measurements which would be performed on such
scales (see [115], [116], [245], [246]). Since the fields of p-adic numbers are
disordered as well as non-Archimedean it seems appropriate to exploit such
fields in this sense. We also mention the following argument [116], [241].
If one starts with the field of rational numbers1 Q and wants to obtain a
complete field with K valuation (“absolute value”), then, as a consequence of
the famous Ostrovsky theorem (Theorem 1.3.2 in Chapter 1), there are only
two possibilities for K: either K is the field of real numbers or K is one of the
fields of p-adic numbers Qp.

p-adic based models can be considered as having given an important new
contribution to string theory, gravity and cosmology. However, the most impor-
tant consequence of this p-adic physical activity was that it induced a kind
of “Carnot cycle”: physics→mathematics→ physics... Physical applications
induce developments of new mathematical theories which in their turn induce
new physical applications (which in their turn induce new mathematical the-
ories and so on). p-adic string theory, gravity and cosmology stimulated
development, and new applications of p-adic Fourier analysis, the theory
of p-adic distributions and pseudo-differential equations, the theory of self-
adjoint operators in L2(Qp), as well as, e.g., the theory of stochastic differ-
ential equations over the field of p-adic numbers, Feynman path integration
over p-adics, the theory of p-adic valued probabilities and dynamical sys-
tems (see, e.g., the monographs [36], [115], [130], [157], [162], [241] and
the papers [11], [13], [32]–[34], [129]–[130], [249]–[251]). In their turn these
mathematical theories provide new possibilities for physical applications of
p-adic mathematics – e.g. in the theory of disordered systems (spin glasses)
( [43], [44], [162], [164], [199]). Applications were, however, not only restricted
to physics. There were also proposed p-adic models in psychology, cognitive
and social sciences, and, e.g., in biology, image analysis (see, e.g., [116], [117]).

1 We recall that in all real physical experiments measurements have only a finite precision.
Therefore the result of any measurement is always a rational number, see [241], [116] for
discussions.
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Those new applications stimulated the development of new branches of p-adic
analysis, in particular, the theory of p-adic wavelets ([21], [131], [132], [142],
[143], [144], [146], [147], [148], [162], [163], [164], [165], [225]). The latter
theory provides new possibilities for the study of p-adic pseudo-differential
equations, surprisingly not only linear but also nonlinear ones ([23], [143],
[162], [166]). The wavelet theory also gives a proper technique to solve the p-
adic Schrödinger equation with point interactions ([31], [169]). And again the
possibility to obtain wavelet-like solutions of the p-adic Schrödinger equation
implied interesting physical consequences [133].

Further applications demonstrated that one should consider more general
non-Archimedean models (e.g., for spin glasses, psychology, neurophysiol-
ogy) and develop a corresponding analysis on general ultrametric spaces
([131], [132], [135]–[138], [162]).

Of course, one should never forget that mathematics has its own self-
stimulating forces in the development of new concepts and formalisms. Con-
cerning p-adic analysis we should mention the development of harmonic anal-
ysis on general locally compact groups as well as its applications inside math-
ematics ([203], [105]). However, many problems are intrinsically of a p-adic
nature and they could not be formulated or even if formulated they could not be
studied in such details without thep-adic framework. We remark that a part ofp-
adic analysis was also developed intensively without reference to physics; see,
e.g., Gouvêa [98], Katok [112], Koblitz [152], Robert [204], Schikhof [214],
Taibleson [230]. Nevertheless, many fundamental developments inp-adic anal-
ysis, such as [115]–[118], [157], [241], were indeed stimulated by physics and
other applications.

When one speaks about p-adic analysis and applications, one should always
mention which kind of p-adic model is under consideration. There are two
main frameworks: either concerned with the relevant maps going from Qp into
C, where C is the field of complex numbers, or from Qp into Qp. The first stage
of development of p-adic mathematical physics for the model with C-valued
maps as well as the corresponding analysis was presented in the excellent
book by Vladimirov, Vololvich, and Zelenov [241] which became like a kind
of “Bible” for physicists using p-adic models as well as for mathematicians
looking for new problems connected with p-adics. Let us also mention the
book by Kochubei [157], which is also basically concerned with applications,
especially covering probabilistic aspects. Physical, cognitive and psychological
models using Qp-valued maps as well as the corresponding analysis were
presented in a series of monographs by one of the authors of this book [115]–
[117]. The latter models are more extensively represented (at the book level)
than the models based on maps from Qp into C.



xiv Preface

We think the time has come to present the new mathematical theories which
were developed in connection with p-adic mathematical physics in a mono-
graph which would, on the one hand, update the book [241] by presenting and
using new recent results and, on the other hand, open new possibilities for the
development of p-adic analysis for maps from Qp into C. Our book should
serve for such a purpose. In this book a wide-ranging survey of many important
topics in p-adic analysis is presented. Moreover, it also gives a self-contained
presentation of p-adic analysis itself.

The main attention is given to the development of p-adic distribution the-
ory, including nonlinear models, Fourier and wavelet analysis, the theory of
pseudo-differential operators and equations, Tauberian theorems, and asymp-
totic methods.

The book consists of fourteen chapters and four appendixes. Every chapter
begins with a brief summary of its contents and a brief survey of related results.
Chapters 1–5 cover standard material to introduce the reader to the theory of
p-adic numbers, p-adic functions and p-adic distributions. These chapters are
based first of all on the books by Vladimirov, Vololvich, Zelenov [241], Taible-
son [230], and Katok [112], as well as on those by Koblitz [152], Gouvêa [98],
Robert [204], and Schikhof [214]. The next nine chapters are more advanced
and are based on the authors’ original results (see References). These chap-
ters represent new developments in p-adic harmonic analysis, in the p-adic
theory of generalized functions, in the p-adic theory of wavelets, and in p-
adic pseudo-differential operators and equations. In each chapter we compare
p-adic results with the corresponding results in the real case.

In Chapter 6, we develop the theory of p-adic associated homogeneous dis-
tributions and quasi associated homogeneous distributions. The results of this
chapter are closely connected with the theory of real quasi associated homoge-
neous distributions, which is presented in Appendix A and gives the solution of
an important problem. In Chapter 7, we introduce the p-adic Lizorkin spaces
of test functions and distributions and study their properties. These spaces are
invariant under pseudo-differential operators (in particular, fractional opera-
tors), and, consequently, they provide “natural” domains of definition for them
(see Chapters 9, 10). We would like to recall that in the real case this type of
space was introduced by P. I. Lizorkin [180]–[182]. In the real setting such
spaces play a key role in some problems related to fractional operators and
are used in applications [210], [211], [206]. In Chapter 8, we develop a p-
adic wavelet theory, as well as a p-adic multiresolution analysis and construct
wavelet bases. The wavelet theory plays a key role in applications of p-adic
analysis and gives a new powerful technique for solving p-adic problems (see
Chapters 9–11). In Chapter 9 one class of multidimensional pseudo-differential



Preface xv

operators is studied. This class includes fractional operators. In this chapter
the spectral theory of pseudo-differential operators is developed. We derive
a criterion for multidimensional p-adic pseudo-differential operators to have
multidimensional wavelets (constructed in Chapter 8) and characteristic func-
tions of balls as eigenfunctions. In particular, the multidimensional wavelets
are eigenfunctions of the Taibleson fractional operator. In Chapter 10, linear
and nonlinear p-adic evolutionary pseudo-differential equations are studied.
To solve the Cauchy problems we develop the “variable separation method”
which is an analog of the classical Fourier method. This method is based on the
fact that the wavelets constructed in Chapter 8 are eigenfunctions of pseudo-
differential operators constructed in Chapter 9. In Chapter 11 we continue
the investigation of p-adic Schrödinger-type operators with point interactions
started by A. N. Kochubei [156], and study Dα + VY , where Dα (α > 0) is
the operator of fractional differentiation (which was studied in Chapter 9)
and VY is a singular potential containing the Dirac delta functions. In Chap-
ter 12, we extend the notion of regular variation introduced by J. Karamata
to the p-adic case and prove multidimensional Tauberian type theorems for
distributions. In Chapter 13, we study the asymptotic behavior of p-adic sin-
gular Fourier integrals. All constructed asymptotic formulas have the stabi-
lization property (in contrast to the asymptotic formulas in the real setting).
Theorems which give asymptotic expansions of singular Fourier integrals are
related with the Abelian type theorems which were proved in Chapter 12.
In Chapter 14, we develop the nonlinear theory of distributions (generalized
functions). We construct the algebraic technique which allows us to solve both
linear and nonlinear singular problems of the p-adic analysis related with the
theory of distributions. Notwithstanding the fact that the real case problems
related with the multiplication of distributions were studied in many books and
papers (see [57], [66], [68], [86], [97], [108], [176]–[179], [194]–[197], [218]–
[222]), p-adic analogs of above mentioned problems have not been studied
so far.

In our opinion, our book could serve as a basic course on p-adics and its
applications, as well as for graduate courses such as: “the theory of p-adic
distributions”, “p-adic harmonic analysis”, “the theory of p-adic wavelets”,
“the theory of p-adic pseudo-differential operators”.
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1

p-adic numbers

1.1. Introduction

In this chapter some basic facts on the field ofp-adic numbers Qp are presented.
Here we follow some sections from the books [47], [96], [98], [152], [241],
and especially from the textbook [112]. Section 1.9.3 follows [254] and [241,
1.6.]. Section 1.9.4 is based on [163] and [162, 2.4.].

1.2. Archimedean and non-Archimedean normed fields

Denote by N, Q, Z, R, R+, C the sets of positive integers, rational num-
bers, integers, real numbers, nonnegative real numbers and complex numbers,
respectively, and set N0 = 0 ∪ N.

Definition 1.1. Let X be a nonempty set. A distance or metric on X is a map
d : X ×X→ R+ such that for all x, y, z ∈ X we have

(1) d(x, y) = 0 ⇔ x = y;
(2) d(x, y) = d(y, x);
(3) d(x, y) ≤ d(x, z)+ d(z, y) (triangle inequality).
A set together with a metric is called a metric space.
A metric d is called non-Archimedean (or ultra-metric) if it satisfies the

additional condition
(3′) d(x, y) ≤ max(d(x, z), d(z, y)) (strong triangle inequality).
The corresponding metric space is called an ultrametric space.

Since max(d(x, z), d(z, y)) does not exceed the sum d(x, z)+ d(z, y), con-
dition (3′), the strong triangle inequality, implies condition (3), the triangle
inequality.

The same set X can give rise to many different metric spaces (X, d).

1



2 p-adic numbers

Definition 1.2. (i) Let X be a metric space with respect to metric d. A sequence
{xn : xn ∈ X} is called a Cauchy sequence if for any ε > 0 there exists a number
N (ε) such that d(xm, xn) < ε for all m, n > N (ε), i.e.,

lim
m,n→∞ d(xm, xn) = 0.

(ii) If any Cauchy sequence {xn} in the metric space X has a limit in X, then
X is called a complete metric space.

(iii) A subset M ⊂ X is called dense in X if every open ball U−
r (a) = {x ∈

X : d(x, a) < r} around every element a ∈ X contains an element of M , i.e.,
for every a ∈ X and every r > 0 we have U−

r (a) ∩M �= ∅.

If X is not a complete metric space, it can be completed by using an explicit
construction of the completion. The proof of this important theorem can be
found in many textbooks on functional analysis. This proof consists of an
explicit construction of the completion X̂ and the metric d̂ on it.

In Section 1.4, we will give the complete proof of this theorem in the
particular case of metric spaces called normed fields.

Definition 1.3. We say that two metrics d1 and d2 on a metric space X are
equivalent if a Cauchy sequence with respect to d1 is also a Cauchy sequence
with respect to d2, and vice versa.

The sets X we will be dealing with will mostly be fields. Recall that a field
F is a set together with two operations + and · such that F is a commutative
group under + and F× = F \ {0} is a commutative group under · , and the
distributive law holds. F× is called the multiplicative group of the field.

Denote by Z(F ) the ring generated in F by its unity element. If F has zero
characteristic, CharF = 0, i.e., for any n = 1, 2, . . .

n · 1 = 1+ · · · + 1︸ ︷︷ ︸
n times

∈ F, n · 1 �= 0,

then Z(F ) is isomorphic to the ring of integers Z. Therefore in this case we
can consider Z as a subring of the field F . We shall denote the element n · 1 by
the same symbol n as the corresponding natural number. In what follows we
consider only normed rings F which have zero characteristic.

Definition 1.4. Let F be a field. A norm on F is a map ‖ · ‖ : F → R+ such
that for all x, y ∈ F we have

(1) ‖x‖ = 0 ⇔ x = 0;
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(2) ‖xy‖ = ‖x‖ ‖y‖1;
(3) ‖x + y‖ ≤ ‖x‖ + ‖y‖ (triangle inequality).
A norm ‖ · ‖ is called non-Archimedean if it satisfies the additional condition
(3′) ‖x + y‖ ≤ max(‖x‖, ‖y‖) (strong triangle inequality).

The norm ‖ · ‖ is called trivial if ‖0‖ = 0 and ‖x‖ = 1 for all x �= 0.
Using a norm ‖ · ‖, one can introduce a metric d(x, y) = ‖x − y‖ which

is induced by this norm. In this case we can regard the field F as a metric
space. It is easy to see that a metric induced by a non-Archimedean norm is
also non-Archimedean.

Definition 1.5. We say that two norms ‖x‖1 and ‖x‖2 on a normed field F are
equivalent (‖x‖1 ∼ ‖x‖2) if they induce equivalent metrics.

Theorem 1.2.1. ([47, Ch. I,3.], [98, 3.1.]) Let ‖x‖1 ∼ ‖x‖2.
(i) If ‖x‖1 is trivial then ‖x‖2 is also trivial.
(ii) ‖x‖1 < 1 if and only if ‖x‖2 < 1; ‖x‖1 > 1 if and only if ‖x‖2 > 1;

‖x‖1 = 1 if and only if ‖x‖2 = 1.

Theorem 1.2.2. Let ‖x‖1 and ‖x‖2 be two norms on a field F . Then ‖x‖1 ∼
‖x‖2 if and only if there exists a positive real α such that

‖x‖2 = ‖x‖α1 , ∀ x ∈ F. (1.2.1)

Proof. Let ‖x‖1 ∼ ‖x‖2. If ‖x‖1 is trivial, then, according to Theorem 1.2.1,
‖x‖2 is also trivial. Consequently, (1.2.1) is satisfied for any α.

Suppose that ‖x‖1 is non-trivial. In this case there exists an element a ∈ F

such that ‖a‖1 �= 1. If necessary, one can replace a by a−1, and consequently,
one can assume that ‖a‖1 < 1. Let us define

α = log ‖a‖2

log ‖a‖1
.

According to Theorem 1.2.1, ‖a‖1 < 1 implies ‖a‖2 < 1. Thus α > 0.
Now we will show that α satisfies (1.2.1). Choosing x ∈ F such that ‖x‖1 <

1, we consider the set

S = {r = m

n
: m, n ∈ N, ‖x‖r1 < ‖a‖1}. (1.2.2)

For any r ∈ S we have ‖x‖m1 < ‖a‖n1, i.e., ‖ xm

a
xn‖1 < 1. In view of Theo-

rem 1.2.1, we conclude that ‖ xm

a
xn‖2 < 1, i.e., ‖x‖m2 < ‖a‖n2 and ‖x‖r2 < ‖a‖2.

1 In general, instead of this axiom the following one is used: ‖xy‖ ≤ ‖x‖ ‖y‖. But in this book
to define a norm on the field we will use axiom (2).
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Using the same arguments, one can see that

S = {r = m

n
: m, n ∈ N, ‖x‖r2 < ‖a‖2}. (1.2.3)

The conditions (1.2.2) and (1.2.3) can be rewritten as

r >
log ‖a‖1

log ‖x‖1
, r >

log ‖a‖2

log ‖x‖2
. (1.2.4)

The inequalities (1.2.4) imply that

log ‖a‖1

log ‖x‖1
= log ‖a‖2

log ‖x‖2
.

Otherwise there would be a rational r between these two numbers and only one
of the conditions in (1.2.4) would be satisfied. Consequently,

log ‖x‖2

log ‖x‖1
= log ‖a‖2

log ‖a‖1
= α,

i.e., (1.2.1) holds.
The cases ‖x‖1 > 1 and ‖x‖1 = 1 follow from Theorem 1.2.1.

Proposition 1.2.3. The norm ‖x‖ = |x|α , α > 0, is a norm on Q if and only if
α ≤ 1. In this case it is equivalent to the norm |x|.
Proof. Let α ≤ 1. It is clear that the first two properties of the norm from
Definition 1.4 hold. Let us examine the third property (the triangle inequality).
Suppose that |y| ≤ |x|. Then

|x + y|α ≤ (|x| + |y|)α = |x|α(
1+ |y||x|

)α

≤ |x|α
(

1+ |y||x|
)
≤ |x|α

(
1+ |y|

α

|x|α
)
≤ |x|α + |y|α.

If α > 1, the triangle inequality does not hold. For example, |1+ 1|α =
2α > |1|α + |1|α = 2.

Now we give a criterion for a norm to be non-Archimedean.

Theorem 1.2.4. The norm ‖ · ‖ is non-Archimedean if and only if ‖n‖ ≤ 1 for
any n ∈ Z.

Proof. We prove this proposition by induction. Let the norm ‖ · ‖ be non-
Archimedean. It is clear that ‖1‖ = 1 ≤ 1. Let us assume that ‖k‖ = 1 ≤ 1
for all k = 1, 2, . . . , k − 1. Next, it follows from our assumption that ‖n‖ =
‖1+ (n− 1)‖ ≤ max(‖1‖, ‖(n− 1)‖) = 1. Thus, according to the induction
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axiom, we have ‖n‖ ≤ 1 for any n ∈ N. Since ‖ − n‖ = ‖n‖, we conclude that
‖n‖ ≤ 1 for any n ∈ Z.

Conversely, assume that ‖n‖ ≤ 1 for any n ∈ Z. Since the binomial coeffi-
cients Ck

n = n!
k!(n−k)! , k ≤ n, are integers, we have

∥∥Ck
n

∥∥ ≤ 1. Thus

‖x + y‖n = ‖(x + y)n‖ =
∥∥∥ n∑
k=0

Ck
nx

kyn−k
∥∥∥ ≤ n∑

k=0

∥∥∥Ck
n

∥∥∥‖x‖k‖y‖n−k
≤

n∑
k=0

‖x‖k‖y‖n−k ≤ (n+ 1)
(

max(‖x‖, ‖y‖))n.
Hence, for every integer n we have ‖x + y‖ ≤ n

√
n+ 1 max(‖x‖, ‖y‖). Letting

n go to ∞, we obtain ‖x + y‖ ≤ max(‖x‖, ‖y‖), i.e., the norm ‖ · ‖ is non-
Archimedean.

Corollary 1.2.5. The norm ‖ · ‖ is non-Archimedean if and only if sup{‖n‖ :
n ∈ Z} = 1.

By Theorem 1.2.4 one can observe the difference between non-Archimedean
and Archimedean norms. According to this theorem, a norm ‖ · ‖ is
Archimedean if and only if it satisfies the Archimedean property (axiom):
for any x, y ∈ F , x �= 0, there exists n ∈ N such that ‖nx‖ ≥ ‖y‖.

Indeed, if ‖y‖ > ‖x‖, then the Archimedean property implies the exis-
tence of n ∈ N such that ‖n‖ > ‖y‖/‖x‖ > 1, i.e., the norm is Archimedean.
Conversely, if a norm ‖ · ‖ is Archimedean, there exists n ∈ N such that
‖n‖ > 1. Hence, ‖n‖k →∞, as k →∞. Consequently, for any x, y ∈ F ,
x �= 0, there exists k such that ‖nk‖ > ‖y‖/‖x‖. Thus the Archimedean prop-
erty ‖nkx‖ > ‖y‖ holds.

If the norm is non-Archimedean, for any n ∈ Z we have ‖nx‖ ≤ ‖x‖.
The non-Archimedean property of a norm has some strange consequences.

Proposition 1.2.6. If a field F is non-Archimedean, then for x, y ∈ F

‖x‖ �= ‖y‖ =⇒ ‖x + y‖ = max
(‖x‖, ‖y‖).

Thus, any triangle in an ultra-metric space is isosceles and the length of its
base does not exceed the lengths of the sides.

Proof. Exchanging x and y if necessary, we may suppose that ‖x‖ > ‖y‖. By
the strong triangle inequality (3′) in Definition 1.4,

‖x + y‖ ≤ max(‖x‖, ‖y‖) = ‖x‖.
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On the other hand,

‖x‖ = ‖(x + y)− y‖ ≤ max(‖x + y‖, ‖y‖).
Since ‖x‖ > ‖y‖, we must have ‖x‖ ≤ ‖x + y‖. Consequently, ‖x‖ = ‖x +
y‖.

Thus for a non-Archimedean field ‖x ± y‖ ≤ max(‖x‖, ‖y‖), and in the
case where ‖x‖ �= ‖y‖, the above inequality becomes an equality.

Proposition 1.2.7. If the field F is non-Archimedean, then any point of an
open ball U−

r (a) = {x ∈ F : ‖x − a‖ < r} is its center, i.e., if b ∈ U−
r (a), then

U−
r (b) = U−

r (a). The same statement is true for a closed ball Ur (a) = {x ∈
F : ‖x − a‖ ≤ r}.
Proof.

x ∈ U−
r (a) ⇒ ‖x − a‖ < r ⇒ ‖x − b‖ = ‖(x − a)+ (a − b)‖

≤ max(‖x − a‖, ‖a − b‖) < r ⇒ x ∈ U−
r (b).

The reverse implication is proved in the same way.
Replacing < with ≤ , we prove the statement for a closed ball Ur (a).

1.3. Metrics and norms on the field of rational numbers

1.3.1. p-adic norm

We know that there exists a norm of the field Q: the ordinary absolute value
| · |. This norm induces the ordinary Euclidean metric d(x, y) = |x − y|. The
question arises: are there any other norms on Q? It turns out that there are other
norms. Below we describe all such norms.

Definition 1.6. Let p be a prime number. We define the p-adic order ordp(x)
of a rational number x ∈ Q by the following definition:

(i) If x ∈ Z, then ordp(x) is equal to the highest power of p which divides
x.

(ii) If x = a/b, where a, b ∈ Z, then ordp(x) = ordp(a)− ordp(b). The p-
adic order of x ∈ Q is also called the p-adic additive valuation and denoted as
vp(x).

(iii) We set ordp(0) = +∞.

The reason to set ordp(0) = +∞ is that we can divide 0 by pn for each
n ∈ N.
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It is clear that for all x, y ∈ Q:

ordp(xy) = ordp(x)+ ordp(y),

ordp(x + y) ≥ min
(
ordp(x), ordp(y)

)
.

(1.3.1)

Now we define a map | · |p : Q → R+ as follows:

|x|p =
{
p−ordp(x), if x �= 0,
0, if x = 0.

(1.3.2)

We point out that the definition |0|p = 0 follows from Definition 1.6 (iii).
It is clear that the function | · |p can take only a discrete set of values

{pγ : γ ∈ Z}.
Note that if x, y ∈ N, then x ≡ b (modpn) if and only if |x − y|p ≤ p−n.

By the notation x ≡ b (mod z) we mean that z divides x − y.

Theorem 1.3.1. The map | · |p is an non-Archimedean norm on the field of
rational numbers Q, i.e., it satisfies the axioms (1), (2), (3′) from Definition 1.4.

Proof. It is clear that axiom (1) holds. Because ordp (xy) = ordp x + ordp y,
axiom (2) also holds.

Let us verify axiom (3′). If x = 0 or y = 0, or x + y = 0, property (3′) is
trivial, so we assume that x, y, x + y are nonzero. Let x = a/b, y = c/d be
written in lowest terms. Then we have x + y = (ad + bc)/bd and

ordp(x + y) = ordp(ad + bc)+ ordp(bd)

≥ min
(
ordp(ad), ordp(bc)

)− ordp(b)− ordp(d)

= min
(
ordp(a)+ ordp(d), ordp(b)+ ordp(c)

)− ordp(b)

−ordp(d)

= min
(
ordp(a)− ordp(b), ordp(c)− ordp(d)

)
= min

(
ordp(x), ordp(y)

)
.

Consequently,

|x + y|p = p−ordp(x+y) ≤ max
(
p−ordp(x), p−ordp(y)

)
= max

(|x|p, |y|p) ≤ |x|p + |y|p.
Remark 1.1. If in definition (1.3.2) instead of a prime number p we use an
arbitrary integer number m > 1, then axiom (2) from Definition 1.4 may fail.
For example, let m = 4. Then |2|4 = 1, but |2 · 2|4 = 1

4 �= |2|4 |2|4 = 1.
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Remark 1.2. According to Proposition 1.2.6, if |x|p �= |y|p then

|x + y|p = max
(|x|p, |y|p)

.

For p = 2, if |x|2 = |y|2 then

|x + y|2 ≤ 1

2
|x|p.

The latter inequality follows from definition (1.3.2).

It is clear that |pn|p → 0 as n→∞, so that high powers of p are small
with respect to the p-adic norm (1.3.2).

In view of Theorem 1.2.4, for any n ∈ Z we have |nx|p ≤ |x|p.

Remark 1.3. The norms | · |p1 and | · |p2 are not equivalent if p1 and p2 are
different primes. Indeed, for the sequence xn = (p1/p2)n we have |xn|p1 → 0,
but |xn|p1 →∞, as n→∞.

Thus we observe that the field Q admits the p-adic norms | · |p for each
prime p, as well the ordinary norm (ordinary absolute value) | · |. The last
norm sometimes is denoted by | · |∞ for p = ∞, and p = ∞ sometimes is
called the infinite prime.

1.3.2. The Ostrovski theorem

Now we prove that there are no other norms on Q except for | · |p and | · |.
Theorem 1.3.2. (Ostrovski’s theorem) Any non-trivial norm ‖ · ‖ on the field
Q is equivalent either to the real norm | · | or to one of the p-adic norms | · |p.

Proof. 1. Suppose that ‖ · ‖ is Archimedean, i.e., there exists n ∈ N such that
‖n‖ > 1. Let n0 be the least such n. Of course we can find some positive real
number α so that ‖n0‖ = nα

0 .
Let us write any positive integer n in base n0, i.e., in the form

n = a0 + a1n0 + · · · + asn
s
0, (1.3.3)

where 0 ≤ ai ≤ n0 − 1, i = 0, 1, . . . , s, as �= 0. Then

‖n‖ ≤ ‖a0‖ + ‖a1n0‖ + · · · + ‖asns
0‖ = ‖a0‖ + ‖a1‖nα

0 + · · · + ‖as‖nsα
0 .

Since we chose n0 to be the smallest integer whose norm was greater than 1,
we know that ‖ai‖ ≤ 1. Hence

‖n‖ ≤ 1+ nα
0 + · · · + nsα

0 = nsα
0

(
1+ n−α0 + · · · + n−sα0

)
≤ nsα

0

∞∑
i=0

n−iα0 = nsα
0

nα
0

nα
0 − 1

.
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Since n ≥ ns
0, the latter inequality implies

‖n‖ ≤ Cnsα
0 ≤ Cnα,

where C = nα
0

nα
0−1 does not depend on n. Substituting an integer of the form nN

in the above inequality instead of n, we have

‖nN‖ ≤ CnNα ⇔ ‖n‖ ≤ N
√
Cnα.

Letting N →∞ for n fixed, we obtain

‖n‖ ≤ nα. (1.3.4)

Now we prove the opposite inequality. It follows from (1.3.3) that ns
0 ≤ n <

ns+1
0 , and, consequently,

n
(s+1)α
0 = ‖ns+1

0 ‖ = ‖n+ ns+1
0 − n‖ ≤ ‖n‖ + ‖ns+1

0 − n‖.
Thus

‖n‖ ≥ ‖ns+1
0 ‖ − ‖ns+1

0 − n‖ ≥ n
(s+1)α
0 − (ns+1

0 − n)α,

because according to (1.3.4), we have ‖ns+1
0 − n‖ ≤ (ns+1

0 − n)α . Now since
ns

0 ≤ n < ns+1
0 , it follows that

‖n‖ ≥ n
(s+1)α
0 − (ns+1

0 − n)α = n
(s+1)α
0

(
1−

(
1− 1

n0

)α
)

= C ′n(s+1)α
0 ≥ C ′nα

0 ,

and once again C ′ = 1−
(

1− 1
n0

)α

does not depend on n and is positive. As

before, we now use the latter inequality for nN , take the N th root, and let
N →∞, obtaining

‖n‖ ≥ nα. (1.3.5)

From (1.3.4) and (1.3.5), we deduce that ‖n‖ = nα for all n ∈ N. Using
property (2) of the norm, one can see that ‖x‖ = |x|α for all x ∈ Q. In view of
Theorem 1.2.2, we can conclude that such a norm is equivalent to the ordinary
absolute value | · | ≡ | · |∞.

2. Now suppose that ‖ · ‖ is non-Archimedean. Then according to The-
orem 1.2.4, we have ‖n‖ ≤ 1 for every n ∈ N. Since ‖ · ‖ is non-trivial,
there exists a smallest n0 ∈ N such that ‖n0‖ < 1. First, we observe that n0

must be a prime number. Indeed, if n0 = n1n2, where n1 and n2 are smaller
than n0, then by our choice for n0 we would have ‖n1‖ = ‖n2‖ = 1, and so
‖n0‖ = ‖n1‖‖n2‖ = 1. Thus n0 is a prime number. Denote this prime number
by p.
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Next, we will prove that if n ∈ Z is not divisible by p, then ‖n‖ = 1. If we
divide n by p we will have a remainder, so that we can write n = rp + s, where
0 < s < p. By the minimality of p, ‖s‖ = 1. We also have ‖rp‖ < 1, because
‖p‖ < 1 and ‖r‖ ≤ 1 (since r is an integer). Consequently,

‖n− s‖ = ‖rp‖ < ‖s‖ = 1,

and by Proposition 1.2.6, ‖n‖ = ‖s‖ = 1. Finally, given n ∈ Z, one can write
n = pvn′, where p does not divide n′. Hence

‖n‖ = ‖pvn′‖ = ‖p‖v,
where ρ = ‖p‖ < 1. Then ρ = (1/p)α for some positive real α. Therefore

‖n‖ = (1/p)vα = ‖n‖αp.
Now, using property (2) of the norm, it is easy to see that the same formula holds
for any nonzero rational number x in place of n. In view of Theorem 1.2.2, we
have | · | ≡ | · |p.

Thus the theorem is proved.

Proposition 1.3.3. For any x ∈ Q× = Q \ {0} the following relation holds:∏
2≤p≤∞

|x|p = 1

Proof. Expanding a rational number x by prime factors x = εp
α1
1 p

α2
2 · · ·pαn

n ,
where ε = ±1, pj are different prime numbers, αj ∈ Z, and using definition
(1.3.2) of p-adic norm and the ordinary absolute value, we obtain

|x|pj
= p

−αj

j ; |x|p = 1, p �= pj ; |x|∞ = p
−α1
1 p

α2
2 · · ·pαn

n .

These facts imply our statement.

The formula from Proposition 1.3.3 establishes the relation between all
non-trivial norms of Q 2.

1.4. Construction of the completion of a normed field

Starting from an arbitrary normed field (F, ‖ · ‖) not necessary complete with
respect to its norm ‖ · ‖, we construct the field F̂ containing F , and supply
it with a norm (induced by the norm ‖ · ‖ of F ) in such a way that the field

2 Formulas of this type are called “adelic products”. For details on adelic formulas, see for
example [233]–[235], [244].
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F̂ will be a complete normed field. Below we give the proof of this statement
from [112, 1.3].

1. In the completion procedure the main role will be played by the Cauchy
sequences (see Definition 1.2 (i)). Let us denote by {F } the collection of all
Cauchy sequences in (F, ‖ · ‖). It is easy to see that if {an}, {bn} are Cauchy
sequences then {an ± bn}, {anbn} are also Cauchy sequences, i.e., Cauchy
sequences can be added, subtracted and multiplied (see the well-known standard
results in analysis). Consequently, {F } constitutes a commutative ring with
identity elements under addition and multiplication 0̂ = {0, 0, 0, . . . } and 1̂ =
{1, 1, 1, . . . }, respectively. Since for every a ∈ F the constant sequence

â = {a, a, a, . . . }
belongs to {F }, the set {F } contains a subring isomorphic to F .

2. Let us introduce the set P of all infinitesimal sequences from {F }, i.e.,
all Cauchy sequences {an} such that limn→∞ ‖an · ‖ = 0. According to the
well-known standard results in analysis, if {an}, {bn} ∈ P then {an ± bn} ∈ P .
Next, if {an} is a Cauchy sequence then it is a bounded sequence: according to
Definition 1.2 (i), ‖an · ‖ ≤ ‖aN(ε)+1 · ‖ + (ε) for all n > N (ε). Thus, if {an} ∈
P and {bn} ∈ F (and consequently it is bounded) then {an · bn} ∈ P . Therefore,
P is an ideal in {F }, i.e., a subring in {F } such that for all p ∈ P and a ∈ {F }
we have ap ∈ P .

Let

F̂
def= {F }/P.

Elements of F̂ are equivalence classes of Cauchy sequences in (F, ‖ · ‖). Here
two Cauchy sequences are equivalent if their difference is an infinitesimal
sequence, i.e., this difference belongs to P . We stress that for different a ∈ F

constant sequences â = {a, a, a, . . . } belong to different equivalence classes
in F̂ . We shall denote by A = ({an}) the equivalence classes of the Cauchy
sequences {an}, so A = ({an}) ∈ F̂ . We will identify a ∈ F with (̂a) ∈ F̂ and
will thus consider F as a subset of F̂ .

Theorem 1.4.1. The set F̂ is a field.

Proof. We introduce on F̂ the operations of addition and multiplication

in the following way: if {an} ∈ A, {bn} ∈ B, then A+ B
def= ({an + bn}),

AB
def= ({anbn}). It is easy to see that these operations do not depend on the

choice of representatives in the equivalence classes and F̂ constitutes a commu-
tative ring with identity elements (̂0) and (̂1) under addition and multiplication,
respectively.



12 p-adic numbers

Now we prove that F̂ is a field. Let A be an equivalence class in F̂ dif-
ferent from the zero class (̂0) = P , and let {an} ∈ A. Since {an} ∈ A is not an
infinitesimal sequence, it is easy to see that there exist a positive number c and
a positive integer N such that

‖an‖ > c ∀ n ≥ N.

Now we consider a new sequence {a∗n}, where

a∗n =
{

0, if 1 ≤ n ≤ N − 1,

1/an, if n ≥ N.

The sequence {a∗n} is a Cauchy sequence. Indeed, if m, n ≥ N , then

0 ≤ ‖a∗m − a∗n‖ =
∥∥∥ 1

am
− 1

an

∥∥∥ = ‖am − an‖
‖am‖ · ‖an‖ ≤ c−2‖am − an‖.

Since {an} is a Cauchy sequence, the latter inequality implies that {a∗n} is also a
Cauchy sequence. Let us denote the equivalence class of the Cauchy sequence
{a∗n} by A−1. Then

{an}{a∗n} = {0, . . . , 0︸ ︷︷ ︸
N−1

, 1, 1, 1, . . . },

where the Cauchy sequence on the right differs from 1̂ by the infinitesimal
sequence

{−1, . . . ,−1︸ ︷︷ ︸
N−1

, 0, 0, 0, . . . }.

Thus AA−1 = (̂1).

Now we extend the norm ‖ · ‖ from F to the field F̂ in the following way.
If {an} is any Cauchy sequence in A ∈ F̂ , we set

‖A‖ def= lim
n→∞‖an‖. (1.4.1)

This norm is well defined. Firstly, since |‖an‖ − ‖am‖| ≤ ‖an − am‖, we
have that {‖an‖} is a Cauchy sequence of real numbers with respect to the
absolute value. Due to the fact that R is complete, the limit ‖A‖ exists. Secondly,
this limit does not depend on the choice of the Cauchy sequence {an} in A. Let
{a′n} be a second Cauchy sequence in A. Then 0 ≤ limn→∞ |‖an‖ − ‖a′n‖| ≤
limn→∞ ‖an − a′n‖ = 0. Thus limn→∞ ‖an‖ = limn→∞ ‖a′n‖.
Proposition 1.4.2. The function (1.4.1) is a norm on F̂ .
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Proof. Let us verify the first three properties from Definition 1.4.
(1) If A = (̂0), then {an} is a null sequence, and, consequently, ‖A‖ = 0. If

A �= (̂0) and A = ({an}), then there exist positive numbers c and N such that
for all n ≥ N we have ‖an‖ ≥ c > 0. Hence ‖A‖ > 0.

(2) Now let A = ({an}), B = ({bn}). Using the properties of real limits, we
obtain

‖AB‖ = lim
n→∞‖anbn‖ = lim

n→∞‖an‖‖bn‖
= lim

n→∞‖an‖ lim
n→∞‖bn‖ = ‖A‖‖B‖.

(3) Similarly, we obtain ‖A+ B‖ ≤ ‖A‖ + ‖B‖.
Theorem 1.4.3. The field F̂ is complete with respect to the norm ‖ · ‖, and F

is a dense subfield of F̂ .

Proof. We first prove the second part. Let A ∈ F̂ , and let {am} be a Cauchy
sequence in F representing A. For each fixed positive integer n, we consider the
constant sequence ân. Then the sequence {am − an}∞m=1 represents the element
A− (̂an), and since {am} is a Cauchy sequence, we can write

lim
n→∞‖A− (̂an)‖ = lim

n,m→∞‖am − an‖ = 0. (1.4.2)

Thus F is dense in F̂ .
Now we suppose that {An} = {A1, A2, . . . } is a Cauchy sequence in F̂ . By

the density of F in F̂ , for any An there exists an element an ∈ F such that

‖An − (̂an)‖ < 1

n
(1.4.3)

Therefore {An − (̂an)} is a null sequence, and, consequently, it is a Cauchy
sequence in F̂ . We have

{(̂an)} = {An} − {An − (̂an)};
hence {(̂an)} is a Cauchy sequence in F̂ . Since all elements of {(̂an)} belong to
F , {an} itself is a Cauchy sequence in F . Let us denote the equivalence class of
{an} by A (in our notation, ({an}) = A). It follows from (1.4.2) and (1.4.3) that
{A− (̂an)} and {An − (̂an)} are null sequences in F̂ , and hence their difference

{A− An} = A− {(̂an)} − {An − (̂an)}
is a null sequence in F̂ . This implies that

lim
n→∞‖A− An‖ = 0,

i.e., A = limn→∞An.

Using standard results in analysis, one can prove the following statement.
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Proposition 1.4.4. The operations on F̂ are extended from F by continuity,
i.e., if

A = lim
n→∞(̂an), B = lim

n→∞(̂bn),

then

A+ B = lim
n→∞

(̂
an + b̂n

)
, A · B = lim

n→∞
(̂
an · b̂n

)
.

1.5. Construction of the field of p-adic numbers Qp

It is well known that the field of rational numbers Q is not complete with
respect to any of its non-trivial norms [98, Lemma 3.2.3.]. Here all non-trivial
norms are given by Ostrovski’s theorem 1.3.2. The field of real numbers R is
the completion of Q with respect to the real norm | · |. Now we introduce the
field Qp of p-adic numbers as the completion of the field Q with respect to the
p-adic norm | · |p of (1.3.2). Thus the space Qp is ultrametric. In view of the
Ostrovski theorem there are two “universes”: the real universe and the p-adic
one.

We construct Qp by the completion procedure of Section 1.4. The elements
of Qp are equivalence classes of Cauchy sequences in Q with respect to the
p-adic norm. According to Section 1.4, Q can be identified with the subfield
of Qp consisting of equivalence classes of constant Cauchy sequences.

Let x ∈ Qp, and let {xn} be a Cauchy sequence of rational numbers repre-
senting a. Then by definition (1.4.1)

|x|p def= lim
n→∞ |xn|p. (1.5.1)

If |x|p �= 0, then the sequence of norms {xn} stabilizes (in the sense of |xn|p =
|x|p for sufficiently large n). This fact is also a consequence of the strong
triangle inequality. Indeed, since |xn − x|p < |x|p for sufficiently large n,
according to the strong triangle inequality (see Theorem 1.3.1 and Definition 1.4
(3′)), for sufficiently large n we have

|xn|p = |(xn − x)+ x|p = max(|xn − x|p, |x|p) = |x|p. (1.5.2)

Thus the p-adic absolute value is extended to Qp and we have

{|x|p : x ∈ Qp} = {|x|p : x ∈ Q} = {pγ : γ ∈ Z} ∪ {0}.
In this sense the behavior of p-adic numbers is quite different from the behavior
of real numbers. When we extend Q to R, the Euclidean absolute value takes
all nonnegative real values.
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According to Proposition 1.4.2, the norm | · |p on Qp, which is defined by
(1.5.1), has the following properties. If x, y ∈ Qp, then

(1) |x|p ≥ 0, |x|p = 0 ⇔ x = 0;
(2) |xy|p = |x|p|y|p;
(3) |x + y|p ≤ max(|x|p, |y|p);
Moreover, if |x|p �= |y|p, then
(3′) |x + y|p = max(|x|p, |y|p).
Thus the norm (1.5.1) on Qp satisfies the strong triangle inequality (3), i.e.,

is non-Archimedean. For any n ∈ N we have |nx|p ≤ |x|p.
Now we can extend the p-adic valuation (order) from Q to Qp: for any

x ∈ Qp \ {0} we set

vp(x) = ordp(x) = − logp |x|p, and vp(0) = ordp(0) = ∞.

It is clear that properties (1.3.1) also hold if we replace Q by Qp.

1.6. Canonical expansion of p-adic numbers

Let us consider the series

d−m
pm

+ d−m+1

pm−1
+ · · · + d0 + d1p + d2p

2 + · · · , (1.6.1)

where 0 ≤ di ≤ p − 1, i ≥ −m, d−mi �= 0. The partial sums Sn =
∑n

i=−m dip
i

of the series (1.6.1) form a Cauchy sequence with respect to the | · |p norm.
Indeed, for any ε > 0 one can chose N (ε) such that p−N(ε) < ε and for k >

n > N (ε) we have

∣∣∣ k∑
i=−m

dip
i −

n∑
i=−m

dip
i
∣∣∣
p
=

∣∣∣ k∑
i=n+1

dip
i
∣∣∣
p
≤ max

n+1≤i≤k
∣∣dipi

∣∣
p
≤ p−N(ε) < ε.

Thus, any series (1.6.1) represents an element of the field Qp.
Conversely, any equivalence class of Cauchy sequences in Q (which defines

an element of Qp) contains a unique canonical representative Cauchy sequence,
which is the sequence of partial sums of a series of the form (1.6.1). To construct
this canonical representative, we need the following lemma.

Lemma 1.6.1. Let x ∈ Q and |x|p ≤ 1. Then for any positive integer i there
exists an integer α ∈ Z such that |α − x|p ≤ p−i . Moreover, the integer α can
be chosen in the set {0, 1, 2, . . . , pi − 1} and it is unique if it is chosen in this
range.
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Proof. Let x = a/b be an irreducible fraction. Since |x|p ≤ 1, it follows that
p does not divide b and, consequently, b and pi are relatively prime. Thus one
can find two integers m and n such that mb + npi = 1. Let α = am. Then

|α − x|p = |am− a/b|p = |a/b|p |mb − 1|p
≤ |mb − 1|p = |npi |p = |n|p p−i ≤ p−i .

Finally, according to the strong triangle inequality, one can add a multiple of
pi to the integer α to get an integer α′ such that |α′ − x|p ≤ p−i , where α′ is
between 0 and pi . Thus the lemma is proved.

Theorem 1.6.2. Every equivalent class a ∈ Qp satisfying |a|p ≤ 1 has exactly
one representative Cauchy sequence {ai} such that

(1) ai ∈ Z, 0 ≤ ai < pi for i = 1, 2, . . . ;
(2) ai ≡ ai+1 (modpi) for i = 1, 2, . . . .

Proof. Let {bi} be the Cauchy sequence representing a. We shall construct an
equivalent Cauchy sequence {ai} satisfying (1) and (2).

For every j = 1, 2, . . .we denote by N (j ) a non-negative integer such that
|bi − bi ′ |p ≤ p−j , for all i, i ′ ≥ N (j ). Let us note that we may take the sequence
N (j ) to be strictly increasing with respect to j , so N (j ) ≥ j . Since |bi |p →
|a|p ≤ 1, as i →∞, truncating several initial terms if necessary, we may
assume that |bi |p ≤ 1 for all i.

According to Lemma 1.6.1, one can find integers aj such that 0 ≤ aj < pj

and ∣∣aj − bN(j )

∣∣
p
≤ p−j .

Let us show that aj ≡ aj+1 (modpj ) and (aj ) ∼ (bj ). According to the follow-
ing inequality∣∣aj+1 − aj

∣∣
p
= ∣∣(aj+1 − bN(j+1))+ (bN(j+1) − bN(j ))+ (aj − bN(j ))

∣∣
p

≤ max
(∣∣aj+1 − bN(j+1)

∣∣
p
,
∣∣bN(j+1) − bN(j )

∣∣
p
,
∣∣aj − bN(j )

∣∣
p

)
≤ max

(
p−j−1, p−j , p−j

) = p−j

the first assertion holds. To prove the second assertion, let us take any j . Then
for i ≥ N (j ) we have∣∣ai − bi

∣∣
p
= ∣∣(ai − aj + (aj − bN(j ))− (bi − bN(j ))

∣∣
p

≤ max
(∣∣ai − aj

∣∣
p
,
∣∣aj − bN(j )

∣∣
p
,
∣∣bi − bN(j )

∣∣
p

)
≤ max

(
p−j , p−j , p−j

) = p−j .

Hence, as i →∞, we have |ai − bi |p → 0.
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Now we prove the uniqueness. Let {a′i} be a different sequence satisfying the
requirements of the theorem such that a′i0 �= ai0 for some i0. In this case we have
a′i0 �≡ ai0 (modpi0 ), since both a′i0 and ai0 are between 0 and pi0 . Consequently,
according to the condition (2), for i > i0

ai ≡ ai0 �≡ a′i0 ≡ a′i (modpi0 ),

i.e., ai �≡ a′i (modpi0 ). Consequently,

|ai − a′i |p ≥ p−i0 , ∀ i ≥ i0,

and (ai) �∼ (ai).

If a ∈ Qp and |a|p ≤ 1, then from Theorem 1.6.2, one can write all the
terms ai of the representative sequence {ai} in the form

ai = d0 + d1p + d2p
2 + · · · + di−1p

i−1,

where dk ∈ {0, 1, . . . , p − 1} for all 0 ≤ k ≤ i. Condition (2) of Theorem 1.6.2
means that

ai+1 = d0 + d1p + d2p
2 + · · · + di−1p

i−1 + dip
i,

where the p-adic digits d0, d1, . . . , di−1 are the same as for ai . Thus a is
represented as the convergent series

a =
∞∑
k=0

dkp
k.

If a ∈ Qp and |a|p > 1, then we can multiply a by a power pm = |a|p. Thus
the p-adic number a′ = apm satisfies |a′|p = 1, and, according to the above
reasoning,

a =
∞∑

k=−m
dkp

k,

where dk ∈ 0, 1, . . . , p − 1 for all k ≤ −m, d−m �= 0, and the series converges.
Thus, any p-adic number x ∈ Qp, x �= 0, can be uniquely represented in the

following canonical form

x =
∞∑
k=γ

dkp
k = pγ

∞∑
j=0

xjp
j , (1.6.2)

where γ = γ (x) ∈ Z, xj = dj+γ , xj = 0, 1, . . . , p − 1, x0 �= 0, j = 0, 1, . . . .
Since |pγ xjp

j |p = p−γ−j , j = 0, 1, 2, . . . , the series (1.6.2) converges in the
p-adic norm | · |p. The above series can be treated as a number written in base
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p which extends infinitely far to the left or has infinitely many p-adic digits
before the point and finitely many after:

x = . . . dk . . . d2d1d0 . d−1d−2 . . . dγ . (1.6.3)

By definition (1.5.1), the norm |x|p is a limit of the sequence of p-adic
norms |Sn|p of the partial sums Sn = pγ

∑n
j=0 xjp

j of the series (1.6.2). Since
|Sn|p = p−γ , we have |x|p = p−γ .

The order defined for rational numbers by Definition 1.6 can be extended
to all p-adic numbers as: if x ∈ Qp then ord(x) = −γ for x ∈ Qp \ {0} and
ord(0) = −∞.

Example 1.6.1. For every prime p we have the following expansion of −1,

−1 = (p − 1)+ (p − 1)p + (p − 1)p2 + · · · ,
since 1+ (p − 1)+ (p − 1)p + (p − 1)p2 + · · · = 0.

Example 1.6.2. In Q2, the rational number 1/3 has the expansion

1/3 = 1+ 1 · 2+ 0 · 22 + 1 · 23 + 0 · 24 + · · · .
By means of representation (1.6.2), the fractional part {x}p of a p-adic

number x ∈ Qp is defined as the following

{x}p def=
{

0, if γ (x) ≥ 0 or x = 0,

pγ
∑|γ |−1

r=0 xrp
r, if γ (x) < 0.

(1.6.4)

It is easy to prove that if γ (x) < 0 then

pγ ≤ {x}p ≤ 1− pγ .

The integer part [x]p of a p-adic number x ∈ Qp is defined as

[x]p
def=

{
x, if γ (x) ≥ 0 or x = 0,

pγ
∑∞

r=|γ | xrp
r, if γ (x) < 0.

A sum z = x + y of two p-adic numbers in the canonical form (1.6.2)

x =
∞∑
k=α

akp
k, y =

∞∑
k=β

bkp
k

is represented in the canonical form

z =
∞∑
k=γ

ckp
k, γ = min(α, β),
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where ck is defined by the relation

n∑
k=α

akp
k +

n∑
k=β

bkp
k ≡

n∑
k=γ

ckp
k (modpn+1), ∀ n ≥ γ.

The field Qp is a commutative and associative group with respect to addition.
The set Q×

p = Qp \ {0} is the multiplicative group of the field Qp.
The field Qp is a completion of the rational numbers Q and contains Q as a

dense subset. The following statement gives a description of rational numbers
as p-adic numbers.

Proposition 1.6.3. ([112, 1.6.]) The canonical expansion (1.6.3) of a p-adic
number represents a rational number if and only if it is eventually periodic to
the left.

1.7. The ring of p-adic integers Zp

Thep-adic numbers Zp = {x ∈ Qp : |x|p ≤ 1} (i.e., such that in (1.6.2) γ (x) ≥
0 or {x}p = 0) are called p-adic integers. In view of (1.6.2), Zp consists of
p-adic numbers

x =
∞∑
k=0

xkp
k. (1.7.1)

Proposition 1.7.1. Zp is a subring of the ring Qp.

Proof. Let x, y ∈ Zp. Then |x + y|p ≤ max(|x|p, |y|p) ≤ 1 and |xy|p =
|x|p|y|p ≤ 1, i.e., x + y, xy ∈ Zp. Further |1|p = 1, that is 1 ∈ Zp. For the
additive inverse −x we have | − x|p = | − 1|p|x|p ≤ 1, i.e., −x ∈ Zp. The
proposition is thus proved.

Example 1.6.1 implies that 1− p is invertible in Zp for multiplication with
the inverse given by

∑∞
k=0 p

k . Since

p ·
∞∑
k=0

xkp
k = x0p + x1p

2 + · · · �= 1+ 0p + 0p2 + · · · ,

the prime p is not invertible in Zp for multiplication, 1
p
�∈ Zp.

Proposition 1.7.2. ([112, 1.5.], [204, 1.5.]) A p-adic integer x ∈ Zp has a
multiplicative invertible element in Zp if and only if in (1.7.1) x0 �= 0.



20 p-adic numbers

Thus the group of invertible elements in Zp constitutes the set

Z×p =
{
x ∈ Zp : |x|p = 1

} = {
x ∈ Zp : x =

∞∑
k=0

xkp
k, x0 �= 0

}
.

It is a multiplicative group of the ring Zp. For all x ∈ Z×p we have |x|p = 1.
Integers x ∈ Zp such that |x|p = 1 are called units in Qp.

Recall that an ideal I of the ring R is called maximal if it is not strictly
contained in any other proper ideal of the ring. A principal right (left) ideal I
of the ring R is the ideal such that I = rR (I = Rr) for some r ∈ R.

The ring of integers x ∈ Zp such that |x|p < 1 (i.e., such that in (1.7.1)
x0 = 0 or |x|p ≤ 1/p) forms a unique maximal ideal of the ring Zp; this ideal
has the formpZp = Zp \ Z×p . The residue field Zp/pZp consists ofp elements.

Proposition 1.7.3. ([112, 1.8.], [204, 1.6.]) The ring Zp is a principal ideal
domain. More precisely, all its ideals are the principal ideals {0} and pkZp for
all k ∈ N.

We have

Zp ⊃ pZp · · · ⊃ pkZp ⊃ · · · ⊃
⋂
k≥0

pkZp = {0}.

Any rational integer number is also a p-adic integer. Indeed, a rational
integer m ≥ 0 can be represented as a finite sum: m = ∑

k≥0 mkp
k , mk =

0, 1, . . . , p − 1, k ≥ 0. Taking into account Example 1.6.1, a negative rational
integer −m can be represented as

−m = (−1)m =
∞∑
j=0

(p − 1)pj ·
∑
k≥0

mkp
k.

The right-hand side of the above relation can be rewritten in the form (1.7.1).
The set of positive integers N = {1, 2, . . . } is dense in Zp. Indeed, let x =∑∞
k=0 xkp

k ∈ Zp. For any n ∈ N we set x(n) =
∑n

k=0 xkp
k . Then x(n) ∈ N and

|x − x(n)|p ≤ p−n, and, consequently, our statement holds.
However, there are p-adic integers among rational fractions. Indeed, in view

of Example 1.6.1,

1

1− p
=

∞∑
k=0

pk ∈ Zp.
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1.8. Non-Archimedean topology of the field Qp

It is possible to introduce in Qp the metric ρp(x, y) = |x − y|p, x, y ∈
Qp. Then Qp becomes a complete metric space. Since the norm | · |p is
non-Archimedean, the corresponding metric ρp satisfies the strong triangle
inequality:

ρp(x, y) ≤ max
(
ρp(x, z), ρp(z, y)

)
, x, y, z ∈ Qp.

This kind of metric is called an ultrametric.
Since the p-adic norm has a discrete set of values {pγ : γ ∈ Z} ∪ {0}, we

need only consider balls of radiuses r = pγ , where γ ∈ Z. Denote by Bγ (a) ≡
Upγ (a) = {x : |x − a|p ≤ pγ } the closed ball of radius pγ with the center at
a point a ∈ Qp, by B−γ (a) ≡ U−

pγ (a) = {x : |x − a|p < pγ } the corresponding
open ball, and by Sγ (a) = {x : |x − a|p = pγ } the sphere of radius pγ with
the center at a point a ∈ Qp, γ ∈ Z. We set Bγ (0) = Bγ and Sγ (0) = Sγ .

Since Qp is an ultrametric space, Bγ (a) is an abelian group.
It is clear that Sγ (a) = {x : |x − a|p = pγ } = Bγ (a) \ Bγ−1(a), Bγ (a) ⊂

Bγ ′(a) if γ < γ ′, and

Bγ−1(a) = {x : |x − a|p < pγ }, Bγ (a) =
⋃
γ ′≤γ

Sγ ′(a),

⋃
γ

Bγ (a) =
⋃
γ

Sγ (a) = Qp,
⋂
γ

Bγ (a) = {a}.

Let us remark that B0 = Zp is the set of p-adic integers, S0 = Z×p is the
group of invertible elements (multiplicative group) in Zp, and B−1 = pZp is a
unique maximal ideal of the ring Zp.

Theorem 1.8.1. (1) Every point of the ball Bγ (a) is its center.
(2) The ball Bγ (a) and the sphere Sγ (a) are both open and closed sets in

Qp.
(3) Two balls in Qp have nonempty intersection if and only if one is contained

in the other, i.e.,

Bγ (a) ∩ Bγ ′(b) �= ∅ ⇐⇒ Bγ (a) ⊂ Bγ ′(b) or Bγ ′(b) ⊂ Bγ (a).

Thus two balls in Qp are either disjoint or one is contained in the other.

Proof. (1) This statement follows from Proposition 1.2.7.
(2) It is well known that in every metric space the ball Bγ (a) is closed. Now

we prove that Bγ (a) is open. According to the proof of Proposition 1.2.7, if
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b ∈ Bγ (a) then Bγ (b) ⊂ Bγ (a) (it is much more than we need to prove that
Bγ (a) is open).

It is well known that in every metric space the sphere Sγ (a) is closed.
Now we prove that Sγ (a) is open. Let x ∈ Sγ (a) and γ ′ < γ . Let us prove
that B−γ ′(x) ⊂ Sγ (a). Indeed, if y ∈ B−γ ′(x) then |x − y|p < |x − a|p = pγ ,
and according to property (3′) of the p-adic norm (see Section 1.5), we have
|y − a|p < |x − a|p = pγ , i.e., y ∈ Sγ (a).

(3) If one ball is contained in the other, they have a nonempty intersec-
tion. To prove the converse, we assume that γ ≤ γ ′ and y ∈ Bγ (a) ∩ Bγ ′(b).
Then according to statement (1) of this theorem, Bγ (a) = Bγ (y) and Bγ ′(b) =
Bγ ′(y). Because Bγ (y) ⊂ Bγ ′(y), we have the required inclusion.

Sets which are open and closed at the same time are called clopen. We use
the word clopen as an abbreviation for closed and open.

It follows from statement (2) of Theorem 1.8.1 that the sphere Sγ (a) is not
a boundary of the open ball B−γ (a). Moreover, statement (2) of Theorem 1.8.1
implies that the ball B−γ (a) has no boundary. And, of course, the closed ball

Bγ (a) = {x : |x − a|p ≤ pγ }
= {x : |x − a|p < pγ+1} = B−γ+1(a)

is not the closure of the open ball B−γ (a).

Proposition 1.8.2. The set of all balls in Qp is countable.

Proof. Let us write the center of the ball Bγ (a) as a = ã + p−γ ξ , where
ã = ∑−γ−1

k=−m akp
k is a rational number, ξ ∈ Zp. Then

Bγ (a) = {x : |x − a|p ≤ pγ } = {x : |pγ (x − a)|p ≤ 1}
= {x : |pγ (x − ã)+ ξ |p ≤ 1} = {x : |pγ (x − ã)|p ≤ 1} = Bγ (ã).

Thus each ball can be characterized by a pair of numbers (ã, γ ) where both
numbers belong to countable sets. Therefore the set of all pairs (ã, γ ) is also
countable and so is the set of all balls in Qp.

Statement (3) of Theorem 1.8.1 and Proposition 1.8.2 imply the following
statement.

Proposition 1.8.3. Every open set in Qp is a union at most of a countable set
of disjoint balls.

Let us recall some well-known definitions.
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Definition 1.7. (a) A topological space X is called disconnected if it can be
represented as a union of two disjoint nonempty open subsets. Equivalently, it
can be represented as a union of two disjoint nonempty closed subsets.

(b) If (a) does not hold then X is called a connected topological space.
(c) A subset A of X is called connected if it is a connected space in the

induced topology.
(d) A topological spaceX is called totally disconnected if the only connected

subsets of X are the empty set and the points {a}, a ∈ X. In other words, the
connected component of any point coincides with this point.

Theorem 1.8.4. The space Qp is totally disconnected.

Proof. According to Theorem 1.8.1, for each a ∈ Qp and γ ∈ N the set

B−γ (a) = {x ∈ Qp : |x − a|p ≤ p−γ }
= {x ∈ Qp : |x − a|p < p−γ+1} = B−−γ+1(a)

is an open and closed neighborhood of the point a. Suppose that a ∈ A so that
A �= {a}. Then there is γ ∈ N such that B−γ (a) ∩ A �= A. Thus,

A = (
B−γ (a) ∩ A

) ∪ (
(Qp \ B−γ (a)) ∩ A

)
,

where both B−γ (a) and its complement Qp \ B−γ (a) are open and non-empty
sets. This implies that A is not connected.

Definition 1.8. (a) A topological space X (or a subset K of X) is called
compact if each of its open covers contains a finite subcover.

(b) If (a) does not hold then X (or K) is called non-compact.
(c) A topological space X is called locally compact if every point of X has

a compact neighborhood.

Theorem 1.8.5. ([241, 1.3.]) A set K ⊂ Qp is compact in Qp if and only if it
is closed and bounded in Qp.

Proof. The necessity of the condition is obvious. Let us prove the sufficiency.
Since Qp is a complete metric space, it is sufficient to prove the countable
compactness of any bounded closed (infinite) set K . That is, we need to prove
that every infinite set M ⊂ K contains at least one limit point. Let x ∈ M .
Since M is bounded, then |x|p = p−γ (x) ≤ C, i.e., γ (x) is bounded below.

We consider two cases. (1) If γ (x) is not bounded above on M then there
exists a sequence {xn ∈ M,n→∞} such that γ (xn) →∞ asn→∞. It means
that |xn|p = p−γ (xn) → 0 as n→∞. Thus xn → 0 in Qp as n→∞, and,
consequently, 0 ∈ K .
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(2) If γ (x) is bounded above on M then there exists γ0 such that M contains
an infinite set of points of the form

pγ0 (x0 + x1p + x2p
2 + · · · ), xj = 0, 1, . . . , p − 1, x0 �= 0.

Since x0 takes onlyp − 1 values then there exists an integer a0 ∈ {1, 2, . . . , p −
1} such that M contains an infinite set of points of the form pγ0 (a0 + x1p +
x2p

2 + · · · ), where a0 is fixed. If we continue this process, we obtain a sequence{
aj ∈ {0, 1, 2, . . . , p − 1}, a0 �= 0 : j = 0, 1, 2, . . .

}
. The desired limit point

is pγ0 (a0 + a1p + a2p
2 + · · · ) ∈ K .

Corollary 1.8.6. ([112, 2.1.], [241, 1.3.])
(1) Every ball Bγ (a) and every sphere Sγ (a) is compact. In particular, the

set Zp is compact.
(2) The space Qp is locally compact.
(3) In the space Qp the Heine–Borel lemma is valid: for every infinite

covering of a compact K it is possible to choose a finite covering of K.

Proposition 1.8.7. ([241, 1.3.]) Every compact in Qp can be covered by a finite
number of disjoint balls of a fixed radius.

Proposition 1.8.8. ([241, I.3, Examples 1.]) A sphere Sγ is represented by the
union of (p − 1)pγ−γ ′−1 disjoint balls Bγ ′(a), γ ′ < γ :

Sγ =
⋃
a

Bγ ′(a), γ ′ < γ (1.8.1)

where

a = p−γ
(
a0 + a1p + · · · + aγ−γ ′−1p

γ−γ ′−1
)
, (1.8.2)

0 ≤ aj ≤ p − 1, a0 �= 0. In particular,

Sγ = ∪p−1
a0=1Bγ−1(p−γ a0) (1.8.3)

and

S0 = {|x|p = 1} = ∪p−1
r=1 B−1(r),

where B−1(r) = {x ∈ Zp : x0 = r} = r + pZp, r = 1, . . . , p − 1.

Proof. Any point x = p−γ
(
x0 + x1p + · · ·

) ∈ Sγ can be uniquely represented
in the form x = a + x ′, where a is given by (1.8.2) and x ′ ∈ Bγ ′ . Therefore

Sγ =
⋃
a

{
a + Bγ ′

} = ⋃
a

Bγ ′(a)
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The number of balls Bγ ′(a) is (p − 1)pγ−γ ′−1 and in view of Theorem 1.8.1
(3) these balls are disjoint.

We call the covering given by (1.8.1) and (1.8.2) the canonical covering of
the sphere Sγ .

Proposition 1.8.9. The ball Bγ is represented by the union of pγ−γ ′ disjoint
balls Bγ ′(a), γ ′ < γ :

Bγ = Bγ ′
⋃ ⋃

a

Bγ ′(a), (1.8.4)

where a = 0 and a = a−rp−r + a−r+1p
−r+1 + · · · + a−γ ′−1p

−γ ′−1 are the
centers of the balls Bγ ′(a), 0 ≤ aj ≤ p − 1, j = −r,−r + 1, . . . ,−γ ′ − 1,
a−r �= 0, r = γ ′ + 1, γ ′ + 2, . . . , γ − 1, γ . In particular, the ball B0 is rep-
resented by the union of p disjoint balls

B0 = B−1 ∪ ∪p−1
r=1 B−1(r), (1.8.5)

where B−1(r) = {x ∈ Zp : x0 = r} = r + pZp, r = 1, . . . , p − 1; B−1 =
{|x|p ≤ p−1} = pZp.

Proof. The proof follows from Proposition 1.8.8 if we take into account that

Bγ = Bγ ′
⋃ γ⋃

r=γ ′+1

Sr,

where the sets Bγ ′ and Sr , r = γ ′ + 1, γ ′ + 2, . . . , γ , are disjoint. The number
of balls is

1+ (p − 1)
γ∑

r=γ ′+1

pr−γ ′−1 = 1+ (p − 1)
1− pγ−γ ′

1− p
= pγ−γ ′ .

We call the covering (1.8.4) the canonical covering of the ball Bγ .

1.9. Qp in connection with R

1.9.1. Cantor-like sets

Now we introduce Cantor-like sets to use them later as a geometric model for
p-adic numbers.
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Let us recall the Cantor set construction. Let us define

C0 = I = [0, 1], C1 =
[
0,

1

3

] ⋃[2

3
, 1

]
,

C2 =
[
0,

1

9

] ⋃[2

9
,

1

3

] ⋃[2

3
,

7

9

] ⋃[8

9
, 1

]
, . . . .

Here each set Cn is the union of 2n closed intervals, each of length 3−n, and
C0 ⊃ C1 ⊃ C2 ⊃ · · · . By definition, the Cantor set is

C
def=

∞⋂
n=0

Cn.

It contains all points in the interval I that are not deleted at any step in this
infinite process. Since each Cn �= ∅ is closed, C �= ∅ is a closed subset of the
unit interval.

The Cantor set C has measure zero in the sense that the sum of the lengths
of the removed intervals is equal to 1:

1

3
+ 2

9
+ 4

27
+ · · · + 2n−1

3n
+ · · · = 1.

The Hausdorff dimension of the Cantor set is equal to log 2/log 3.
Let us represent real numbers in the unit interval I = [0, 1] as infinite

fractions in base 3. Then the following statement holds.

Proposition 1.9.1. ([112, 2.2.]) The Cantor set C consists of all points of I
which can be represented in base 3 by the digits 0 and 2.

Proof. Let us represent real numbers in I = [0, 1] as infinite fractions in base
3. Notice that all endpoints of the intervals constituting Cn have two expansions
in base 3, e.g.,

1

3
= 1 · 3−1 + 0 · 3−2 + · · · + 0 · 3−k + · · ·
= 0 · 3−1 + 2 · 3−2 + · · · + 2 · 3−k + · · · = 0.0222 . . . ;

2

9
= 0 · 3−1 + 2 · 3−2 + 0 · 3−3 + · · · + 0 · 3−k + · · ·
= 0 · 3−1 + 1 · 3−2 + 2 · 3−3 + · · · + 2 · 3−k + · · · = 0.0122 . . . .

By choosing the representations of the endpoints which contain no 1’s, we see
that every point of the Cantor set C can be expressed by an expansion in base 3
containing only the digits 0 and 2, since the remaining points of C have a unique
representation in base 3, and by construction, this representation contains no
1’s.
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Conversely, every point of I = [0, 1] expressed by an expansion in base 3
containing only the digits 0 and 2 belongs to the intersection of the sets Cn.
Indeed, if the first digit is 0, it belongs to [0, 0.0222 . . . ]; if the first digit is 2,
it belongs to [0.2, 0.222 . . . ]; the second digit determines whether it belongs
to the left (0) or right (2) interval of C2, etc.

The above reasoning implies our statement.

Proposition 1.9.2. ([112, 2.2.])
(1) The Cantor set C is uncountable.
(2) The Cantor set C is perfect, i.e., it is closed and does not contain isolated

points.

Now we introduce the Cantor-like set C(p), which is the set of all real
numbers in I = [0, 1] whose expansions in base 2p − 1 have only even digits.
C(p) can be obtained by a procedure similar to that of obtaining the Cantor
set C. In order to obtain C

(p)
1 , we divide I into 2p − 1 equal subintervals and

remove every second open interval. The set C(p)
1 consists of all points in I that

can be written in base 2p − 1 as 0.a1a2a3 . . . with a1 even. Repeating the same
procedure with every subinterval of C(p)

1 , we obtain a closed set C(p)
2 of points

with the first two digits a1 and a2 even, and so on. The intersection

C(p) def=
∞⋂
n=0

C(p)
n

is the Cantor-like set. This set is uncountable and perfect.

1.9.2. Zp and the Cantor-like sets

Now we consider the Cantor-like sets as a geometric model for p-adic integers.

Theorem 1.9.3. ([112, 2.2.]) The set of dyadic integers Z2 with the dyadic
norm | · |2 is homeomorphic to the Cantor set C with the Euclidean absolute
value | · |. The homeomorphism can be realized by the map ψ(2) : Z2 → C,
which is given as

ψ(2) :
∞∑
k=0

ak2k →
∞∑
k=0

2ak
3k+1

.

Proof. Let us prove that ψ(2) is a homeomorphism. First, we observe that due
to the uniqueness of the representation of elements in both Z2 and C, ψ(2) is a
bijection.

If x1, x2 ∈ C such that |x1 − x2| < 3−n, then x1 and x2 belong to the same
or adjacent interval in the partition of I into subintervals of length 3−n. But
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since closed intervals constituting Cn do not have common endpoints, x1 and x2

belong to the same component In ⊂ Cn, and hence their first n digits coincide.
Conversely, if the firstn digits of x1, x2 ∈ C coincide, they belong to the same

component In ⊂ Cn. On the other hand, the first n digits of two 2-adic numbers
y1, y2 ∈ Z2 coincide if and only if |y1 − y2|2 < 2−n. Both 2−n and 3−n tend to
0 as n→∞, and we conclude that ψ(2) and ψ−1

(2) are both continuous.

Now we consider Zp. Repeating the proof of Theorem 1.9.3 almost word
for word, we obtain the following assertion.

Theorem 1.9.4. ([112, 2.2.]) The map ψ(p) : Zp → C(p), which is given as

ψ(p) :
∞∑
k=0

akp
k →

∞∑
k=0

2ak
(2p − 1)k+1

,

is a homeomorphism.

1.9.3. Qp and the Cantor-like sets

Following [241, 1.6.] and [254], we will construct a homeomorphism φ from
the set of p-adic numbers Qp to some Cantor-like subset K = φ(Qp) of real
numbers R. Let us introduce the map φ : Qp → R+ by the formula

φ(x) = |x|p
∞∑
k=0

xkp
−2k, (1.9.1)

where xk = 0, 1, . . . , p − 1, x0 �= 0, are determined by the canonical represen-
tation (1.6.2) of the p-adic number x.

We set the order in Qp as follows: x < y, if either |x|p < |y|p, or
when |x|p = |y|p and there exists an integer j ≥ 0 such that x0 = y0, x1 =
y1, . . . , xj−1 = yj−1, xj < yj . It is clear that the transitive axiom is fulfilled:
if x < y and y < z then x < z. Thus Qp is a completely ordered set: 0 < x for
any x ∈ Q∗

p.

Lemma 1.9.5. φ(x) > φ(y) if and only if x > y.

Proof. 1. Let x > y and |x|p > |y|p �= 0, i.e., |x|p ≥ p|y|p. According to
(1.9.1), we have

φ(y) = |y|p
∞∑
k=0

ykp
−2k ≤ (p − 1)|y|p

∞∑
k=0

p−2k = |y|p p2

p + 1
,
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and

φ(x)− φ(y) ≤ |x|p − |y|p p2

p + 1
≤ p|y|p

(
1− p

p + 1

)
= |y|p p

p + 1
> 0.

Now let x > y and |x|p = |y|p, x0 = y0, x1 = y1, . . . , xj−1 = yj−1, xj >

yj for some j ≥ 0. Then from (1.9.1),

φ(x) ≥ |x|p
j∑

k=0

xkp
−2k,

φ(y) ≤ |y|p
j∑

k=0

ykp
−2k + |y|p p − 1

1− p−2
p−2(j+1)

= |x|p
j−1∑
k=0

xkp
−2k + |x|pyjp−2j + |x|p 1

p + 1
p−2j ,

and

φ(x)− φ(y) ≤ |x|pp−2j
(
xj − yj − 1

p + 1

)
> 0.

2. Conversely, if φ(x)− φ(y) > 0 then either x = y or x < y is impossible,
as was proved above.

It follows from Lemma 1.9.5 that the map φ is one-to-one.

Lemma 1.9.6. The function φ is continuous.

Proof. The proof follows from the estimate∣∣φ(x)− φ(y)
∣∣ ≤ p|x − y|p, x, y ∈ Qp,

which can be proved by using arguments from Lemma 1.9.5.

These lemmas imply the following statement.

Corollary 1.9.7. ([241, 1.6.]) The map (1.9.1) is a homeomorphism from Qp

to some subset K = φ(Qp) ⊂ R.

Theorem 1.9.8. ([241, 1.6.]) The set K = φ(Qp) is a countable union of
disjoint perfect nowhere dense sets of the Lebesgue measure zero.

Proof. Since Qp = ∪γ∈ZSγ , we have

K =
⋃
γ∈Z

Kγ , Kγ = φ(Sγ ), Kγ ∩Kγ ′ = ∅, γ �= γ ′.
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We will study the structure of the setK0, since the structure of remaining sets
Kγ is similar. In view of (1.9.1), 1 ≤ φ(x) < p for x ∈ S0, and, consequently,
K ⊂ [1, p).

Let us consider the following system of disjoint intervals in [1, p):

I a
n =

( n∑
j=0

ajp
−2j + p−2n

p + 1
,

n∑
j=0

ajp
−2j + p−2n

)
, n = 0, 1, 2, . . .

a = (a0, a1, . . . , an), aj = 0, 1, . . . , p − 1, j = 0, 1, 2, . . . , n, a0 �= 0, an �=
p − 1. Set

In =
⋃
a

I a
n , I =

∞⋃
n=0

In.

The Lebesgue measure of the set I is equal to

µ(I ) =
∑
a

∞∑
n=0

µ(I a
n )

= (p − 1)
(

1− 1

p + 1

)
+

∞∑
n=1

pn−1p−2npn−1
(

1− 1

p + 1

)
= p(p − 1)

p + 1
+ (p − 1)2

p + 1

∞∑
n=1

p−n = p − 1. (1.9.2)

By using Lemma 1.9.5, one can prove that there is no x ∈ S0 andn = 0, 1, 2, . . .
such that

n∑
j=0

ajp
−2j + p−2n

p + 1
< φ(x) <

n∑
j=0

ajp
−2j + p−2n,

i.e., I ∩K0 = ∅. Now using the lemma on embedded segments, we observe
thatK0 ∪ I = [1, p). This fact and (1.9.2) imply thatK0 has Lebesgue measure
zero. The procedure of construction of the set K0 = [1, p) \ I is similar to that
of obtaining the Cantor perfect setC on the segment [0, 1]. Therefore the proofs
of the remaining properties of K0 are similar to the proofs of corresponding
properties of the Cantor set C.

1.9.4. Qp and the Monna map

Let us consider the map ρ : Qp → R+ given by the formula

ρ :
∞∑

j=γ
xjp

j →
∞∑

j=γ
xjp

−j−1, xj = 0, 1, . . . , p − 1, γ ∈ Z. (1.9.3)
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This map was considered by Monna [188]3. This is a surjective map but it is not
one-to-one. The map ρ is continuous. Moreover, the following lemma holds.

Lemma 1.9.9. ([163], [162, 2.4.]) The map ρ satisfies Hölder’s inequality:

|ρ(x)− ρ(y)| ≤ |x − y|p, x, y ∈ Qp. (1.9.4)

Proof. Let us consider two p-adic numbers x = ∑∞
j=α xjp

j , y = ∑∞
j=β yjp

j .
Without loss of generality we assume that α ≤ β. Then

ρ(x)− ρ(y) =
β−1∑
j=α

xjp
−j−1 +

∞∑
j=β

(xj − yj )p−j−1.

If α < β then

|ρ(x)− ρ(y)| ≤ (p − 1)
∞∑
j=α

p−j−1 = p−α = |x − y|p.

If α = β then |x − y|p = p−γ , where γ ≥ α. In this case we have

ρ(x)− ρ(y) =
∞∑

j=γ
(xj − yj )p−j−1,

and

|ρ(x)− ρ(y)| ≤ (p − 1)
∞∑

j=γ
p−j−1 = p−γ = |x − y|p.

The lemma is thus proved.

The restriction of the map ρ on Qp/Zp is the one-to-one map

ρ : Qp/Zp → N0 = {0} ∪ N.

Here the set Qp/Zp consists of elements of the form a = ∑−1
j=γ ajp

j .

Lemma 1.9.10. ([163], [162, 2.4.]) The map ρ has the following properties:

ρ(pγ x) = p−γ ρ(x), x ∈ Qp; (1.9.5)

ρ(a + x) = ρ(a)+ ρ(x), a ∈ Qp/Zp, x ∈ Zp; (1.9.6)

3 In Section 8.2, the Monna map establishes a relation between the real and p-adic Haar wavelets.
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in particular

ρ(a − 1) = ρ(a)+ 1. (1.9.7)

For a ∈ Qp/Zp, x ∈ Qp, and k ≤ 0

χ[0, pk ]
(
ρ(x − a)

) = χ[0, pk ]
(
ρ(x)− ρ(a)

)
, (1.9.8)

where χA is a characteristic function of the set A.

Proof. Properties (1.9.5) and (1.9.6) are obvious. Let us prove (1.9.7). If a ∈
Qp/Zp, we have a = ∑−1

j=γ ajp
j and (see Example 1.6.1)

a − 1 =
−1∑
j=γ

ajp
j +

∞∑
j=0

(p − 1)pj .

Then

ρ(a − 1) = ρ
( −1∑
j=γ

ajp
j +

∞∑
j=0

(p − 1)pj
)

=
−1∑
j=γ

ajp
−j−1 +

∞∑
j=0

(p − 1)p−j−1 = ρ(a)+ 1.

Formula (1.9.6) implies (1.9.8).

Lemma 1.9.11. ([163], [162, 2.4.]) For the map ρ and for a ∈ Qp/Zp and
m, k ∈ Z we have

ρ : pma + pkZp → p−mρ(a)+ [0, pk], (1.9.9)

ρ : Qp \
{
pma + pkZp

} → R+ \
{
p−mρ(a)+ [0, pk]

}
, (1.9.10)

up to a finite set of points.

Proof. Let us prove (1.9.9). For simplicity we consider the case m, k = 0. Let
x ∈ {

a + Zp

}
. Setting in (1.9.4) y = a and y = a − 1, and taking into account

(1.9.7), we observe that |ρ(x)− ρ(a)| ≤ |x − a|p ≤ 1 and |ρ(x)− ρ(a)− 1| ≤
|x − a + 1|p ≤ 1. These inequalities imply that ρ(x) ∈ [ρ(a), ρ(a)+ 1]. A
general case (1.9.9) is proved in a similar way. Thus the set pma + pkZp is
mapped into the segment p−mρ(a)+ [0, pk].

If x �∈ {
a + Zp

}
, a ∈ Qp/Zp, then x ∈ {

a′ + Zp

}
for some a′ ∈ Qp/Zp,

a′ �= a. And at the same time |ρ(a)− ρ(a′)| ≥ 1. If |ρ(a)− ρ(a′)| > 1 then in
view of (1.9.3), ρ

({
a + Zp

}) ∩ ρ
({
a′ + Zp

}) = ∅. If |ρ(a)− ρ(a′)| = 1 then
the sets ρ

({
a + Zp

})
and ρ

({
a′ + Zp

})
intersect only at one point. Repeating
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our reasoning for the case m, k ∈ Z, we can prove that the set Qp \
{
pma +

pkZp

}
is mapped outside of the segment p−mρ(a)+ [0, pk] in R+ up to

endpoints of this segment.

Lemma 1.9.12. ([163], [162, 2.4.]) The map ρ transforms the Haar measure
on Qp to the Lebesgue measure on R+: if X ⊂ Qp is measurable then

µ(X) = l(ρ(X)),

where µ(X) is the Haar measure of the set X and l(ρ(X)) is the Lebesgue
measure of the set ρ(X) ⊂ R+.

Proof. According to Lemma 1.9.11, balls in Qp are mapped onto closed inter-
vals in R+, and their measures are preserved. The map ρ is surjective, and in
view of Lemma 1.9.11, nonintersecting balls are mapped onto intervals whose
intersection is either empty or has measure zero.

The lemma is thus proved.

1.10. The space Qn
p

The space Qn
p = Qp × · · · ×Qp consists of points x = (x1, . . . , xn), where

xj ∈ Qp, j = 1, 2 . . . , n, n ≥ 2. The p-adic norm on Qn
p is

|x|p = max
1≤j≤n

|xj |p, x ∈ Qn
p. (1.10.1)

This norm is non-Archimedean. Indeed, for any x, y ∈ Qn
p

|x + y|p = max
1≤j≤n

|xj + xj |p ≤ max
1≤j≤n

max
(|xj |p, |yj |p)

= max
(

max
1≤j≤n

|xj |p, max
1≤j≤n

|yj |p
) = max

(|x|p, |y|p)
The space Qn

p is a complete metric locally compact and totally disconnected
space.

The scalar product of vectors x, y ∈ Qn
p is defined as

x · y =
n∑

j=1

xjyj .

We have

|x · y|p ≤ |x|p|y|p, x, y ∈ Q.
p.

Denote by Bn
γ (a) = {x : |x − a|p ≤ pγ } the ball of radius pγ with the cen-

ter at a point a = (a1, . . . , an) ∈ Qn
p and by Sn

γ (a) = {x : |x − a|p = pγ } =
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Bn
γ (a) \ Bn

γ−1(a) the corresponding sphere, γ ∈ Z. We set Bn
γ (0) = Bn

γ , and
Sn
γ (0) = Sn

γ . For n = 1 we will omit the upper index 1 in our notations.
It easy to see that

Bn
γ (a) = Bγ (a1)× · · · × Bγ (an), (1.10.2)

where Bγ (aj ) = {xj : |xj − aj |p ≤ pγ } is a ball of radius pγ with the center
at a point aj ∈ Qp, j = 1, 2 . . . , n.

Many one-dimensional theorems hold for the multidimensional case; for
example, Ostrovski’s Theorem 1.3.2, Theorem 1.8.1, Corollary 1.8.6, etc.
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p-adic functions

2.1. Introduction

In Section 2.2 of this chapter we consider basic convergence properties of
sequences and series in Qp. Here we follow some sections from [112], [152],
[230, I], [241]. In Section 2.3, which substantially follows Section III of the
book [241], we present some results on additive and multiplicative characters
of the field Qp.

2.2. p-adic power series

2.2.1. p-adic sequences

Proposition 2.2.1. If

lim
n→∞ xn = x, xn, x ∈ Qp, |x|p �= 0,

then the sequence of norms {|xn|p : n ∈ N} must stabilize for sufficiently large
n, i.e., there exists N such that

|xn|p = |x|p ∀ n ≥ N.

Proof. It is clear that there exists N such that |xn − x|p < |x|p for all n ≥ N .
Therefore, according to the strong triangle inequality (see Section 1.5 (3)), for
all n ≥ N we have

|xn|p = |(xn − x)+ x|p = max(|xn − x|p, |x|p) = |x|p.

According to Section 1.8, Qp is a complete metric space, and, consequently,
every Cauchy sequence converges. Cauchy sequences are characterized as
follows.

35
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Theorem 2.2.2. A sequence {an} in Qp is a Cauchy sequence, and therefore
convergent, if and only if it satisfies

lim
n→∞ |an+1 − an|p = 0. (2.2.1)

Proof. If {an} is a Cauchy sequence then limn→∞,m→∞ |am − an|p = 0. Setting
m = n+ 1, we obtain (2.2.1).

Conversely, let us assume that (2.2.1) holds. This means that for any ε > 0
there exists a positive integer N (ε) such that for any n > N (ε) we have

|an+1 − an|p < ε.

Now take anym > n > N (ε) and due to the strong triangle inequality we obtain

|am − an|p = |am − am−1 + am−1 − am−2 + · · · − an|p
≤ max(|am − am−1|p, . . . , |an+1 − an|p) < ε.

2.2.2. p-adic series

Now let us consider a numerical series

∞∑
j=1

aj , aj ∈ Qp. (2.2.2)

We say that this series converges if the sequence of its partial sums Sn =∑n
j=1 aj converges in Qp, and it converges absolutely if the series

∑∞
j=1 |aj |p

converges in R.

Proposition 2.2.3. A series (2.2.2) converges in Qp if and only if limn→∞ an =
0, in which case ∣∣∣ ∞∑

j=1

aj

∣∣∣
p
≤ max

j
|aj |p.

Proof. The series converges if and only if the sequence of partial sums
Sn =

∑n
j=1 aj converges. Since an = Sn+1 − Sn, from Theorem 2.2.2 the series

converges if and only if an tends to 0.
Now assume that

∑∞
j=1 aj converges and its sum is equal to S. If S =∑∞

j=1 aj = 0, then there is nothing to prove. If not, by Proposition 2.2.1 we
have |S|p = |SN |p for large enough N . Taking into account that an → 0 and
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the strong triangle inequality, we obtain

|SN |p =
∣∣∣ N∑
j=1

aj

∣∣∣ ≤ max
1≤j≤N

|aj |p = max
j
|aj |p.

Thus the proposition is proved.

It follows from Proposition 2.2.3 that if the series (2.2.2) converges then its
sum does not depend on the reordering.

Proposition 2.2.4. If the series
∑∞

j=1 |aj |p converges in R, then
∑∞

j=1 aj

converges in Qp.

Proof. Since the series
∑∞

j=1 |aj |p converges, the sequence of its partial sums
is a Cauchy sequence, i.e., for any ε > 0 there exists an integer N (ε) such that,
for all n,m such that m > n > N , we have

m∑
j=n+1

|aj |p < ε.

By the triangle inequality,

|Sm − Sn|p =
∣∣∣ m∑
j=n+1

aj

∣∣∣
p
<

m∑
j=n+1

|aj |p < ε

for allm > n > N . This implies that {Sn} is Cauchy and thus the series
∑∞

j=1 aj

converges in Qp.

A formal power series is an expression of the form

f (x) =
∞∑
n=0

anx
n, (2.2.3)

where an ∈ Qp and x ∈ Qp.
Let us consider the power series (2.2.3). We already know that it converges

if and only if |anxn|p → 0. Thus if r ≥ 0 denotes a real number such that
|an|prn → 0, then the series

∑∞
n=0 anx

n converges at least for |x|p ≤ r .
The radius of convergence of a power series f (x) = ∑∞

n=0 anx
n with coef-

ficients in Qp is defined by

r(f ) = sup{r ≥ 0 : |an|prn → 0} (0 ≤ r ≤ ∞).
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Just as in the Archimedean case (power series over R or C), the radius of
convergence can be computed by means of Hadamard’s formula:

r(f ) = 1

lim
n→∞ |an|

1
p/n

. (2.2.4)

Proposition 2.2.5. ([112, 3.2.], [152, IV], [241, 2.1.]) Let 0 < r(f ) <∞. Then
a power series (2.2.3) converges if |x|p < r(f ) and diverges if |x|p > r(f ).

Proof. 1. Let |x|p < r(f ). Setting |x|p = (1− ε)r(f ), we have

|anxn|p =
(
r(f )|an|1p/n

)n
(1− ε)n.

Since there are only finitely many n for which |an|1p/n > 1
r(f )−εr/2 , we have

lim
n→∞ |anx

n|p ≤ lim
n→∞

(
(1− ε)r(f )

(1− ε/2)r(f )

)n

= lim
n→∞

(
(1− ε)

(1− ε/2)

)n

= 0.

Thus the general term of the series (2.2.3) tends to 0, and the series converges.
2. Analogously, if |x|p > r(f ), setting |x|p = (1+ ε)r(f ), we have

|anxn|p =
(
r(f )|an|1p/n

)n
(1+ ε)n.

Since there are infinitely many n for which |an|1p/n > 1
r(f )+εr/2 , we have

lim
n→∞ |anx

n|p ≥ lim
n→∞

(
(1+ ε)r(f )

(1+ ε/2)r(f )

)n

= lim
n→∞

(
(1+ ε)

(1+ ε/2)

)n

�= 0.

Thus, the series diverges.

What happens on the “boundary” |x|p = r(f )? In the Archimedean case (R
or C) the behavior on the boundary of the interval or disc of convergence may
be quite complicated. In the non-Archimedean case there is a single answer
for all points |x|p = r(f ). This is because a series converges if and only if its
terms approach zero, if and only if |an|p|xn|p → 0, and this depends only on
the norm |x|p and not on particular values of x with a given norm.

For the non-Archimedean case we have the following.

Proposition 2.2.6. ([112, 3.2.], [241, 2.1.]) The domain of convergence of
power series (2.2.3) is a ball D = {x ∈ Qp : |x|p ≤ R(f )} for some R(f ) ∈
{pγ , γ ∈ Z} ∪ {0} ∪ {∞}, and the series converges uniformly on D.

Proof. Let the radius of convergence of f (x) be r . We know that the series
converges in the open ball {|x|p < r(f )}. As for the points of the “bound-
ary” |x|p = r(f ), the necessary and sufficient condition for convergence is
|anxn|p → 0 as n→∞, which depends only on the norm |x|p, not on the
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specific value of x. Thus, either for all points with |x|p = r(f ) the series con-
verges, in which case R(f ) = r(f ), or for all points with |x|p = r the series
diverges, in which case R(f ) = p−1r(f ). For |x|p ≤ R(f ) we have

|anxn|p ≤ |an(R(f ))n|p → 0,

and the uniform convergence on D follows.

Proposition 2.2.7. ([112, 3.2.]) Every series f (x) = ∑∞
n=0 anx

n, an ∈ Zp,
converges in {x ∈ Qp : |x|p < 1}.
Proof. Let |x|p < 1. Since for any n ≥ 0 we have |an|p ≤ 1, it follows that
|anxn|p ≤ |x|np → 0 as n→∞. Hence the series converges.

2.2.3. Analytic functions

Definition 2.1. ([241, 2.2.]) A function f (x) is called the analytical in a ball
Bγ ⊂ Qp if it can be represented by the power series (2.2.3) convergent in Bγ .

For m = 0, 1, 2, . . . by termwise differentiation and integration of the series
(2.2.3), we obtain, respectively, the following series

f (m)(x) =
∞∑

n=m
n(n− 1) · · · (n−m+ 1)anx

n−m, (2.2.5)

f (−m)(x) =
∞∑
n=0

1

(n+ 1)(n+ 2) · · · (n+m)
anx

n+m. (2.2.6)

These series are called derivative and primitive of order m, respectively,
f (0)(x) = f (x). If R(f ) is a radius of the domain of convergence of power
series (2.2.3) defined in Proposition 2.2.6, then R(f (−m)) ≤ R(f ) ≤ R(f (m)),
m = 1, 2, . . . .

Definition 2.2. ([214, 25.]) A function f (x) is called the analytical in a ball
Bn

γ ⊂ Qn
p if it can be represented in the form of convergent series

f (x) =
∞∑

k1=0

· · ·
∞∑

kn=0

ak1...knx
kn
1 · · · xkn

n , ak1...kn ∈ Qp, (2.2.7)

x = (x1, . . . , xn) ∈ Bn
γ .

Let U be an open subset of Qn
p. A function f : U → Qp is called the locally

analytical in U if for each a ∈ U there is a ball Bn
γ (a) ⊂ U such that f

∣∣
Bn

γ (a) is

analytic.
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2.3. Additive and multiplicative characters of the field Qp

2.3.1. Additive characters of the field Qp

An additive character of the field Qp is defined as a continuous complex-valued
function χp(x) defined on Qp such that

χ (x + y) = χ (x)χ (y), |χ (x)| = 1, x, y ∈ Qp. (2.3.1)

Similarly to this definition we define an additive character of the abelian group
Bγ . It is clear that every additive character of the field Qp is a character of any
group Bγ .

If χ (x) is an arbitrary additive character, formula (2.3.1) implies the follow-
ing relations

χ (0) = 1,
χ (−x) = χ (x) = χ−1(x),
χ (nx) = (

χ (x)
)n
, n ∈ Z.

(2.3.2)

It is clear that for every fixed ξ ∈ Qp the function

χ (x) = χp(xξ ) = e2πi{xξ}p (2.3.3)

is an additive character of the field Qp and the group Bγ , where {x}p is the
fractional part of x ∈ Qp defined by formula (1.6.4). Indeed, it follows from
the obvious relation for fractional parts

{x + y}p = {x}p + {y}p − n, x, y ∈ Qp, n ∈ N0.

Now we will prove that formula (2.3.3) gives a general representation of
additive characters of the field Qp and the group Bγ .

At first we consider a case of the group Bγ .

Lemma 2.3.1. ([230, I.8.]) If χ (x) �≡ 1 is an additive character of Qp then
there exists k ∈ Z such that

χ (x) ≡ 1, x ∈ Bk. (2.3.4)

Proof. Since χ is continuous there is k ∈ Z such that |χ (x)− 1| < √2 for all
x ∈ Bk . For all positive integers n ∈ N we have nx ∈ Bk and χ (nx) = (

χ (x)
)n

.
So

∣∣(χ (x)
)n − 1

∣∣ < √2 for all n ∈ N. This is not possible unless χ (x) = 1.

We assume that the ball Bk in (2.3.4) is maximal, i.e., if χ (x) �≡ 1 in Bγ

then k < γ .
The largest k ∈ Z for which the equality (2.3.4) holds is called the rank of

the additive character χ (x).
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Lemma 2.3.2. Let k be the rank of an additive character χ (x). Then for any
integer r , k < r ≤ γ , we have

χ (p−r ) = χp(p−r ξ ), k < r ≤ γ (2.3.5)

for some ξ ∈ Qp such that p−γ < |ξ |p ≤ p−k .

Proof. 1. First, we prove that for k < r ≤ γ

χ (p−r ) = e
2πi m

pr−k , ∃m = 1, 2, . . . , pγ−k − 1, (2.3.6)

where m does not depend on r .
Let us consider the case r = γ . Since p−k ∈ Bk , p−γ ∈ Bγ \ Bk , (2.3.2) and

(2.3.4) imply

1 = χ (p−k) = χ (p−γ+γ−k) = (
χ (p−γ )

)pγ−k
.

Thus χ (p−γ ) = e
2πi m

pγ−k , where m = 1, 2, . . . , pγ−k − 1.
For k < r < γ we have

χ (p−r ) = χ (p−r+γ−γ ) = (
χ (p−γ )

)pγ−r = (
e

2πi m

pγ−k
)pγ−r = e

2πi m

pr−k .

2. Now we represent the number m in (2.3.6) as

m = m0 +m1p + · · · +mγ−k−1p
γ−k−1, mj = 0, 1, 2, . . . , p − 1,

j = 0, 1, 2, . . . , γ − k − 1, and set ξ = pk(m+m′), where m′ = pγ−k(m′0 +
m′1p + · · · ). Here |ξ |p > p−k|m|p > p−kp−γ+k = p−γ and |ξ |p ≤ p−k . Tak-
ing into account that p−r ξ = p−rpkm+ p−rpkm′, where p−rpkm′ ∈ B0 for
k < r ≤ γ , we rewrite the representation (2.3.6) in the form (2.3.5) for some
ξ ∈ Qp such that p−γ < |ξ |p ≤ p−k .

Lemma 2.3.3. Let k be the rank of an additive character χ (x). If x ∈ Bγ \ Bk

then the following representation holds:

χ (x) = χp(ξx), ∃ ξ ∈ Qp, |ξ |p ≥ p−γ+1. (2.3.7)

Thus, any additive character of the group Bγ has the form (2.3.3), where either
ξ = 0 or |ξ |p ≥ p−γ+1, ξ ∈ Qp.

Proof. If x ∈ Bγ \ Bk then x can be represented in the form

x = x0p
−r + x1p

−r+1 + · · · + xr−k−1p
−k−1 + x ′, x ′ ∈ Bk, x0 �= 0
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for some r , k < r ≤ γ . Using (2.3.5) and (2.3.4) we get the representation
(2.3.7):

χ (x) = (
χ (p−r )

)x0
(
χ (p−r+1)

)x1 · · · (χ (p−k−1)
)xr−k−1

χ (x ′)

= (
χp(p−r ξ )

)x0
(
χp(p−r+1ξ )

)x1 · · · (χp(p−k−1ξ )
)xr−k−1

χp(x ′ξ )

= χp(x0p
−r ξ + x1p

−r+1ξ + · · · + xr−k−1p
−k−1ξ + x ′ξ ) = χp(xξ ).

The case ξ = 0 is impossible, since χ (x) = χp(0) = 1 in Bγ contradicts the
definition of the number k.

Now we consider an additive character of the field Qp.

Lemma 2.3.4. Any additive character of the field Qp has the form (2.3.3) for
some ξ ∈ Qp.

Proof. 1. Let χ (ξ ) �≡ 1 be an additive character of the field Qp. From Lem-
mas 2.3.1 and 2.3.3, this character can be represented in the ball Bγ , γ ≥ 1, in
the form

χ (x) = χp(ξx), ξ ∈ Qp, |ξ |p ≥ p−γ+1, (2.3.8)

where

ξ = ξmp
m + · · · + ξγ−2p

γ−2 + ξγ−1p
γ−1

+ ξγ p
γ + ξγ+1p

γ+1 + · · · , m ≤ γ − 1. (2.3.9)

Since |x|p ≤ pγ , we have ξx = ξ (0)x + η(0), where ξ (0) = ξmp
m + · · · +

ξγ−2p
γ−2 + ξγ−1p

γ−1, m ≤ γ − 1, and η(0) ∈ Zp. Consequently, in the ball
Bγ , γ ≥ 1,

χ (x) = χp(ξ (0)x), ξ (0) = ξmp
m + · · · + ξγ−2p

γ−2 + ξγ−1p
γ−1. (2.3.10)

2. Let us consider the character χ (x) in the ball Bγ+1. As Bγ+1 = Bγ ∪ Sγ+1

and Bγ ∩ Sγ+1 = ∅, any point x ∈ Sγ+1 can be represented in the form

x = p−γ−1x0 + x ′, ∃ x0 = 1, 2, . . . , p − 1, x ′ ∈ Bγ .

Then using (2.3.8), (2.3.9), we have in Bγ+1:

χ (x) = (
χ (x0p

−γ−1
)
χp(ξx ′) = (

χ (x0p
−γ )

)1/p
χp(ξx ′)

= (
χp(ξx0p

−γ )
)1/p

χp(ξx ′) = χp(ξx0p
−γ−1)χp(ξx ′)

= χp

(
ξ (x0p

−γ−1 + x ′)
)
,

where ξ = ξmp
m + · · · + ξγ−2p

γ−2 + ξγ−1p
γ−1 + ξγ p

γ + · · · ξ ∈ Qp, m ≤
γ − 1. Since |x|p ≤ pγ+1, we have ξx = ξ (1)x + η(1), where ξ (1) = ξmp

m +
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· · · + ξγ−2p
γ−2 + ξγ−1p

γ−1 + ξγ p
γ = ξ (0) + ξγ p

γ , m ≤ γ − 1, and η(0) ∈
Zp. Consequently, in the ball Bγ+1, γ ≥ 1 the character χ (x) can be repre-
sented in the form

χ (x) = χp(ξ (1)x), ξ (1) = ξ (0) + ξγ p
γ ,

for some ξγ = 0, 1, . . . , p − 1.
3. Continuing this process, we obtain in the disc Bγ+2 the representation

χ (x) = χp(ξ (2)x), ξ (2) = ξ (0) + ξγ p
γ + ξγ+1p

γ+1,

for some ξγ+1 = 0, 1, . . . , p − 1, and so on. As a result, for any additive
character of the field Qp we obtain the representation (2.3.3):

χ (x) = χp(ξx), ξ = ξ (0) + ξγ p
γ + ξγ+1p

γ+1 + · · · ∈ Qp.

The lemma is thus proved.

If χ1 and χ2 are additive characters of the field Qp, we define their product
in the pointwise sense: (χ1χ2)(x) = χ1(x)χ2(x).

The following evident statement holds.

Proposition 2.3.5. The set of all additive characters of the field Qp is an
abelian group with the unit 1, where χ−1 = χ .

Thus, Lemma 2.3.4 can be reformulated as follows.

Theorem 2.3.6. The group of additive characters of the field Qp is isomorphic
to its additive group Qp, where the isomorphism is given by the mapping
ξ → χp(ξx).

Proof. According to Lemma 2.3.4, the mapping ξ → χp(ξx) is a homomor-
phism of the additive group of the field Qp onto the group of additive charac-
ters. This mapping is one-to-one, since the equality χp(ξ1x) = χp(ξ2x) for all
x ∈ Qp implies ξ1 = ξ2.

2.3.2. Multiplicative characters of the field Qp

A multiplicative character of the multiplicative group Q×
p is defined as a

continuous complex-valued function π (x) such that

π (xy) = π (x)π (y), x, y ∈ Q×
p . (2.3.11)

A multiplicative character of the field Qp is a multiplicative character of its
multiplicative group Q∗

p.
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Lemma 2.3.7. Any multiplicative characterπ of the field Qp can be represented
as

π (x) = πα(x) = |x|α−1
p π1(|x|p x), α ∈ C, x ∈ Q∗

p, (2.3.12)

where π1(x ′), x ′ ∈ S0, is a multiplicative character of the group S0 (a so-called
normed multiplicative character) such that

π1(1) = 1, |π1(x)| = 1, x ∈ S0. (2.3.13)

Conversely, any multiplicative character of the group S0 is extended to a mul-
tiplicative character of the field Qp by formula (2.3.12).

Proof. Let π be a multiplicative character of the field Qp defined by (2.3.11).
Since any element x ∈ Q∗

p can be represented in the form (Section 1.6)

x = |x|−1
p x ′, x ′ = |x|p x ∈ S0,

denoting |x|p = p−N and π (p) = p1−α , we obtain

π (x) = π (|x|−1
p x ′) = π (|x|−1

p )π (x ′) = π (pN )π1(x ′)

= (
π (p)

)N
π1(x ′) = p(1−α)Nπ1(x ′) = |x|α−1

p π1(x ′).

For α = 1 it follows from (2.3.11) and (2.3.12) that π1(xy) = π1(x)π1(y),
x, y ∈ S0. The last relation implies that

π1(1) = 1, π1(x−1) = (
π1(x)

)−1 = π1(x), |π1(x)| = 1.

Next we define π1(x)
def= π1(|x|px) for x ∈ Q∗

p. Thus, π1(p) = π1(1) = 1.
We set π0(x) = |x|−1

p .

Lemma 2.3.8. ([230, I.7.]) Let A0 = S0 = {x ∈ Qp : |x|p = 1}, Ak =
B−k(1) = {x ∈ Qp : |x − 1|p ≤ p−k}, k ∈ N. If π1(x) �≡ 1 is a normed mul-
tiplicative character (2.3.12), (2.3.13), of the group S0 then there exists k ∈ N0

such that

π1(x) ≡ 1, x ∈ Ak. (2.3.14)

Proof. Since π1 is continuous and {Ak : k = 0, 1, . . . } is a fundamental sys-
tem of neighborhoods of 1 in S0, there is k ∈ N such that if x ∈ Ak then
|π1(x)− 1| < √2. Since Ak is a multiplicative group, xj ∈ Ak for any j ∈ N

and π1(xj ) = (
π1(x)

)j
. So

∣∣(π1(x)
)j − 1

∣∣ < √2 for all j ∈ N. This is not
possible unless π1(x) = 1.
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The smallest k ∈ N0 for which the equality (2.3.14) holds is called the rank
of the normed multiplicative character π1(x). There is only one zero rank
character, namely, π1(x) ≡ 1 for all x ∈ S0.

Lemma 2.3.9. ([241, III, (2.3)]) Let the rank k of the character π1(x) be
positive. Then for x = x0 + x1p + · · · ∈ S0

π1(x) = π0(x0 + x1p + · · · + xk−1p
k−1). (2.3.15)

Thus π1(x) depends only on x0, x1, . . . , xk−1.

Proof. Let us represent a number x ∈ S0 in the form

x = x0 + x1p + · · · = (x0 + x1p + · · · + xk−1p
k−1)(1+ tpk)

where x0 �= 0, t ∈ B0 is some number. So 1+ tpk ∈ B−k(1). Then in view of
(2.3.14), π1(1+ tpk) = 1 and consequently (2.3.15) holds.

Lemma 2.3.10. ([241, III, (2.4)]) If the character π1(x) has a rank k ≥ 2 then

p−1∑
xk−1=0

π1(x0 + x1p + · · · + xk−1p
k−1) = 0. (2.3.16)

Proof. There exists a number t = 0, 1, . . . , p − 1 such that

ρ = π1(1+ tpk−1) �= 1.

(Otherwise, the rank of the character π(x) would be less than k.) Therefore,

p−1∑
xk−1=0

π1(x0 + x1p + · · · + xk−1p
k−1)

= 1

ρ

p−1∑
xk−1=0

π1(1+ tpk−1)π1(x0 + x1p + · · · + xk−1p
k−1)

= 1

ρ

p−1∑
xk−1=0

π1
(
(x0 + x1p + · · · + xk−1p

k−1)(1+ tpk−1)
)
.
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From Lemma 2.3.9, we have

p−1∑
xk−1=0

π1(x0 + x1p + · · · + xk−1p
k−1)

= 1

ρ

p−1∑
xk−1=0

π1
(
x0 + x1p + · · · + xk−2p

k−2 + (xk−1 + x0t)p
k−1

)
= 1

ρ

p−1∑
x ′k−1=0

π1
(
x0 + x1p + · · · + xk−2p

k−2 + x ′k−1p
k−1)

.

This implies the equality (2.3.16).
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p-adic integration theory

3.1. Introduction

In this chapter the theory of integration of complex-valued functions of ap-adic
argument is presented, which is based on the book [241, IV].

3.2. The Haar measure and integrals

A locally compact group is a topological group which is locally compact as a
topological space.

Let G be a locally compact group. Denote by R and L the right and the left
action of the group G on itself:

Rt (x) = xt−1, Lt (x) = tx, t, x ∈ G.

A left Haar measure on a topological group G is a Radon measure which
is invariant under the left action. A right Haar measure on a topological
group G is a Radon measure which is invariant under the right action. By
A. Weil’s theorem [247] on any locally compact group G, there exists a non-
zero left (right) Haar measure and this Haar measure is unique up to a positive
factor. Since Qp is a locally compact group, the Weil theorem holds for Qp.
Nevertheless, another “natural” way to introduce a measure on Qp is possible
(see Appendix D which follows the book by A. V. Kosyak [161]).

Thus, since Qp is a locally compact commutative group with respect to
addition, in Qp there exists the additive Haar measure, which is a positive
measure dx invariant under shifts, d(x + a) = dx, a ∈ Qp. If the measure dx

is normalized by the equality ∫
Zp

dx = 1, (3.2.1)

then dx is unique.

47
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There is the following remarkable connection between the additive and
multiplicative structures of Qp.

Proposition 3.2.1. ([241, IV, (2.1)]) For a ∈ Q∗
p we have

d(xa) = |a|p dx. (3.2.2)

Proof. For any a ∈ Q∗
p the measure d(xa) is invariant with respect to shifts,

and therefore it differs from measure dx by a factor C(a) > 0, i.e., d(xa) =
C(a)dx. This implies that C(a) is a continuous function satisfying the equation
C(ab) = C(a)C(b). According to definition (2.3.11), C(a) is a multiplicative
character, and from Lemma 2.3.7, it has the form (2.3.12):

C(a) = |a|α−1
p π1(a′), a′ = |a|p a ∈ S0, α ∈ C.

Since C(a) > 0, π1(a′) = 1. Thus C(a) = |a|α−1
p . Now we shall find a number

α. Since the ball B0 = Zp is a union of disjoint balls B−1(k) = k + pB0, k =
0, 1, 2, . . . , p − 1, whose measures are equal, then mes(B0) = p ·mes(pB0),
and, consequently, d(px) = 1

p
dx. Thus, C(p) = 1

p
= |p|α−1

p , i.e., α = 2 and
C(a) = |a|p.

There is also a measure d×x of the multiplicative group Q∗
p, which is

invariant under multiplications, d×(xa) = d×x, a ∈ Q∗
p. There is the following

relation between the measures dx and d×x:

d×x = dx

|x|p .

Indeed, in view of (3.2.2), we have |xa|−1
p d(xa) = |x|−1

p dx, i.e., the measure
|x|−1

p dx is invariant with respect to multiplication. The normalized measure
d×x has the form

d×x = p

p − 1

dx

|x|p , i.e.,
∫

Z×p
d×x = 1.

The invariant under shifts measure dx on the field Qp is extended to an
invariant under shifts measure dnx = dx1 · · · dxn on Qn

p in the standard way.
We have

dn(x + a) = dnx, a ∈ Qn
p, dn(Ax) = | detA|p dnx,

where A : Qn
p → Qn

p is a linear isomorphism such that detA �= 0. The measure
d×nx invariant under multiplication by scalars α ∈ Q∗

p is defined as

d×nx = dnx

|x|np
,

where the norm |x|p = max1≤j≤n |xj |p, x ∈ Qn
p is given by (1.10.1).
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Let A be a measurable subset in Qn
p. Denote byLρ(A) a set of all measurable

functions f : A→ C, A ⊂ Qn
p, such that∫

A

|f (x)|ρ dnx <∞ (ρ ≥ 1).

For f ∈ Lρ(A) the norm is defined as

‖f ‖ρ =
( ∫

A

|f (x)|ρ dnx

)1/ρ

.

Proposition 3.2.2. Let O be an open subset in Qn
p and let C0(O) be the space

of continuous functions φ with compact supports in O. Then C0(O) is dense in
Lρ(O), 1 ≤ ρ <∞.

The proof of this proposition repeats the classical statement for the real case
almost word for word (for example, see [237, §1.2.]).

Let O ⊂ Qn
p be an open subset. Denote by Lρ

loc(O) the set of functions
f : O→ C such that f ∈ Lρ(K) for any compact K ⊂ O. It is clear that
Lρ(O) ⊂ Lρ

loc(O).
A function f ∈ L1(Qn

p) is called integrable on Qn
p in an improper sense if

there exists

lim
N→∞

∫
Bn

N

f (x) dnx.

We call this limit an improper integral and denote it as
∫

Qn
p
f (x) dnx. In

particular,∫
Qp

f (x) dx = lim
N→∞

N∑
γ=−∞

∫
Sγ

f (x) dx =
∞∑

γ=−∞

∫
Sγ

f (x) dx. (3.2.3)

Similarly, if f ∈ L1(Qp \ {a}), a ∈ Qp, then one can define an improper
integral ∫

Qp

f (x) dx = lim
N→∞,

M→−∞

N∑
γ=M

∫
Sγ (a)

f (x) dx. (3.2.4)

For each integer k > 0 define

[f ]k(x) =
{
f (x), p−k ≤ |x|p ≤ pk

0, otherwise
, x ∈ Qn

p.

If each [f ]k is integrable, we define the principal value integral of f as

P. V .

∫
Qn

p

f (x) dnx
def= lim

k→∞

∫
Qn

p

[f ]k(x) dnx, (3.2.5)

if this limit exists.
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If f is an integrable function on Qp, then:

∫
BN

f (x) dx =
N∑

γ=−∞

∫
Sγ

f (x) dx,

∫
Sγ

f (x) dx =
∫
Bγ

f (x) dx −
∫
Bγ−1

f (x) dx,

(3.2.6)

Let us formulate the Fubini theorem for the p-adic case.

Theorem 3.2.3. If a function f : Qn+m
p → C is such that the repeated integral

∫
Qn

p

( ∫
Qn

p

f (x, y) dny

)
dnx

exists then f ∈ L1(Qn+m
p ) and the the following equalities hold:

∫
Qn

p

( ∫
Qn

p

f (x, y) dny

)
dnx =

∫
Qn+m

p

f (x, y) dny dnx

=
∫

Qn
p

( ∫
Qn

p

f (x, y) dnx

)
dny.

Now we present the Lebesgue dominated convergence theorem for Qn
p.

Theorem 3.2.4. If a sequence of functions fk ∈ L1(Qn
p), k →∞, converges

almost everywhere (a.e.) in Qn
p (with respect to the measure dnx) to a function

f , i.e.,

fk(x) → f (x), k →∞, x ∈ Qn
p, a.e.,

and there exists a function ψ ∈ L1(Qn
p) such that

|fk(x)| ≤ ψ(x), k ∈ N, x ∈ Qn
p, a.e.

then the following equality holds:

lim
k→∞

∫
Qn

p

fk(x) dnx =
∫

Qn
p

f (x) dnx.
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3.3. Some simple integrals

In the next chapters, we will use the following simple integrals. It follows from
(3.2.1), (3.2.2) and (3.2.6) that∫

Bγ

dx = pγ ,∫
Sγ

dx = pγ
(

1− 1
p

)
, γ ∈ Z.

(3.3.1)

By using (3.2.6) and (3.3.1), we find∫
B0

|x|α−1
p dx = 1− p−1

1− p−α
, Re α > 0, (3.3.2)

Let χp be an additive character (2.3.3). Then∫
Bγ

χp(xξ ) dξ =
{
pγ , |x|p ≤ p−γ ,

0, |x|p ≥ p−γ+1.
(3.3.3)

Indeed, if |x|p ≤ p−γ then |ξx|p ≤ 1. Consequently, formulas (3.3.1) and
(2.3.3) imply the first relation in (3.3.3). If |x|p ≥ p−γ+1, then for some ξ ′ ∈ Sγ

we have |ξx|p ≥ p. Therefore χp(xξ ′) �≡ 1. Next, making the change of the
variables ξ = η − ξ ′, and taking into account Theorem 1.8.1 (1), we obtain∫

Bγ

χp(xξ ) dξ =
∫
Bγ (ξ ′)

χp(x(η − ξ ′)) dη = χp(−xξ ′)
∫
Bγ

χp(xη) dη.

This implies the second relation in (3.3.3).
It follows from formulas (3.2.6) and (3.3.3) that∫

Sγ

χp(xξ ) dξ =

pγ

(
1− p−1

)
, |x|p ≤ p−γ ,

−pγ−1, |x|p = p−γ+1,

0, |x|p ≥ p−γ+2.

(3.3.4)

If π (x) �≡ 1 then ∫
Sγ

π (x) dx = 0, γ ∈ Z. (3.3.5)

Indeed, since π (x) �≡ 1, there exists a ∈ Qp such that |a|p = 1, π (a) �= 1
(see Lemma 2.3.8). Making the change of variables x = ax ′ in the integral
(3.3.5), we obtain∫

Sγ

π (x) dx =
∫
Sγ

π (ax ′) d(ax ′) = π (a)
∫
Sγ

π (x ′) dx ′.

This implies the relation (3.3.5).
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3.4. Change of variables

The relation (3.2.2) can be considered as a special case of the general formula
for the change of variables in integrals. The relation (3.2.2) implies that∫

K

f (x) dx = |a|p
∫

K−b
a

f (ay + b) dy, (3.4.1)

where K ⊂ Qp is a compact, a, b ∈ Qp, a �= 0.
Now we present a general formula of change of variables in integrals.

Theorem 3.4.1. ([241, IV.2.]) If x(y) is an analytic diffeomorphism of a clopen
set K1 ⊂ Qp onto a clopen set K ⊂ Qp, and x ′(y) �= 0, y ∈ K1, then for any
f ∈ L1(K) we have∫

K

f (x) dx =
∫
K1

f (x(y))|x ′(y)|p dy, (3.4.2)

where x ′(y) is a derivative in the sense of (2.2.5).

Proof. According to Proposition 3.2.2, the space C(K) of continuous functions
on K is dense in L1(K). Moreover, we will prove below by Proposition 4.3.2
that the space of locally constant functions on K is dense in C(K). Thus, it
is sufficient to prove the formula (3.4.2) for locally constant functions on K .
Therefore, it is sufficient to prove (3.4.2) for f (x) ≡ 1, x ∈ K , i.e.,∫

K

dx =
∫
K1

|x ′(y)|p dy.

Let us cover the compact K1 by a finite number of disjoint balls Bρ(yk) of a
sufficient small radius pρ such that

|x ′(y)|p = |x ′(yk)|p = prk , y ∈ Bρ(yk),

and the ball Bρ(yk) is mapped onto the ball Bρ+rk (xk), xk = x(yk). This is
possible in view of the theorem of inverse function [241, II.5.]. Next, using the
formula (3.3.1), we obtain∫

K

dx =
∑
k

∫
Bρ+rk (xk )

dx =
∑
k

pρ+rk =
∑
k

∫
Bρ (yk )

prk dy

=
∑
k

∫
Bρ (yk )

|x ′(yk)|p dy =
∑
k

∫
Bρ (yk )

|x ′(y)|p dy =
∫
K1

|x ′(y)|p dy.

The theorem is thus proved.
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If f is an integrable function on Qp, then Theorem 3.4.1 implies a formula
for the change of variables:∫

Qp

f (x) dx =
∫

Qp

f
( 1

ξ

) 1

|ξ |2p
dξ, (3.4.3)

where the above integral is defined as an improper integral (3.2.4).

Theorem 3.4.2. ([241, IV.2.]) Let x, y ∈ Qn
p. If x(y) is an analytic diffeomor-

phism of a clopen set K1 ⊂ Qn
p onto K ⊂ Qn

p, and

det
(∂x(y)

∂y

)
= det

(∂xk

∂yj

)
�= 0, y ∈ K1,

then for any f ∈ L1(K) we have∫
K

f (x) dnx =
∫
K1

f (x(y))
∣∣∣det

(∂x(y)

∂y

)∣∣∣
p
dny. (3.4.4)
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p-adic distributions

4.1. Introduction

The theory of p-adic distributions (generalized functions) plays an impor-
tant role in solving mathematical problems of p-adic analysis and applica-
tions. Fundamental results in the p-adic theory of distributions can be found
in [62], [96], [115], [230], [241]. In this chapter we collect some basic facts on
the theory of p-adic distributions, especially following [241, VI]. In contrast
to the book [241, VI], we consider the multidimensional case.

4.2. Locally constant functions

Definition 4.1. A complex-valued function ψ defined on an open set O ⊂ Qn
p

is called locally constant on O if for any x ∈ O there exists an integer l(x) ∈ Z

such that

ψ(x + x ′) = ψ(x), x ′ ∈ Bn
l(x), x ∈ O.

Typical examples of locally constant functions are additive characters (2.3.3)
and also the characteristic function of the ball Bn

l (a)

�l(x − a) = �(p−l|x − a|p), a ∈ Qn
p, x ∈ Qn

p, (4.2.1)

where

�(t) =
{

1, 0 ≤ t ≤ 1,
0, t > 1

(4.2.2)

is a characteristic function of the interval [0, 1].
Denote by E(O) the linear space of locally constant C-value functions on

O ⊂ Qn
p. It is clear that any function from E(O) is continuous on O.

54
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Convergence in E(Qn
p) is defined in the following way: ψk → 0, k →∞ in

E(Qn
p) if for any compact K ⊂ Qn

p

ψk
x∈K=⇒ 0, k →∞,

where⇒ denotes uniform convergence.

Lemma 4.2.1. ([241, VI.1, Lemma 1]) Let ψ ∈ E(Qn
p) and let K be a compact

in Qn
p. then there exists l ∈ Z such that

ψ(x + x ′) = ψ(x), x ′ ∈ Bn
l , x ∈ K.

Proof. Suppose that K is contained in the ball Bn
N . It is sufficient to prove the

lemma for the compactBn
N . By the Heine–Borel lemma (see Corollary 1.8.6 (3),

from the infinite covering {Bn
l(x)(x) : x ∈ Bn

N } of the compactBn
N it is possible to

choose a finite disjoint subcovering {Bn
l(xk )(x

k) : xk ∈ Bn
N, k = 1, 2, . . . ,M}.

Let us denote l = mink l(xk). Then for any point x ∈ Bn
l(xk )(x

k) and for all
x ′ ∈ Bn

l we have

|x − xk + x ′|p ≤ max
(|x − xk|p, |x ′|p

) ≤ max
(
pl(xk ), pl

) = pl(xk ).

Therefore,

ψ(x + x ′) = ψ(xk + x − xk + x ′) = ψ(xk) = ψ(x).

Lemma 4.2.2. ([241, VI.1, Lemma 2]) If ψ ∈ E(Qn
p) then in every ball Bn

N ⊂
Qn

p ψ is represented in the form

ϕ(x) =
pn(N−l)∑
ν=1

ψ(aν)�l(x − aν), x ∈ Bn
N, (4.2.3)

where �l(x − aν) = �(p−l|x − aν |p) is the characteristic function of the ball
Bn

l (aν) given by (4.2.1), l ∈ Z and the points aν ∈ Bn
N are such that the ballBn

N

is represented by the union of the disjoint balls Bn
l (aν), ν = 1, 2, . . . , pn(N−l).

Proof. By Lemma 4.2.1, there exists l ∈ Z such that ψ(x + x ′) = ψ(x), x ∈
Bn

N , for all x ′ ∈ Bn
l , l ≤ N . If l = N , setting a1 = 0, one can see that the

statement holds. Let l < N . From (1.10.2),

Bn
N = BN,1 × · · · × BN,n,

where, according to Proposition 1.8.9, every one-dimensional ball BN,k =
{xk ∈ Qp : |xk|p ≤ pN } is represented by the union of pN−l disjoint balls
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Bl;k(aµ

k ) with the centers

a
µ

k = 0, a
µ

k = a−r;kp
−r + a−r+1;kp

−r+1 + · · · + a−l−1;kp
−l−1,

where 0 ≤ aj ;k ≤ p − 1; j = −r,−r + 1, . . . ,−l − 1; a−r;k �= 0; r = l + 1,
l + 2, . . . , N − 1, N ; k = 1, 2, . . . , n.

Now the ball Bn
N can be represented by the union of pn(N−l) disjoint balls

Bl(aν) with the centers a = 0, aν = (aν
1 , . . . a

ν
n) ∈ Bn

N . Here any ball Bl(aν)
is a direct product of the corresponding one-dimensional balls Bl;k(aµ

k ), k =
1, 2, . . . , n, µ = 1, 2, . . . , pN−l ; ν = 1, 2, . . . , pn(N−l). Thus,

pn(N−l)∑
ν=1

�l(x − aν) =
{

1, x ∈ Bn
N,

0, x �∈ Bn
N.

Hence

ϕ(x) =
pn(N−l)∑
ν=1

ϕ(x)�l(x − aν) =
pn(N−l)∑
ν=1

ψ(aν)�l(x − aν), x ∈ Bn
N.

The lemma is proved.

4.3. The Bruhat–Schwartz test functions

Denote by D(Qn
p) the Bruhat–Schwartz space of test functions in Qn

p, which
consists of all compactly supported functions ϕ ∈ E(Qn

p). If ϕ ∈ D(Qn
p),

according to Lemma 4.2.1, there exists l ∈ Z such that

ϕ(x + x ′) = ϕ(x), x ′ ∈ Bn
l , x ∈ Qn

p. (4.3.1)

The largest of such numbers l = l(ϕ) is called the parameter of constancy of
the function ϕ. Instead of the parameter of constancy one can consider the
vector of constancy l = (l1, . . . , ln), where lj is the parameter of constancy
of the function ϕ with respect to the variable xj , j = 1, . . . , n. In this case
l = min1≤j≤n(lj ).

Let us denote by Dl
N (Qn

p) the finite-dimensional space of test functions from
D(Qn

p) having supports in the ball Bn
N and with parameters of constancy ≥ l.

The following embedding holds: Dl
N (Qn

p) ⊂ Dl′
N ′(Qn

p), N ≤ N ′, l ≥ l′.
Convergence in D(Qn

p) is defined in the following way: ϕk → 0, k →∞ in
D(Qn

p) if and only if
(i) ϕk ∈ Dl

N (Qn
p) where N and l do not depend on k;

(ii) ϕk

x∈Qn
p=⇒ 0, k →∞, where⇒ denotes uniform convergence.



4.3. The Bruhat–Schwartz test functions 57

Here

D(Qn
p) = lim

N→∞
indDN (Qn

p), DN (Qn
p) = lim

l→−∞
indDl

N (Qn
p).

The space D(Qn
p) is a complete locally convex topological vector space.

Let O be an open subset in Qn
p. By D(O) we denote the space of all test

functions from D(Qn
p) with supports in O. Thus

D(O) ⊂ D(Qn
p). (4.3.2)

Lemma 4.3.1. ([241, VI.5, (5.2)]) Any function ϕ ∈ Dl
N (Qn

p) can be repre-
sented in the following way:

ϕ(x) =
pnN−l1−···−ln∑

ν=1

ϕ(aν)�l1 (x1 − aν
1 ) · · ·�ln (xn − aν

n), x ∈ Qn
p, (4.3.3)

where �lj (xj − aν
j ) is the characteristic function of the ball Blj (a

ν
j ), and the

points aν = (aν
1 , . . . a

ν
n) ∈ Bn

N do not depend on ϕ and are such that the
balls Bn

l (aν) = Bl(aν
1 )× · · · × Bl(aν

n), ν = 1, . . . , pnN−l1−···−ln , are disjoint
and cover the ball Bn

N .
For l1 = l2 = · · · = ln and using (1.10.2), the formula (4.3.3) takes the form

ϕ(x) =
pn(N−l)∑
ν=1

ϕ(aν)�l(x − aν), x ∈ Qn
p, (4.3.4)

where �l(x − aν) is the characteristic function of the ball Bn
l (aν).

Lemma 4.3.1 and representation (4.3.4) are a direct consequence of
Lemma 4.2.2.

Proposition 4.3.2. ([241, VI.2.)]) Let K be a compact in Qn
p. The space of test

functions D(Qn
p) is dense in the space C(K) of continuous functions on K .

Proof. Let f ∈ C(K) and ε > 0 be an arbitrary number. There exists γ ∈ Z

such that |f (x)− f (a)| < ε if x ∈ Bγ (a) ∩K and a ∈ K . From Proposi-
tion 1.8.7, the compact K can be covered by a finite number of disjoint balls
Bγ (aν). The characteristic functions of these balls �γ (x − aν) ∈ D(Qn

p) and
satisfy the equality ∑

ν

�γ (x − aν) = 1, x ∈ K. (4.3.5)

It is clear that

fγ (x) =
∑
ν

f (aν)�l(x − aν) ∈ D(Qn
p).
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Next, taking (4.3.5) into account, we obtain

‖f (x)− fγ (x)‖C(K)
def= max

x∈K
|f (x)− fγ (x)|

≤ max
x∈K

∣∣∣∑
ν

(
f (x)− f (aν)

)
�l(x − aν)

∣∣∣ < ε
∑
ν

�l(x − aν) = ε.

Proposition 4.3.3. ([241, VI.2.]) The space of test functions D(O) is dense in
Lρ(O), 1 ≤ ρ <∞, O ⊂ Qn

p.

Proof. The proof follows from the facts that, according to Proposition 4.3.2,
D(Qn

p) is dense in C(K) and, according to Proposition 3.2.2, C(K) is dense in
Lρ(O).

Let O be an open subset in Qn
p. In D(O) the theorem of “decomposition

of the unity” holds ([241, VI.2.]). Indeed, according to Proposition 1.8.3, the
set O in Qn

p is a union at most of a countable set of disjoint balls:

O =
⋃
k

Bγk (a
k), Blk (a

k) ∩ Blj (a
j ) = ∅, k �= j.

Hence, the characteristic functions �lk (x − ak) of these balls, k = 1, 2, . . . ,
form a decomposition of the unity in O:

∞∑
k=1

�lk (x − ak) = 1, x ∈ O. (4.3.6)

4.4. The Bruhat–Schwartz distributions
(generalized functions)

4.4.1. The space D′(Qn
p)

Denote by D′(Qn
p) the set of all linear functionals on D(Qn

p), which is called
the space of Bruhat–Schwartz distributions in Qn

p. Convergence in D′(Qn
p) is

defined as the weak convergence: fk → 0, k →∞ in D′(Qn
p) if

〈fk, ϕ〉 → 0, k →∞, ∀ϕ ∈ D(Qn
p).

Lemma 4.4.1. ([241, VI.3, Lemma]) If A is a linear operator from D(Qn
p) into

a linear topological space M then A is continuous from D(Qn
p) into M .
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Proof. Let ϕk → 0, k →∞ in D(Qn
p). Then ϕk ∈ Dl

N (Qn
p) for all k. It follows

from Lemma 4.3.1 (formula (4.3.4)) that

ϕk(x) =
pn(N−l)∑
ν=1

ϕk(aν)�l(x − aν), x ∈ Qn
p,

where�l(x − aν) is the characteristic function of the ballBn
l (aν), andϕk(aν) →

0 as k →∞. Since A is a linear operator, the above representation implies

Aϕk(x) =
pn(N−l)∑
ν=1

ϕk(aν)A�l(x − aν) → 0, k →∞, in M,

i.e., A is continuous.

Corollary 4.4.2. D′(Qn
p) is a space of linear continuous functionals on the

space of test functions D(Qn
p), i.e., D′(Qn

p) is a strongly conjugate space to the
space D(Qn

p).

Thus, it is possible to use general theorems of functional analysis forD′(Qn
p).

Proposition 4.4.3. The space D′(Qn
p) is complete.

Proof. Suppose that {fk, k →∞} is the Cauchy sequence of functionals fk ∈
D′(Qn

p), i.e., fk − fj → 0, k, j →∞. It means that 〈fk, ϕ〉 − 〈fj , ϕ〉 → 0,
k, j →∞, for allϕ ∈ D(Qn

p). Thus {〈fk, ϕ〉, k →∞} is the numerical Cauchy
sequence for all ϕ ∈ D(Qn

p). Consequently, there exists a number C(ϕ) such
that

lim
k→∞

〈fk, ϕ〉 = C(ϕ), ∀ϕ ∈ D(Qn
p). (4.4.1)

It is clear that the constructed functional is linear, i.e., belongs to D′(Qn
p). We

put C(ϕ) = 〈f, ϕ〉, f ∈ D′(Qn
p), ϕ ∈ D(Qn

p). The equality (4.4.1) shows that
fk → f , k →∞ in D′(Qn

p).

LetO be an open subset in Qn
p. ByD′(O) we denote the set of all linear func-

tionals on D(O). According to the well-known theorem of functional analysis,
inclusion (4.3.2) implies that

D′(Qn
p) ⊂ D′(O). (4.4.2)

The convergence in D′(O) is defined similarly to that in D′(Qn
p).
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Every function f ∈ L1
loc(Q

n
p) defines a distribution f ∈ D′(Qn

p) by the
formula

〈f, ϕ〉 def=
∫

Qn
p

f (x)ϕ(x) dnx, ϕ ∈ D(Qn
p). (4.4.3)

Such distributions are called regular distributions.

4.4.2. Support of a distribution

Let O be an open subset in Qn
p. A distribution f ∈ D′(O) vanishes on O1 ⊂ O

if 〈f, ϕ〉 = 0 for all ϕ ∈ D(O1). It is written as f (x) = 0, x ∈ O1. Correspond-
ingly two distributions f, g ∈ D′(O) are equal in O1 ⊂ O, if f (x)− g(x) = 0,
x ∈ O1.

Since in D(O) the theorem of “decomposition of the unity” (4.3.6) holds,
the notion of the support of a distribution can be introduced by the standard
definition as for the real case. Let Of ⊂ O be the maximal open set on which
the distribution f ∈ D′(O). The support of f is the complement of Of in O.
We denote it by suppf . Thus the support of a distribution f ∈ D′(O) is the
closed set suppf = O \Of .

4.4.3. The Dirac delta-function

The Dirac δ-function is defined by

〈δ, ϕ〉 = ϕ(0), ∀ϕ ∈ D(Qn
p). (4.4.4)

It is clear that δ ∈ D′(Qn
p) and δ(x) = 0 for all x �= 0, i.e., supp δ = {0}.

The structure of a distribution with a point support is given by the following
statement.

Proposition 4.4.4. If the support of a distribution f ∈ D′(Qn
p) is the point

{0} then this distribution has a unique representation f = Cδ, where C is a
constant.

Proof. Let ϕ ∈ D(Qn
p) be a test function with a parameter of constancy l.

Hence ϕ(x) = ϕ(0) for all |x|p ≤ pl . Let η ∈ D(Qn
p) be another function such

that η(x) = 1, |x|p ≤ 1. Then we have

〈f, ϕ〉 = 〈f, ηϕ〉 = ϕ(0)〈f, η〉 = C〈δ, ϕ〉,
whereC = 〈f, η〉. If there is another representation f = C1δ then (C − C1)δ =
0. Applying both sides of this equality to a test function ϕ such that ϕ(0) �= 0,
we conclude that C = C1.
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Let us introduce in D(Qn
p) a canonical 1-sequence

�k(x)
def= �(p−k|x|p), k ∈ Z, (4.4.5)

and a canonical δ-sequence

δk(x)
def= pnk�(pk|x|p), k ∈ Z, (4.4.6)

x ∈ Qn
p, where the function � is defined by (4.2.2). Here �k(x) is the charac-

teristic function of the ball Bn
k (4.2.1).

It is clear that

�k → 1, k →∞, in E(Qn
p)

and

δk → δ, k →∞, in D′(Qn
p). (4.4.7)

Let us prove (4.4.7). Let ϕ ∈ D(Qn
p) be a test function with a parameter of

constancy l. Then taking into account (3.3.1) and (1.10.2), for all k ≥ −l we
obtain

〈δk, ϕ〉 =
∫

Qn
p

pnk�(pk|x|p)ϕ(x)ϕ(x) dnx = pnk

∫
Bn
−k

ϕ(x)ϕ(x) dnx

= ϕ(0)pnk

∫
Bn
−k

ϕ(x) dnx = ϕ(0) = 〈δ, ϕ〉, ∀ϕ ∈ D(Qn
p).

4.4.4. Theorem of “piecewise sewing”

If f ∈ D′(Qn
p) and suppf ⊂ Bn

N then f = �N (x)f , where �N (x) is a charac-
teristic function of the ball Bn

N (4.2.1). Moreover, if f ∈ D′(Qn
p) and suppf is

a clopen then

f = χsuppf (x)f, (4.4.8)

where χsuppf is a characteristic function of the set suppf .
Let O1 ⊂ O ⊂ Qn

p. Then any distribution f ∈ D′(O) admits a restriction
f

∣∣
O1
∈ D′(O1) which is defined by the formula

〈f ∣∣
O1
, ϕ〉 = 〈f, ϕ〉, ∀ϕ ∈ D(O1).

Conversely, in D′(O) the following theorem of “piecewise sewing” holds.
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Theorem 4.4.5. ([241, VI.4.]) Let O be an open subset in Qn
p and let O be a

union at most of a countable set of disjoint balls:

O =
⋃
k

Bγk (a
k), Blk (a

k) ∩ Blj (a
j ) = ∅, k �= j

(which is possible due to Proposition 1.8.3). Let fk ∈ D′(Bγk (a
k)). Then there

exists a unique distribution f ∈ D′(O) such that its restriction fBγk
(ak) = fk ,

k = 1, 2, . . . .

Proof. This statement follows from the theorem of “decomposition of the
unity” (4.3.6). The desired distribution is defined by the formula

f (x) =
∞∑
k=1

�lk (x − ak)fk(x), x ∈ O.

4.4.5. Linear operators in D′(Qn
p)

A linear operator in D′(Qn
p) is defined as the corresponding conjugate lin-

ear operator in the space of test functions D(Qn
p). Let A : D(Qn

p) → D(Qn
p)

be a linear operator. Then its conjugate operator A∗ : D′(Qn
p) → D′(Qn

p) is
introduced by the equality

〈A∗f, ϕ〉 = 〈f,Aϕ〉, f ∈ D′(Qn
p), ∀ϕ ∈ D(Qn

p). (4.4.9)

It is clear that A∗f ∈ D′(Qn
p) and A∗ is linear. Then, according to Lemma 4.4.1,

A∗ is a continuous operator from D′(Qn
p) to D′(Qn

p).
A specific expression for the operator A∗ can be obtained in the following

way: taking into account (4.4.3), we apply the formula (4.4.9) to the case
f ∈ L1

loc(Q
n
p), and transform the integral

〈f,Aϕ〉 =
∫

Qn
p

f (x)Aϕ(x) dnx

to the form 〈A∗f, ϕ〉.
According to (4.4.9), if a ∈ E(Qn

p), f ∈ D′(Qn
p), then the product af exists

and it is defined as

〈af, ϕ〉 = 〈f, aϕ〉, ∀ϕ ∈ D(Qn
p).

Linear change of variables for distributions. LetA be a matrix, detA �= 0,
b ∈ Qn

p, f ∈ D′(Qn
p). Similarly to the real case (see [236, §1.9.]), it is easy to

prove that for f ∈ L1
loc(Q

n
p), by using (4.4.3) and the change of variables
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formula (3.4.4), we obtain〈
f (Ax + b), ϕ

〉 = | detA|−1
p

〈
f (y), ϕ(A−1(y − b))

〉
, (4.4.10)

for all ϕ ∈ D(Qn
p). Then according to (4.4.9), a distribution f (y), y = Ax + b,

is defined by the same relation (4.4.10).
In particular, if f ∈ D′(Qp), a ∈ Q×

p , b ∈ Qp then〈
f (ax + b), ϕ

〉 = |a|−1
p

〈
f (y), ϕ(a−1(y − b))

〉
, ∀ϕ ∈ D(Qn

p). (4.4.11)

We have 〈δ(x − b), ϕ〉 = ϕ(b), b ∈ Qn
p.

4.5. The direct product of distributions

Let f ∈ D′(Qn
p) and g ∈ D′(Qm

p ). Their direct product is defined by the formula

〈f (x)× g(y), ϕ〉 def= 〈
f (x), 〈g(x), ϕ(x, y)〉〉, ∀ϕ ∈ D(Qn+m

p ). (4.5.1)

It is easy to see that definition (4.5.1) is correct. In view of the representation
(4.3.3), a test function ϕ ∈ D(Qn+m

p ) is represented by a finite sum of the form

ϕ(x, y) =
∑
k

φk(x)ψk(y), φk ∈ D(Qn
p), ψk ∈ D(Qm

p ). (4.5.2)

Then the operator ϕ → 〈g(x), ϕ(x, y)〉 is linear from D(Qn+m
p ) into D(Qn

p),
and thus the functional on the right-hand side of (4.5.1) is linear on D(Qn+m

p ).
Hence f (x)× g(y) ∈ D′(Qn+m

p ).

Proposition 4.5.1. The direct product (4.5.1) is commutative:

f (x)× g(y) = g(y)× f (x). (4.5.3)

Proof. From (4.5.1) and (4.5.2), we have

〈f (x)× g(y), ϕ〉 =
∑
k

〈f (x), φk〉〈g(y), ψk〉

= 〈g(y)× f (x), ϕ〉, ϕ ∈ D(Qn+m
p ). (4.5.4)

Thus the direct product is commutative.

It follows from (4.5.4) that the direct product f (x)× g(y) is continuous
with respect to the joint factors f and g: if fk → 0, k →∞ in D′(Qn

p) and
gk → 0, k →∞ in D′(Dm

p ) then fk × gk → 0, k →∞ in D′(Qn+m
p ).
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Note that for g = 1 the equality (4.5.3) is equivalent to the equality〈
f (x),

∫
Qm

p

ϕ(x, y) dmy

〉
=

∫
Qm

p

〈f (x), ϕ(x, y)〉 dmy, (4.5.5)

ϕ ∈ D(Qn+m,
p ).

For example, δ(x) = δ(x1)× δ(x2)× · · · × δ(xn).
The direct product f (x)× g(y) of distributions f ∈ D′(O), O ⊂ Qn

p and
g ∈ D′(O1), O1 ⊂ Qm

p is defined in a similar way.
For example, δ(x) = δ(x1)× · · · × δ(xx), x = (x1 . . . , xn) ∈ Rn.

4.6. The Schwartz “kernel” theorem

Every distribution f ∈ D′(Qn+m
p ) defines the linear operator A : D(Qn

p) →
D′(Qm

p ) by the formula

〈A(φ), ψ〉 = 〈f (x, y), φ(x)ψ(y)〉, φ ∈ D(Qn
p), ψ ∈ D(Qm

p ). (4.6.1)

According to Lemma 4.4.1 and Corollary 4.4.2, every linear operator and
functional defined on D is continuous.

The inverse statement is also true.

Theorem 4.6.1. ([241, VII.7.]) Let B(φ,ψ) be a bilinear functional, φ ∈
D(Qn

p), ψ ∈ D(Qm
p ). Then there exists a unique distribution f ∈ D′(Qn+m

p )
such that

〈f, φ(x)ψ(y)〉 = B(φ,ψ), φ ∈ D(Qn
p), ψ ∈ D(Qm

p ). (4.6.2)

Proof. Since every test function ϕ(x, y) from D(Qn+m
p ) is represented by a

finite sum of the form (4.5.2), the bilinear functional B(φ,ψ) defines some
linear functional

f : ϕ →
∑
k

B(φk, ψk)

on D(Qn+m
p ) and, consequently, f ∈ D′(Qn+m

p ). The distribution f satisfies the
equality (4.6.2). It is clear that f is unique.

Corollary 4.6.2. ([241, VII.7.]) (Schwartz “kernels” theorem) Letφ → A(φ)
be a linear operator from D(Qn

p) into D′(Qm
p ). Then there exists a unique

distribution f ∈ D′(Qn+m
p ) such that the equality (4.6.1) holds.

The distribution f (x, y) is called the kernel of the operator A.
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Corollary 4.6.3. ([241, VII.7.]) Every bilinear form B(φ,ψ), φ ∈ D(Qn
p),

ψ ∈ D(Qm
p ), is continuous.

4.7. The convolution of distributions

Let f, g ∈ D′(Qn
p). The convolution f ∗ g of these distributions is defined as

the functional

〈f ∗ g, ϕ〉 = lim
k→∞

〈f (x)× g(y),�k(x)ϕ(x + y)〉, (4.7.1)

if the limit exists for all ϕ ∈ D(Qn
p), where �k(x) is a canonical 1-sequence

(4.4.5). The right-hand side of the equality (4.7.1) defines a linear functional
on D(Qn

p), and thus f ∗ g ∈ D′(Qn
p).

The convolution g ∗ f is defined in a similar way:

〈g ∗ f, ϕ〉 = lim
k→∞

〈g(y)× f (x),�k(y)ϕ(x + y)〉, ϕ ∈ D(Qn
p). (4.7.2)

Theorem 4.7.1. ([241, VII.1.]) Let f, g ∈ D′(Qn
p). If the convolution f ∗ g

exists then the convolution g ∗ f exists, and they are equal:

f ∗ g = g ∗ f.
Proof. By the condition of the theorem the convolution f ∗ g exists. Let ϕ ∈
D(Qn

p) so that ϕ ∈ Dl
N (Qn

p) for some N, l ∈ Z. By formula (4.3.4) the function
ϕ is represented in the form of the finite sum

ϕ(x) =
pn(N−l)∑
ν=1

ϕ(aν)�l(x − aν),

for some aν ∈ Bn
N , where �l(x − aν) is the characteristic function of the ball

Bn
l (aν). Therefore it is sufficient to prove this theorem for the test functions of

the form

ϕν(x) = �l(x − aν).

It is clear that for sufficiently large k we have

�k(x) = �(p−k|x|p) = �(p−k|x − aν |p) = �k(x − aν), x ∈ Qn
p. (4.7.3)

Thus (4.7.1) and (4.7.3) imply

〈f ∗ g, ϕν〉 = lim
k→∞

〈f (x)× g(y),�k(x − aν)ϕν(x + y)〉
= lim

k→∞
〈f (x)× g(y),�k(x − aν)�l(x + y − aν)〉.
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Taking into account the following identity [241, VII.1], [163]:

�
(|plx − a|p

)
�

(|pkx − b|p
) = �

(|plx − a|p
)
�

(|pk−la − b|p
)
, (4.7.4)

x, a, b ∈ Qn
p for k ≥ l, k, l ∈ Z, we obtain that

�k(x − aν)�l(x + y − aν) = �k(y)�l(x + y − aν).

Consequently, we have

〈f ∗ g, ϕν〉 = lim
k→∞

〈f (x)× g(y),�k(x − aν)ϕν(x + y)〉
= lim

k→∞
〈f (x)× g(y),�k(y)ϕν(x + y)〉 = 〈g ∗ f, ϕν〉.

Here we used the commutativity of the direct product (4.5.3).

Lemma 4.7.2. ([241, VII.1.]) If f, g ∈ D′(Qn
p) and supp g ⊂ Bn

N then the
convolution f ∗ g exists and

〈f ∗ g, ϕ〉 = 〈f (x)× g(y),�N (y)ϕ(x + y)〉, ∀ϕ ∈ D(Qn
p). (4.7.5)

Proof. Formulas (4.7.1) and (4.4.8) imply that for all ϕ ∈ D(Qn
p)

〈f ∗ g, ϕ〉 = lim
k→∞

〈f (x)× g(y),�k(y)ϕ(x + y)〉
= lim

k→∞
〈f (x)×�N (y)g(y),�k(y)ϕ(x + y)〉

= lim
k→∞

〈f (x)× g(y),�N (y)�k(y)ϕ(x + y)〉
= 〈f (x)× g(y),�N (y)ϕ(x + y)〉.

Here we used the relation

�k(y)�N (y)ϕ(x + y) → �N (y)ϕ(x + y), k →∞, in D(Q2n
p ).

If the conditions of Lemma 4.7.2 hold, the convolution f ∗ g is continuous
with respect to the joint factors f and g: if fk → f , k →∞ inD′(Qn

p); gk → g,
k →∞ in D′(Qn

p), supp g ⊂ BN then fk ∗ gk → 0, k →∞ in D′(Qn
p).

This result follows from the representation (4.7.5) and the continuity of the
direct product (see Section 4.5).

Example 4.7.1.

f ∗ δ = δ ∗ f = f, f ∈ D′(Qn
p).

This follows from representation (4.7.5) and formula (4.5.1):

〈f ∗ δ, ϕ〉 = 〈f (x)× δ(y),�N (y)ϕ(x + y)〉
= 〈

f (x), 〈δ(y),�N (y)ϕ(x + y)〉〉 = 〈f, ϕ〉.
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In view of the continuity of the convolution, it follows from Example 4.7.1
and formula (4.4.7) that if f ∈ D′(Qn

p) then

f ∗ δk → f, k →∞, in D′(Qn
p), (4.7.6)

where δk is a canonical δ-sequence (4.4.6).

Proposition 4.7.3. ([241, VII.1.]) If f ∈ D′(Qn
p), ψ ∈ D(Qn

p) then

(f ∗ ψ)(x) = 〈f (y), ψ(x − y)〉 ∈ E(Qn
p), x ∈ Qn

p, (4.7.7)

where the parameter of constancy of the function f ∗ ψ does not exceed the
parameter of constancy of the function ψ .

Proof. Letψ ∈ Dl
N (Qn

p). Using (4.7.5) and (4.5.5), we obtain the representation
(4.7.7):

〈f ∗ ψ, ϕ〉 = 〈
f (x), 〈ψ(y)�N (y)ϕ(x + y)〉〉

=
〈
f (x),

∫
Qn

p

ψ(y)ϕ(x + y) dny

〉
=

〈
f (x),

∫
Qn

p

ψ(ξ − x)ϕ(ξ ) dnξ

〉

=
∫
Qn

p

〈
f (x), ψ(ξ − x)

〉
ϕ(ξ ) dnξ, ∀ϕ ∈ D′(Qn

p).

Here we take into account that ψ(ξ − x)ϕ(ξ ) ∈ D(Q2n
p ). Since ϕ is locally

constant then 〈f (y), ϕ(x − y)〉 ∈ E(Qn
p) is also locally constant.

Proposition 4.7.4. Every distribution f ∈ D′ is a weak limit of test functions:

D(Qn
p) � �k(f ∗ δk) → f, k →∞, in D′(Qn

p). (4.7.8)

Thus, D(Qn
p) is dense in D′(Qn

p).

In view of formula (4.7.5) we have

〈f (x) × g(y),�k(x)ϕ(x + y)〉
= 〈�k(x)f (x)× g(y), ϕ(x + y)〉 = 〈(�kf ) ∗ g, ϕ〉,

and, consequently, definition (4.7.1) of the convolution f ∗ g is equivalent to
the following one:

(�kf ) ∗ g → f ∗ g, k →∞, in D′(Qn
p). (4.7.9)

It follows from definition (4.7.1) of the convolution that supp(f ∗ g) is
contained in the closure of the set{

ξ : ξ ∈ Qn
p, ξ = x + y, x ∈ supp f, y ∈ supp g

}
.
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In particular, if supp f ⊂ BN and supp g ⊂ BN then supp(f ∗ g) ⊂ BN . Thus,
the set of distributions with supports in BN forms the commutative and asso-
ciative convolution algebra, where the δ function plays the role of the unit
element.

4.8. The Fourier transform of test functions

The Fourier transform of a test function ϕ ∈ D(Qn
p) is defined by the formula

ϕ̂(ξ ) = F [ϕ](ξ ) =
∫

Qn
p

χp(ξ · x)ϕ(x) dnx, ξ ∈ Qn
p, (4.8.1)

where χp(ξ · x) = χp(ξ1x1) · · ·χp(ξnxn) = e2πi
∑n

j=1{ξj xj }p , ξ · x is the scalar
product of vectors, and the function χp(ξjxj ) = e2πi{ξj xj }p for every fixed ξj ∈
Qp is an additive character of the field Qp (2.3.3), {ξjxj }p is the fractional part
of a number ξjxj defined by (1.6.4), j = 1, . . . , n.

Lemma 4.8.1. ([96, Ch. II,§2.4.], [230, III,(3.2)], [241, VII.2.]) If ϕ ∈ Dl
N (Qn

p)

then ϕ̂(ξ ) = F
[
ϕ

]
(ξ ) ∈ D−N−l (Qn

p). Thus the map ϕ → F [ϕ] is linear and con-
tinuous from D(Qn

p) in D(Qn
p).

Proof. Let ϕ ∈ Dl
N (Qn

p). Making the change of variable x = x ′ + a in (4.8.5),
where a = (a1, . . . , an) ∈ Qn

p, |ak|p = pl , k = 1, 2, . . . , n, we obtain

ϕ̂(ξ ) =
∫

Qn
p

χp(ξ · (x ′ + a))ϕ(x ′ + a) dnx ′

= χp(ξ · a)
∫

Qn
p

χp(ξ · x ′)ϕ(x ′) dnx ′ = χp(ξ · a)ϕ̂(ξ ). (4.8.2)

If |ξ |p > p−l then there is a k ∈ {1, 2, . . . , n} such that |akξk|p = |ak|p|ξk|p >

1. Thus from formula (2.3.3) we have χp(ξ · a) = χp(ξ1a1) · · ·χp(ξnan) �= 1,
and, consequently, (4.8.2) implies that ϕ̂(ξ ) = 0 for |ξ |p > p−l , i.e., supp ϕ̂ ⊂
Bn
−l .

If ξ ′ ∈ Bn
−N then for |x|p ≤ pN we have |ξ ′ · x|p ≤ 1 and χp(ξ ′ · x) = 1.

Consequently,

ϕ̂(ξ + ξ ′) =
∫
Bn

N

χp((ξ + ξ ′) · x)ϕ(x) dnx

=
∫
Bn

N

χp(ξ · x)χp(ξ ′ · x)ϕ(x) dnx =
∫
Bn

N

χp(ξ · x)ϕ(x) dnx = ϕ̂(ξ ).

Thus for ϕ̂ the parameter of constancy ≥ −N .
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Theorem 4.8.2. ([96, Ch. II, §2.4.], [241, VII.2.]) The Fourier transform is an
isomorphism of the linear spacesD(Qn

p) → D(Qn
p) and the following inversion

formula holds:

ϕ(x) =
∫

Qn
p

χp(−x · ξ )F [ϕ](ξ ) dnξ = F−1[ϕ̂]

= F
[
F [ϕ](−ξ )

]
(x) = F

[
F [ϕ]

]
(−x), ϕ ∈ D(Qn

p). (4.8.3)

Proof. From Lemma 4.8.1, the Fourier transform (4.8.1) maps D(Qn
p) into

D(Qn
p). Let ϕ ∈ Dl

N (Qn
p). Taking into account that ϕ̂(ξ ) ∈ D−N−l (Qn

p), we cal-
culate ∫

Qn
p

χp(−x · ξ )ϕ̂(ξ ) dnξ

=
∫
Bn
−l

χp(−x · ξ )

(∫
Bn

N

χp(ξ · x ′)ϕ(x ′) dnx ′
)
dnξ

=
∫

Qn
p

ϕ(x ′)
(∫

Bn
−l

χp(ξ · (x ′ − x)) dnξ

)
dnx ′

=
∫
|x ′−x|p≤pl

ϕ(x ′)
(∫

Bn
−l

χp(ξ · (x ′ − x)) dnξ

)
dnx ′

+
∫
|x ′−x|p≥pl+1

ϕ(x ′)
(∫

Bn
−l

χp(ξ · (x ′ − x)) dnξ

)
dnx ′. (4.8.4)

Let us consider the first integral in (4.8.4). If |x ′ − x|p ≤ pl , |ξ |p ≤ p−l then
χp(ξ · (x ′ − x)) = 1. Now taking into account that ϕ ∈ Dl

N (Qn
p) and formula

(3.3.1), we have∫
|x ′−x|p≤pl

ϕ(x + (x ′ − x))

(∫
Bn
−l

χp(ξ · (x ′ − x)) dnξ

)
dnx ′

= ϕ(x)
∫
Bn

l (x)

∫
Bn
−l

dnξ dnx ′ = ϕ(x)pnlp−nl = ϕ(x).

Now we consider the second integral in (4.8.4). Since |x ′ − x|p ≥ pl+1

and |ξ |p ≤ p−l , from (3.3.3), χp(ξ · a) = χp(ξ1a1) · · ·χp(ξnan) = 0. Conse-
quently, the second integral in (4.8.4) is equal to 0.

Thus the inversion formula (4.8.3) holds and the map ϕ → ϕ̂ is one-to-
one.

Lemma 4.8.1 and Theorem 4.8.2 imply the following statement.
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Lemma 4.8.3.

ϕ ∈ Dl
N (Qn

p) iff F
[
ϕ

] ∈ D−N−l (Qn
p). (4.8.5)

Proposition 4.8.4. ([241, VII.2.]) The Parseval–Steklov equality∫
Qn

p

ϕ(x)ψ(x) dnx =
∫

Qn
p

F [ϕ](ξ )F [ψ](ξ ) dnξ, ϕ,ψ ∈ D(Qn
p), (4.8.6)

and the equivalent equality∫
Qn

p

ϕ(x)F [ψ](x) dnx =
∫

Qn
p

F [ϕ](ξ )ψ(ξ ) dnξ, ϕ,ψ ∈ D(Qn
p), (4.8.7)

hold.

Proof. First let us prove (4.8.7):∫
Qn

p

ϕ(x)F [ψ](x) dnx =
∫

Qn
p

ϕ(x)

(∫
Qn

p

ψ(ξ )χp(ξ · x) dnξ

)
dnx

=
∫

Qn
p

ψ(ξ )

(∫
Qn

p

ϕ(x)χp(ξ · x) dnx

)
dnξ

=
∫

Qn
p

F [ϕ](ξ )ψ(ξ ) dnξ.

If we denote η(ξ ) = F [ψ](ξ ) then by (4.8.3) ψ(x) = F [η](x). Next, we can
see that (4.8.7) is equivalent to (4.8.6).

Proposition 4.8.5. Let A be a matrix such that detA �= 0, and b ∈ Qn
p. Then

for a test function ϕ ∈ D(Qn
p) the following relation holds:

F [ϕ(Ax + b)](ξ )

= | detA|−1
p χp

(− A−1b · ξ)
F [ϕ(x)]

(
(AT )−1ξ

)
, x, ξ ∈ Qn

p, (4.8.8)

where A−1 and AT are the inverse and transpose of matrix A, respectively. In
particular, if ϕ ∈ D(Qp), a ∈ Q×

p , b ∈ Qp then

F [ϕ(ax + b)](ξ ) = |a|−1
p χp

(
− b

a
ξ

)
F [ϕ(x)]

(ξ

a

)
, x, ξ ∈ Qp. (4.8.9)
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Proof. By (4.8.1) and (4.4.10) we have

F [ϕ(Ax + b)](ξ )

=
∫

Qn
p

χp(ξ · x)ϕ(Ax + b) dnx

= | detA|−1
p

∫
Qn

p

χp

(
ξ · (A−1(y − b))

)
ϕ(y) dny

= | detA|−1
p χp

(− A−1b · ξ) ∫
Qn

p

χp

(
ξ · (A−1y)

)
ϕ(y) dny

= | detA|−1
p χp

(− A−1b · ξ) ∫
Qn

p

χp

(
((AT )−1ξ ) · y)

ϕ(y) dny.

It is easy to calculate that

F [�k](x) = δk(x), k ∈ Z, x ∈ Qn
p, (4.8.10)

where �k and δk are the canonical 1- and δ-sequences (4.4.5) and (4.4.6),
respectively. In particular,

F [�](x) = �(x). (4.8.11)

4.9. The Fourier transform of distributions

According to (4.4.9), the Fourier transform F [f ] of a distribution f ∈ D′(Qn
p)

is defined by the relation

〈F [f ], ϕ〉 = 〈f, F [ϕ]〉, (4.9.1)

for all ϕ ∈ D(Qn
p).

From Lemma 4.8.1, the mapϕ → F [ϕ] is linear and continuous fromD(Qn
p)

in D(Qn
p). Hence the functional in the right-hand side of (4.9.1) is linear on

D(Qn
p), and from Lemma 4.4.1 it is continuous. Thus F [f ] ∈ D′(Qn

p) and the
map f → F [f ] is continuous from D′(Qn

p) in D′(Qn
p).

Proposition 4.9.1. The inversion formula holds:

f = F
[
F [f ](−ξ )

]
, f ∈ D′(Qn

p). (4.9.2)

Thus the Fourier transform f → F [f ] is the linear isomorphism D′(Qn
p) onto

D′(Qn
p).
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Proof. By using definition (4.9.1) and the inversion formula (4.8.3) for test
functions, we obtain〈

F
[
F [f ](−ξ )

]
, ϕ

〉 = 〈
F [f ](−ξ ), F [ϕ]

〉
= 〈

F [f ], F [ϕ](−ξ )
〉 = 〈

f, F
[
F [ϕ](−ξ )

]〉 = 〈
f, ϕ

〉
.

Example 4.9.1.

F [δ] = 1, F [1] = δ.

Indeed, according to (4.9.1) we have the first equality

〈F [δ], ϕ〉 = 〈δ, F [ϕ]〉 = F [ϕ](0) =
∫

Qn

ϕ(x) dnx = 〈1, ϕ〉.

The second one follows from Proposition 4.9.1.

Definition (4.9.1) and formulas (4.4.10), (4.4.11), (4.8.8) and (4.8.9) imply
the following statement for distributions.

Proposition 4.9.2. Let A be a matrix such that detA �= 0, and b ∈ Qn
p. Then

for a distribution f ∈ D′(Qn
p) the following relation holds:

F [f (Ax + b)](ξ )

= | detA|−1
p χp

(− A−1b · ξ)
F [f (x)]

(
(AT )−1ξ

)
, x, ξ ∈ Qn

p. (4.9.3)

In particular, if f ∈ D′(Qp), a ∈ Q×
p , b ∈ Qp, then

F [f (ax + b)](ξ ) = |a|−1
p χp

(
− b

a
ξ

)
F [f (x)]

(ξ

a

)
, x, ξ ∈ Qp. (4.9.4)

Now we derive a formula for the Fourier transform for a distribution with a
compact support.

Theorem 4.9.3. (see [241, VII.3.]) Let f ∈ D′(Qn
p). We have suppf ⊂ Bn

N if
and only if F [f ] ∈ E(Qn

p), where for F [f ] a parameter of constancy is≥ −N .
In addition

F [f ](ξ ) = 〈
f (x),�N (x)χp(ξ · x)

〉
. (4.9.5)
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Proof. Let f ∈ D′(Qn
p) and suppf ⊂ Bn

N . Definition (4.9.1) and formulas
(4.4.8) and (4.5.3) imply that

〈F [f ], ϕ〉 = 〈�N (x)f (x), F [ϕ](x)〉
=

〈
f (x),�N (x)

∫
Qn

p

χp(x · ξ )ϕ(ξ ) dnξ
〉

=
∫

Qn
p

〈
f (x),�N (x)χp(x · ξ )

〉
ϕ(ξ ) dnξ,

for all ϕ ∈ D(Qn
p). Thus the last relation implies (4.9.5).

Let ξ ′ ∈ Bn
−N . Hence

F [f ](ξ + ξ ′) = 〈
f (x),�N (x)χp((ξ + ξ ′) · x)

〉
.

Since for x ∈ Bn
N we have |ξ ′ · x|p ≤ 1, then χp(ξ ′ · x) = 1 and

F [f ](ξ + ξ ′) = 〈
f (x),�N (x)χp(ξ · x)

〉 = F [f ](ξ ).

Thus, for F [f ] the parameter of constancy ≥ −N .
Conversely, let F [f ] ∈ E(Qn

p) and its parameter of constancy is ≥ −N .
Applying the inverse Fourier transform to the equality

F [f ](ξ + ξ ′) = F [f ](ξ ), ξ ∈ Qn
p, ∀ ξ ′ ∈ Bn

−N,

and using (4.9.3), we obtain

χp(ξ ′ · x)f (x) = f (x), x ∈ Qn
p, ∀ ξ ′ ∈ Bn

−N . (4.9.6)

However, for any |x|p > pN there exists some ξ ′ such that |ξ |p = p−N , and
χp(ξ ′ · x) �= 1. Therefore, (4.9.6) implies that f (x) = 0 for |x|p > pN , i.e.,
suppf ⊂ Bn

N .

Theorem 4.9.4. ([241, VII, (5.3)]) If f, g ∈ D′(Qn
p), supp g ⊂ Bn

N then

F [f ∗ g] = F [f ]F [g]. (4.9.7)
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Proof. Using definitions (4.7.1) and (4.9.1), and also formulas (4.7.5) and
(4.9.5), we obtain

〈F [f ∗ g], ϕ〉 = 〈f ∗ g, F [ϕ]〉 = 〈f (x)× g(y),�N (y)F [ϕ](x + y)〉
=

〈
f (x),

〈
g(y),�N (y)

∫
Qn

p

ϕ(ξ )χp(ξ · (x + y)) dnξ

〉〉
=

〈
f (x),

∫
Qn

p

〈
g(y),�N (y)χp(ξ · y)

〉
ϕ(ξ )χp(ξ · x) dnξ

〉
=

〈
f (x),

∫
Qn

p

F [g](ξ )ϕ(ξ )χp(ξ · x) dnξ

〉
= 〈

f (x), F
[
F [g]ϕ

]〉 = 〈
F [f ], F [g]ϕ

〉 = 〈
F [f ]F [g], ϕ

〉
,

for all ϕ ∈ D(Qn
p). Thus the formula (4.9.7) holds.

Theorem 4.9.5. ([241, VII, (5.4)]) If for distributions f, g ∈ D′(Qn
p) the con-

volution f ∗ g exists, then

F [f ∗ g] = F [f ]F [g]. (4.9.8)

Proof. From Theorem 4.9.4 and formula (4.8.10),

F
[
f ∗ (�k g)

] = F [f ]F
[
�k g

] = F [f ]
(
F [g] ∗ δk

)
, k ∈ Z,

where �k(x) = �(p−k|x|p) is a canonical 1-sequence (4.4.5). Next, using rela-
tions (4.7.9) and (4.7.6), we conclude that (4.9.8) holds.
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Some results from p-adic L1- and L2-theories

5.1. Introduction

In this chapter we present some results related with L1- and L2-spaces, which
we need below.

5.2. L1-theory

If f ∈ L1(Qn
p) then formula (4.9.1) is equivalent to formula (4.8.1):

f̂ (ξ ) = F [f ](ξ ) =
∫

Qn
p

χp(ξ · x)f (x) dnx, ξ ∈ Qn
p. (5.2.1)

There is an analog of the real Riemann-Lebesgue theorem.

Theorem 5.2.1. ([230, III, (1.6)], [241, VII.3.]) If f ∈ L1(Qn
p) then F [f ](ξ )

is continuous on Qn
p and

F [f ](ξ ) =
∫

Qn
p

f (x)χp(ξ · x) dnx → 0, ξ →∞.

Proof. Since |χp(ξ · x)f (x)| = |f (x)|, x ∈ Qn
p, by applying the Lebesgue

dominated convergence theorem 3.2.4, we conclude that function F [f ](ξ )
(which is given by (5.2.1)) is continuous.

Let us prove that F [f ](ξ ) → 0, as ξ →∞. From Proposition 4.3.3,
the space D(Qn

p) is dense in L1(Qn
p). Consequently, for any ε there exists

ϕ ∈ D(Qn
p) such that

∫
Qn

p
|f (x)− ϕ(x)| dnx < ε. Moreover, according to

Lemma 4.8.3, there are l, N ∈ Z such that ϕ ∈ Dl
N (Qn

p), i.e., F [f ](ξ ) = 0

75
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for |ξ |p > pN . Therefore, if |ξ |p > pN we have

|F [f ](ξ )| =
∣∣∣∣∫

Qn
p

(
f (x)− ϕ(x)

)
χp(ξ · x) dnx +

∫
Qn

p

ϕ(x)χp(ξ · x) dnx

∣∣∣∣
≤

∫
Qn

p

∣∣f (x)− ϕ(x)
∣∣ dnx + ∣∣F [ϕ](ξ )

∣∣ < ε.

Using the standard scheme of a proof for the real setting (see [236, Ch. I,
§4.1.]), one can obtain the p-adic version of the Young inequality.

Theorem 5.2.2. Letf ∈ Lρ(Qn
p), 1 ≤ ρ ≤ ∞,g ∈ Lµ(Qn

p), where 1
ρ
+ 1

µ
≥ 1.

Then f ∗ g ∈ Lr (Qn
p), where 1

r
= 1

ρ
+ 1

µ
− 1, and the Young inequality holds:

‖f ∗ g‖r ≤ ‖f ‖ρ ‖g‖µ. (5.2.2)

In particular [230, III, (1.7)], if f ∈ Lρ(Qn
p), 1 ≤ ρ ≤ ∞, and g ∈ L1(Qn

p)
then f ∗ g ∈ Lρ(Qn

p) and

‖f ∗ g‖ρ ≤ ‖f ‖ρ ‖g‖1. (5.2.3)

Proof. Let us choose α, β ≥ 0 and s, t ≥ 1 such that

1

r
+ 1

s
+ 1

t
= 1, αr = ρ = (1− α)s, βr = µ = (1− β)t.

Then ρ + ρr

s
= r = µ+ µr

t
. Next, using the Hölder inequality and the Fubini

theorem 3.2.3, we obtain

(‖f ∗ g‖r)r = ∫
Qn

p

∣∣∣∫
Qn

p

f (y)g(x − y) dny

∣∣∣r dnx

≤
∫

Qn
p

(∫
Qn

p

|f (y)|α|g(x − y)|β |f (y)|1−α|g(x − y)|1−β dny
)r

dnx

≤
∫

Qn
p

(∫
Qn

p

|f (y)|αr |g(x − y)|βr dny

)(∫
Qn

p

|f (y)|(1−α)s dny

)r/s

×
(∫

Qn
p

|g(x − y)|(1−β)t dny

)r/t

dnx ≤ (‖f ‖ρ)r (‖g‖µ)r
.
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5.3. L2-theory

The set L2(Qn
p) is the Hilbert space with the scalar product

(f, g) =
∫

Qn
p

f (x)g(x) dnx, f, g ∈ L2(Qn
p), (5.3.1)

so that ‖f ‖2 =
√

(f, f ).
In L2(Qn

p) the Cauchy–Bunjakovsky inequality holds:

|(f, g)| ≤ ‖f ‖2 ‖g‖2, f, g ∈ L2(Qn
p). (5.3.2)

Using the standard scheme of the proof for the real setting, one can prove
the following statement.

Theorem 5.3.1. ([241, VII.4.]) The Fourier transform f → F [f ] maps
L2(Qn

p) onto L2(Qn
p) one-to-one and mutually continuous, where

F [f ](ξ ) = f̂ (ξ ) = lim
γ→∞

∫
Bn

γ

f (x)χp(ξ · x) dnx in L2(Qn
p); (5.3.3)

F−1[f̂ ](x) = f (x) = lim
γ→∞

∫
Bn

γ

f̂ (ξ )χp(−x · ξ ) dnξ in L2(Qn
p). (5.3.4)

Moreover, the Parseval–Steklov equality holds:

(f, g) = (F [f ], F [g]), ||f ||2 = ||F [f ]||2, f, g ∈ L2(Qn
p), (5.3.5)

cf. (4.8.6).

Proof. Let f ∈ L2(Qn
p). Then fγ = �γ ∈ L1(Qn

p) for all γ ∈ Z, where
�γ (x) = �(p−γ |x|p) is a canonical 1-sequence (4.4.5). From (5.2.1), there
exists the Fourier transform f̂γ (ξ ) = F [fγ ](ξ ). It is clear that

lim
γ→∞‖f − fγ ‖ = lim

γ→∞

∫
|x|p≥pγ

|f (x)|2 dnx = 0, (5.3.6)

and hence

lim
γ→∞‖fγ ‖ = ‖f ‖. (5.3.7)

The Parseval–Steklov equality (4.8.6) for test functions ϕ,ψ ∈ D(Qn
p) can

be rewritten in the form of the scalar product (5.3.1) as

(ϕ,ψ) = (F [ϕ], F [ψ]), ‖ϕ‖2 = ‖F [ϕ]‖2, ϕ, ψ ∈ D(Qn
p). (5.3.8)
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According to Proposition 4.3.3, the space of test functions D(O) is dense in
L2(O). Thus, taking into account (5.3.8) and (5.3.7), we conclude that

‖f̂γ ‖2 = ‖fγ ‖2 → ‖f ‖, γ →∞, (5.3.9)

‖f̂γ − f̂γ ′ ‖2 = ‖fγ − fγ ′ ‖2 → 0, γ, γ ′ → ∞. (5.3.10)

From relation (5.3.10), {f̂γ , γ →∞} is the Cauchy sequence in L2(Qn
p).

Then, according to the Riesz–Fisher theorem, there exists a function g ∈
L2(Qn

p) such that f̂γ → g as γ →∞ in L2(Qn
p). On the other hand f̂γ → f̂

as γ →∞ in D′(Qn
p). Hence, f̂ = g ∈ L2(Qn

p) and f̂γ → f̂ as γ →∞ in
L2(Qn

p). Thus the representation (5.3.3) holds. Since ‖f̂γ ‖2 → ‖f̂ ‖, γ →∞,
taking into account (5.3.9), we conclude that the equalities in (5.3.5) hold.

From (5.3.3), the inversion formula f = F
[
f̂ (−ξ )

]
, which is given by

(4.9.2), takes the form (5.3.4).
Thus, f → f̂ is one-to-one and a continuous map from L2(Qn

p) onto
L2(Qn

p).

Corollary 5.3.2. ([241, VII.4.]) The Fourier transform f → f̂ is a unitary
operator in L2(Qn

p).

Lemma 5.3.3. ([241, VII.4.]) If f ∈ L2(Qn
p) then

lim
γ→∞p−nγ/2

∫
Bn

γ

|f (x)| dnx = 0.

Proof. Let f ∈ L2(Qn
p) and ε > 0. Then there exists N ∈ Z such that∫

Qn
p\Bn

N

|f (x)|2 dnx <
ε2

4
.

Assuming that γ > N and applying the Cauchy–Bunjakovsky inequality, we
obtain

p−nγ/2
∫
Bn

γ

|f (x)| dnx = p−nγ/2
∫
Bn

γ \Bn
N

|f (x)| dnx + p−nγ/2
∫
Bn

N

|f (x)| dnx

≤ p−nγ/2

(∫
Bn

γ \Bn
N

|f (x)|2 dnx

)1/2(∫
Bn

γ \Bn
N

dnx

)1/2

+p−nγ/2

(∫
Bn

N

|f (x)|2 dnx

)1/2(∫
Bn

N

dnx

)1/2

≤
(∫

Qn
p\Bn

N

|f (x)|2 dnx

)1/2

+ p−nγ/2pnN/2

(∫
Qn

p

|f (x)|2 dnx

)1/2

<
ε

2
+ p−n(γ−N)/2||f ||2.
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For all γ such that p−n(γ−N)/2||f ||2 < ε
2 we have

p−nγ/2
∫
Bn

γ

|f (x)| dnx < ε.

Remark 5.1. In Chapter 8 we construct an infinite set of different wavelet
bases in L2(Qn

p).
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The theory of associated and quasi associated
homogeneous p-adic distributions

6.1. Introduction

In this chapter we construct and study associated homogeneous distributions
(AHD) and quasi associated homogeneous distributions (QAHD) in the p-adic
case. These results are based on the papers [16], [17], [223]. The results of this
chapter will be used below in Chapters 9, 10 and 14.

In Appendix A, Sections A.2–A.7, we recall the theory of QAHDs in the
better known case where the underlying field consists of the real numbers (“real
QAHD”). By analogy with the theory of real QAHDs, in Sections 6.2–6.5 we
develop the theory of p-adic associated and quasi associated homogeneous
distributions. In Section 6.2, we recall the facts on p-adic homogeneous dis-
tributions from classical books [96, Ch.II, §2], [241, VIII]. In Section 6.3,
Definition 6.2 of a p-adic QAHD is introduced. We prove Theorems 6.3.3
(Section 6.3) and 6.4.1 (Section 6.4) which give a description of all quasi asso-
ciated homogeneous distributions and their Fourier transform respectively. In
Section 6.5, a new type of p-adic �-functions is introduced. These �-functions
are generated by QAHDs.

6.2. p-adic homogeneous distributions

6.2.1. Definition and characterization

Let πα be a multiplicative character of the field Qp. We recall some facts from
the theory of πα-homogeneous Bruhat–Schwartz p-adic distributions, where
πα is a multiplicative character of the field Qp [96, Ch.II, §2.3.], [241, VIII.1.].

Definition 6.1. (a) ([96, Ch.II, §2.3.], [241, VIII.1.]) A distribution f ∈ D′(Qp)
is called homogeneous of degree πα if for all ϕ ∈ D(Qp) and t ∈ Q×

p we have

80
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the relation 〈
f, ϕ

(x

t

)〉
= πα(t)|t |p〈f, ϕ〉,

i.e., f (tx) = πα(t)f (x), t ∈ Q×
p .

(b) ([21]) We say that a distribution f ∈ D′(Qn
p) is homogeneous of degree

πα if for all t ∈ Q×
p we have

f (tx) = f (tx1, . . . , txn) = πα(t)f (x), x = (x1, . . . , xn) ∈ Qn
p. (6.2.1)

A homogeneous distribution of degree πα(x) = |x|α−1
p (α �= 0) is called homo-

geneous of degree α − 1.

For every multiplicative character πα(x) �= π0 = |x|−1
p , x �= 0 a homoge-

neous distribution πα ∈ D′(Qp) of degree πα(x) is defined by the formula [241,
VIII, (1.6)]

〈πα, ϕ〉 =
∫
B0

|x|α−1
p π1(x)

(
ϕ(x)− ϕ(0)

)
dx

+
∫

Qp\B0

|x|α−1
p π1(x)ϕ(x) dx + ϕ(0)I0(α), (6.2.2)

for all ϕ ∈ D(Qp). Here, from (3.3.2) and (3.2.3), for Re α > 0 we have

I0(α) =
∫
B0

|x|α−1
p π1(x) dx =

{
0, π1(x) �≡ 1,

1−p−1

1−p−α , π1(x) ≡ 1.
(6.2.3)

For α �= µj = 2πi
lnp

j , j ∈ Z, we define I0(α) by means of an analytic
continuation.

In the one-dimensional case the following characterization theorem holds.

Theorem 6.2.1. ([96, Ch.II, §2.3.], [241, VIII.1.]) Every homogeneous distri-
bution f ∈ D′(Qp) of degree πα(x) = |x|α−1

p π1(x) has the form
(a) Cπα , if either π1(x) �≡ 1 or α �= 0;
(b) Cδ, if π1(x) = 1 and α = 0, where C is a constant.

The multidimensional (n ≥ 2) homogeneous distribution |x|α−np ∈ D′(Qn
p)

of degree α − n is constructed as follows. If Re α > 0 then the function |x|α−np

generates a regular functional

〈|x|α−np , ϕ〉 =
∫

Qn
p

|x|α−np ϕ(x) dnx, ∀ϕ ∈ D(Qn
p). (6.2.4)
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If Re α ≤ 0 this distribution is defined by means of analytic continuation [229,
(*)], [230, III, (4.3)], [241, VIII, (4.2)]:

〈|x|α−np , ϕ〉 =
∫
Bn

0

|x|α−np

(
ϕ(x)− ϕ(0)

)
dnx

+
∫

Qn
p\Bn

0

|x|α−np ϕ(x) dnx + ϕ(0)
1− p−n

1− p−α
, (6.2.5)

for all ϕ ∈ D(Qn
p), α �= µj = 2πi

lnp
j , j ∈ Z, where |x|p, x ∈ Qn

p, is given by
(1.10.1). The distribution |x|α−np is meromorphic on the whole complex plane

α, and it has at the points µj , j ∈ Z simple poles with residua 1−p−n
logp

δ(x).

6.2.2. The Fourier transform

Let us recall the theorem describing the Fourier transform of a homogeneous
distribution.

Theorem 6.2.2. ([96, Ch.II, §2.5], [241, VIII.2.]) Let f ∈ D′(Qp) be a homo-
geneous distribution of degreeπα(x) = |x|α−1

p π1(x). Then its Fourier transform

F [f ] is a homogeneous distribution of degree π−1
α (x)|x|−1

p = |x|−αp π−1
1 (x).

Consequently, the Fourier transform of the homogeneous distribution πα(x),
πα �= π0 = |x|−1

p , is proportional to the homogeneous distribution |ξ |−αp π−1
1 (ξ ),

and the coefficient of proportionality �p(πα) is called the �-function. Here the
�-functions are given by the following integrals (see [241, VIII, (2.2), (2.17)]):

�p(α)
def= �p(|x|α−1

p ) =
∫

Qp

|x|α−1
p χp(x) dx = 1− pα−1

1− p−α
, (6.2.6)

�p(πα)
def= F [πα](1) =

∫
Qp

|x|α−1
p π1(x)χp(x) dx. (6.2.7)

The integrals on the right-hand sides of (6.2.6) and (6.2.7) are defined by
means of analytic continuation with respect to the parameter α, or as improper
integrals (see [229, §1])∫

Qp

f (x) dx = lim
k→∞

∫
p−k≤|x|p≤pk

f (x) dx.

Thus,

F [πα(x)](ξ ) = �p(πα)|ξ |−αp π−1
1 (ξ ), if πα �= π0 = |x|−1

p ,

F [δ(x)](ξ ) = 1, if πα = π0 = |x|−1
p ,

(6.2.8)

where �p(πα) is the �-function (6.2.7).
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If π1
α (x), π2

β (x) are homogeneous distributions then the following relation
holds [241, VIII, (3.6)]:(

π1
α ∗ π2

β

)
(x) = Bp(π1

α, π
2
β )|x|α+β−1

p π1
1 (x)π2

1 (x), x ∈ Qp, (6.2.9)

where

Bp(π1
α, π

2
β ) = �p(π1

α)�p(π2
β )

�p(π1
απ

2
β |x|p)

(6.2.10)

is the B-function [241, VIII, (3.5)].
Similarly, the Fourier transform of the multidimensional homogeneous dis-

tribution (6.2.5) is proportional to the homogeneous distribution |x|−αp , and the
coefficient of proportionality �(n)

p (α) is called the multidimensional �-function.
In the n-dimensional case the Fourier transform of the distribution (6.2.5)

|x|α−np is given by the formula [228], [229, Theorem 2.], and [230, III, Theorem
(4.5)], [241, VIII, (4.3)]

F [|x|α−np ] = �(n)
p (α)|ξ |−αp , α �= 0, n, (6.2.11)

where �(n)
p (α) is the n-dimensional �-function given by the following formula

(see [228], [229, Theorem 1.], [230, III, Theorem (4.2)], [241, VIII, (4.4)]):

�(n)
p (α)

def= lim
k→∞

∫
p−k≤|x|p≤pk

|x|α−np χp(u · x) dnx

=
∫

Qn
p

|x|α−np χp(x1) dnx = 1− pα−n

1− p−α
(6.2.12)

in a sense of the principal value integral (3.2.5), where |u|p = 1, and the
distribution |x|α−np is given by (6.2.5). Here �(1)

p (α) = �p(α).

6.3. p-adic quasi associated homogeneous distributions

6.3.1. Definition and characterization

In order to introduce the p-adic analog of QAHDs, we adapt Definitions A.10
and A.12 of the real QAHDs from Appendix A.

Definition 6.2. ([16], [17], [20], [21]) (a) A distribution fm ∈ D′(Qp) is said
to be quasi associated homogeneous of degree πα and order m, m ∈ N0 =
{0} ∪ N, if〈

fm, ϕ
(x

t

)〉
= πα(t)|t |p〈fm, ϕ〉 +

m∑
j=1

πα(t)|t |p logj
p |t |p〈fm−j , ϕ〉

for all ϕ ∈ D(Qp) and t ∈ Q×
p , where fm−j ∈ D′(Qp) is a quasi associated

homogeneous distribution of degree πα and order m− j , j = 1, 2, . . . , m,
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i.e.,

fm(tx) = πα(t)fm(x)+
m∑

j=1

πα(t) logj
p |t |pfm−j (x), t ∈ Q×

p .

If m = 0 we say that the above sum is empty.
(b) We say that a distribution f ∈ D′(Qn

p) is quasi associated homogeneous
of degree πα and order m, m ∈ N0, if for all t ∈ Q×

p we have

fm(tx) = fm(tx1, . . . , txn)

= πα(t)fm(x)+
m∑

j=1

πα(t) logj
p |t |pfm−j (x), (6.3.1)

where fm−j ∈ D′(Qn
p) is a quasi associated homogeneous distribution of

degree πα and order m− j , j = 1, 2, . . . , m.
A quasi associated homogeneous distribution of degree πα(t) = |t |α−1

p and
order m is called quasi associated homogeneous of degree α − 1 and order m.

(c) Quasi associated homogeneous distributions of order m = 1 are called
associated homogeneous distributions (see [95] and [16], [17]).

Remark 6.1. The sum of a QAHD of degree πα(x) and order m and a QAHD
of degree πα(x) and order k < m is a QAHD of degree πα(x) and order m.

For every multiplicative character πα(x) �= π0(x) = |x|−1
p , x �= 0, and for

every m ∈ N, we define the distribution πα(x) logm
p |x|p ∈ D′(Qp) by an ana-

lytical continuation with respect to α:

〈πα(x) logm
p |x|p, ϕ(x)〉

=
∫
B0

|x|α−1
p π1(x) logm

p |x|p
(
ϕ(x)− ϕ(0)

)
dx

+
∫

Qp\B0

|x|α−1
p π1(x) logm

p |x|pϕ(x) dx + ϕ(0)I0(α;m), (6.3.2)

for all ϕ ∈ D(Q). Here for Re α > 0

I0(α;m) =
∫
B0

|x|α−1
p π1(x) logm

p |x|p dx =
0∑

γ=−∞
γ mpγ (α−1)

∫
Sγ

π1(x) dx

=
{

0, π1(x) �≡ 1,

logm
p e(1− p−1) dm

dαm

(
1

1−p−α
)
, π1(x) ≡ 1,

(6.3.3)

and for all α �= αj = 2πi
lnp

j , j ∈ Z, we define the integral I0(α;m) by means of
an analytic continuation with respect to α. Relation (6.3.2) can also be obtained
by differentiation of (6.2.2) with respect to α.
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For the multiplicative character π0(x) = |x|−1
p , x �= 0, we define the dis-

tribution P
(

1
|x|p

) ∈ D′(Qp) (the principal value of the function |x|−1
p ) by the

formula [241, VIII, (1.10)]:〈
P

( 1

|x|p
)
, ϕ

〉
=

∫
B0

|x|−1
p

(
ϕ(x)− ϕ(0)

)
dx

+
∫

Qp\B0

|x|−1
p ϕ(x) dx, ϕ(x) ∈ D. (6.3.4)

By analogy with formula (6.3.4), for m ∈ N we introduce the distribution〈
P

( logm
p |x|p
|x|p

)
, ϕ

〉
=

∫
B0

logm
p |x|p
|x|p

(
ϕ(x)− ϕ(0)

)
dx

+
∫

Qp\B0

logm
p |x|p
|x|p ϕ(x) dx, ϕ(x) ∈ D. (6.3.5)

Lemma 6.3.1. The distribution πα(x) logm
p |x|p, where either π1(x) �≡ 1 or

α �= 0, and the distributionP
(|x|−1

p logm−1
p |x|p

)
are QAHDs of degreeπα(x) =

|x|α−1
p π1(x) and order m ∈ N.

Proof. 1. For all ϕ ∈ D(Q), t ∈ Q×
p we have the following.

(a) If |t |p < 1 then〈
P

( 1

|x|p
)
, ϕ

(x

t

)〉
=

∫
B0

|x|−1
p

(
ϕ

(x

t

)
− ϕ(0)

)
dx +

∫
Qp\B0

|x|−1
p ϕ

(x

t

)
dx

=
∫
|ξ |p≤|t |−1

p

|ξ |−1
p

(
ϕ(ξ )− ϕ(0)

)
dξ +

∫
|ξ |p>|t |−1

p

|ξ |−1
p ϕ(ξ ) dξ

=
〈
P

( 1

|x|p
)
, ϕ(x)

〉
− ϕ(0)

∫
p≤|ξ |p≤|t |−1

p

|ξ |−1
p dξ, (6.3.6)

where (see (3.3.1), (3.2.6), and (B.2) from Appendix B),∫
p≤|ξ |p≤|t |−1

p

|ξ |−1
p dξ =

γ0∑
γ=1

∫
Sγ

|ξ |−1
p dξ = (

1− p−1
) γ0∑
γ=1

1 = (
1− p−1

)
γ0,

(6.3.7)

and
∑γ0

γ=1 1 = S0(γ0) = γ 0, |t |p = p−γ0 , γ0 = − logp |t |p ≥ 1.

(b) If |t |p = 1 then〈
P

( 1

|x|p
)
, ϕ(x/t)

〉
=

〈
P

( 1

|x|p
)
, ϕ(x)

〉
.
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(c) If |t |p > 1 then〈
P

( 1

|x|p
)
, ϕ

(x

t

)〉
=

∫
|ξ |p≤|t |−1

p

|ξ |−1
p

(
ϕ(ξ )− ϕ(0)

)
dξ +

∫
|ξ |p>|t |−1

p

|ξ |−1
p ϕ(ξ ) dξ

=
〈
P

( 1

|x|p
)
, ϕ(x)

〉
+ ϕ(0)

∫
|t |−1

p <|ξ |p≤1
|ξ |−1

p dξ, (6.3.8)

where (see (3.3.1), (3.2.6), and (B.2) from Appendix B)∫
|t |−1

p <|ξ |p≤1
|ξ |−1

p dξ =
0∑

γ=γ0+1

∫
Sγ

|ξ |−1
p dξ

= (
1− p−1) 0∑

γ=γ0+1

1 = −(
1− p−1)

γ0, (6.3.9)

and
∑0

γ=γ0+1 1 = −γ 0 = −S0(γ0), |t |p = p−γ0 , γ0 = − logp |t |p ≤ −1.
Thus from (6.3.6)–(6.3.9) we obtain〈
P

( 1

|x|p
)
, ϕ

(x

t

)〉
= |t |p|t |−1

p

〈
P

( 1

|x|p
)
, ϕ(x)

〉
+ |t |p|t |−1

p logp |t |p
(
1− p−1

)〈δ(x), ϕ(x)〉, (6.3.10)

i.e., according to Definition 6.2 (a), P
(

1
|x|p

)
is a QAHD of degree |x|−1

p and

order 1.
2. For m ∈ N, all ϕ(x) ∈ D(Q), t ∈ Q×

p , from (6.3.5) we have the following.
(a) If |t |p < 1 then〈

P
( logm

p |x|p
|x|p

)
, ϕ

(x

t

)〉
=

∫
B0

logm
p |x|p
|x|p

(
ϕ

(x

t

)
− ϕ(0)

)
dx +

∫
Qp\B0

logm
p |x|p
|x|p ϕ

(x

t

)
dx

=
∫
|ξ |p≤|t |−1

p

logm
p |tξ |p
|ξ |p

(
ϕ(ξ )− ϕ(0)

)
dξ

+
∫
|ξ |p>|t |−1

p

logm
p |tξ |p
|ξ |p ϕ(ξ ) dξ

=
m∑

j=0

Cj
m logj

p |t |p
{〈

P
( logm−j

p |ξ |p
|ξ |p

)
, ϕ(ξ )

〉

−ϕ(0)
∫
p≤|ξ |p≤|t |−1

p

logm−j
p |ξ |p
|ξ |p dξ

}
. (6.3.11)
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Here |t |p = p−γ0 , γ0 = − logp |t |p ≥ 1, and (see (3.3.1), (3.2.6), and (B.2)
from Appendix B)∫

p≤|ξ |p≤|t |−1
p

logm−j
p |ξ |p
|ξ |p dξ =

γ0∑
γ=1

∫
Sγ

logm−j
p |ξ |p
|ξ |p dξ

= (
1− p−1

) γ0∑
γ=1

γ m−j , (6.3.12)

where
∑γ0

γ=1 γ
m−j = Sm−j (γ0), j = 0, 1, . . . , m.

(b) If |t |p = 1 then

〈
P

( logm
p |x|p
|x|p

)
, ϕ(x/t)

〉
=

〈
P

( logm
p |x|p
|x|p

)
, ϕ(x)

〉
.

(c) If |t |p > 1 then

〈
P

( logm
p |x|p
|x|p

)
, ϕ

(x

t

)〉
=

∫
|ξ |p≤|t |−1

p

logm
p |tξ |p
|ξ |p

(
ϕ(ξ )− ϕ(0)

)
dξ

+
∫
|ξ |p>|t |−1

p

logm
p |tξ |p
|ξ |p ϕ(ξ ) dξ

=
m∑

j=0

Cj
m logj

p |t |p
{〈

P
( logm−j

p |ξ |p
|ξ |p

)
, ϕ(ξ )

〉

+ϕ(0)
∫
|t |−1

p <|ξ |p≤1

logm−j
p |ξ |p
|ξ |p dξ

}
. (6.3.13)

Here |t |p = p−γ0 , γ0 = − logp |t |p ≤ −1, and (see (3.3.1), (3.2.6), and (B.2)
from Appendix B)

∫
|t |−1

p <|ξ |p≤1

logm−j
p |ξ |p
|ξ |p dξ =

0∑
γ=γ0+1

∫
Sγ

logm−j
p |ξ |p
|ξ |p dξ

= (
1− p−1

) 0∑
γ=γ0+1

γ m−j , j = 0, 1, . . . , m.

(6.3.14)

Using equality (B.2) from Appendix B, and taking into account that
according to Lemma B.2,

∑0
γ=γ0+1 γ

m−j = −Sm−j (γ0), we obtain from
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(6.3.11)–(6.3.14)

〈
P

( logm
p |x|p
|x|p

)
, ϕ

(x

t

)〉
= |t |p|t |−1

p

〈
P

( logm
p |x|p
|x|p

)
, ϕ(x)

〉
+

m∑
j=1

|t |p|t |−1
p logj

p |t |p
〈
Cj

mP
( logm−j

p |x|p
|x|p

)
, ϕ(x)

〉

+ logm+1
p |t |p 1

m+ 1

(
1− p−1

)〈δ(x), ϕ(x)〉 + 〈δ(x), ϕ(x)〉
m∑

j=1

aj logj
p |t |p,

for all t ∈ Q×
p , where

am = −(
1− p−1

)
B1

C1
m+1

m+1 ,

am+1−j =
(
1− p−1

)
Bj

C
j

m+1

m+1 , j = 2, 3, . . . , m.

(6.3.15)

We have thus proved that for all t ∈ Q×
p

P
( logm

p |tx|p
|tx|p

)
= |t |−1

p P
( logm

p |x|p
|x|p

)
+

m+1∑
j=1

|t |−1
p logj

p |t |pfm+1−j (x),

(6.3.16)
where

fm+1−j (x) = C
j
m

(
logm−j

p |x|p
|x|p

)
+ aj δ(x), j = 1, 2, . . . , m,

f0(x) = 1
m+1

(
1− p−1

)
δ(x).

(6.3.17)

Taking into account Remark 6.1, we can prove by induction that a dis-
tribution P

(|x|−1
p logm

p |x|p
)

is a QAHD of degree |x|−1
p and order m+ 1,

m ∈ N.
3. For Re α > 0, m ∈ N and for all ϕ ∈ D(Q), t ∈ Q×

p from (6.3.2) we
have

〈πα(x) logm
p |x|p, ϕ(x)〉 =

∫
Qp

|x|α−1
p π1(x) logm

p |x|pϕ(x) dx
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and 〈
πα(x) logm

p |x|p, ϕ
(x

t

)〉
=

∫
Qp

|tξ |α−1
p π1(tξ ) logm

p |tξ |pϕ(ξ ) d(tξ )

= πα(t)|t |p
m∑

j=0

Cj
m logj

p |t |p
∫

Qp

|ξ |α−1
p π1(ξ ) logm−j

p |ξ |pϕ(ξ ) d(ξ )

= πα(t)|t |p〈πα(x) logm
p |x|,ϕ(x)〉

+
m∑

j=1

πα(t)|t |p logj
p |t |p〈fm−j (x), ϕ(x)〉,

where fm−j (x) = C
j
mπα(x) logm−j

p |ξ |p, j = 1, 2, . . . , m. Thus, for Re α > 0
we can prove by induction that πα(x) logm

p |x|p is a QAHD of degree πα(x) and
order m in the sense of Definition 6.2 (a), m ∈ N. For other α �= αj = 2πi

lnp
j ,

j ∈ Z, this statement follows by the principle of analytical continuation.

Lemma 6.3.2. Let fs(x) be a QAHD of degree παs
(x) = |x|αs−1

p π1(x) and
order ms , s = 1, 2, . . . , r , where all αs or ms are different. If

∑r
s=1 fs(x) = 0

then fs(x) = 0, s = 1, 2, . . . , r . Thus QAHDs of different degrees and orders
are linearly independent.

This lemma is proved in the same way as the corresponding lemma on linear
independent homogeneous distributions from [241, VIII.1.].

Let us prove the following theorem which describes all QAHDs.

Theorem 6.3.3. Every QAHD f ∈ D′(Qp) of degree πα(x) = |x|α−1
p π1(x) and

order m ∈ N (with accuracy up to QAHD of order ≤ m− 1) has the form
(a) Cπα(x) logm

p |x|p, if πα(x) �= π0(x) = |x|−1
p ;

(b)CP
(|x|−1

p logm−1
p |x|p

)
, ifπα(x) = π0(x) = |x|−1

p , whereC is a constant.

Proof. (a) Let f �≡ 0 be a QAHD of degree πα(x) �= π0(x) = |x|−1
p and order

m ∈ N. It is clear that supp f �≡ {0}. Therefore there exists a function ψ ∈
D(Q), x ∈ Qp, ψ(0) = 0 such that

A0 = 〈f (x), ψ(x)〉, B0 = 〈πα(ξ ) logm
p |ξ |p, ψ(ξ )〉 �= 0,

Aj = 〈fm−j (x), ψ(x)〉, Bj = 〈πα(ξ ) logm−j
p |ξ |p, ψ(ξ )〉 �= 0,
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j = 1, . . . , m, for which by virtue of Definition 6.2 (a) we have〈
f (x), ψ

(x

t

)〉
= πα(t)|t |p〈f (x), ψ(x)〉

+
m∑

j=1

πα(t)|t |p logj
p |t |p〈fm−j (x), ψ(x)〉, t ∈ Q×

p ,

where fm−j (x) is a QAHD of degree παs
(x) and order m− j , j = 1, 2, . . . , m.

Hence we have∫
Qp

〈
f (x), ψ

(x

t

)〉ϕ(t)

|t |p dt

= A0〈πα(t), ϕ(t)〉 +
m∑

j=1

Aj 〈πα(t) logj
p |t |p, ϕ(t)〉, (6.3.18)

for all ϕ ∈ D(Q), ϕ(0) = 0.
Since ψ(0) = 0 and ϕ(0) = 0, we have ψ

(
x
t

)
ϕ(t)
|t |p ∈ D(Q2), and (6.3.18)

implies 〈
f (x),

∫
Qp

ψ
(x

t

)ϕ(t)

|t |p dt

〉

= A0〈πα(t), ϕ(t)〉 +
m∑

j=1

Aj 〈πα(t) logj
p |t |p, ϕ(t)〉. (6.3.19)

Making the change of variables (for x �= 0) t = x
ξ

, dt = |x|p
|ξ |2p dξ in the inner

integral on the left-hand side of (6.3.19), using relation (3.4.3), and taking into
account that ψ(ξ )

|ξ |p ϕ(x/ξ ) ∈ D(Q2), we have∫
Qp

ψ(ξ )

|ξ |p
〈
f (x), ϕ

(x

ξ

)〉
dξ

= A0〈πα(t), ϕ(t)〉 +
m∑

j=1

Aj 〈πα(t) logj
p |t |p, ϕ(t)〉. (6.3.20)

By using Definition 6.2 (a), from (6.3.20) we have

〈πα(ξ ), ψ(ξ )〉〈f (x), ϕ(x)〉 +
m∑

j=1

〈πα(ξ ) logj
p |ξ |p, ψ(ξ )〉〈fm−j (x), ϕ(x)〉

= A0〈πα(t), ϕ(t)〉 +
m∑

j=1

Aj 〈πα(t) logj
p |t |p, ϕ(t)〉,
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for all ϕ ∈ D(Q), ϕ(0) = 0. The latter relation can be rewritten as〈
Bmf (x)− Amπα(x) logm

p |x|p

+
m∑

j=1

(
Bm−j fm−j (x)− Am−jπα(x) logm−j

p |x|p
)
, ϕ(x)

〉
= 0. (6.3.21)

It follows from equality (6.3.21) that either

Bmf (x)− Amπα(x) logm
p |x|p

+
m∑

j=1

(
Bm−j fm−j (x)− Am−jπα(x) logm−j

p |x|p
)
= 0 (6.3.22)

or

Bmf (x)− Amπα(x) logm
p |x|p

+
m∑

j=1

(
Bm−j fm−j (x)− Am−jπα(x) logm−j

p |x|p
)
= Cδ(x), (6.3.23)

where C is a constant.
Since πα(x) �= π0(x) = |x|−1

p , according to Lemmas 6.3.1, 6.3.2 and The-
orem 6.2.1, relation (6.3.23) holds only for C = 0. Thus we have relation
(6.3.22).

Suppose that any QAHD fm−j (x) is a linear combination of the following
QAHDs πα(x) logk

p |x|p, k = 0, 1, . . . , m− j − 1, j = 1, 2, . . . , m. Then by
induction we have from (6.3.22) that

f (x) = Am

Bm

πα(x) logm
p |x|p

up to a QAHD of order ≤ m− 1.
(b) Let πα(x) = π0(x) = |x|−1

p . It is clear that supp f �≡ {0}. Then repeating
literally the previous arguments, we obtain the following relation:

Bmf (x)− AmP
( logm−1

p |ξ |p
|ξ |p

)
+

m−1∑
j=1

(
Bm−j fm−j (x)− Am−jP

( logm−1−j
p |ξ |p
|ξ |p

))
= Cδ(x), (6.3.24)

where

A1 = 〈f (x), ψ(x)〉, Bj = 〈P
(

logm−j
p |ξ |p
|ξ |p

)
, ψ(ξ )〉 �= 0,

Aj+1 = 〈fm−j (x), ψ(x)〉, Bm = 〈P
(

1
|ξ |p

)
, ψ(ξ )〉 �= 0,



92 The theory of p-adic AHDs and QAHDs

j = 1, 2, . . . , m− 1, C is a constant. Similarly to the previous case, by induc-
tion we have from (6.3.24) that

f (x) = Am

Bm

P
( logm−1

p |ξ |p
|ξ |p

)
.

up to a QAHD of order ≤ m− 1. The theorem is thus proved.

Lemma 6.3.4. A QAHD of degree πα(x) and order m is periodic in the vari-
able α with period T = α1 = 2πi

lnp
, i.e.,

πα+T (x) logm
p |x|p = πα(x) logm

p |x|p, πα �= |x|−1
p ,

P

(
logm

p |x|p
|x|1+Tp

)
= P

(
logm

p |x|p
|x|1p

)
, m ∈ N0.

Proof. The integrals in (6.3.2) and (6.3.5) can be rewritten as∫
B0

|x|α−1
p π1(x) logm

p |x|p
(
ϕ(x)− ϕ(0)

)
dx

=
0∑

γ=−∞
pγ (α−1)γ m

∫
Sγ

π1(x)
(
ϕ(x)− ϕ(0)

)
dx,

∫
Qp\B0

|x|α−1
p π1(x) logm

p |x|pϕ(x) dx =
∞∑
γ=1

pγ (α−1)γ m

∫
Sγ

π1(x)ϕ(x) dx.

Since pT = 1, one can see that all terms on the right-hand side of the latter
relation are T -periodic in the variable α, T = α1 = 2πi

lnp
. The integral I0(α;m)

given by (6.3.3) is also T -periodic. Thus from Theorem 6.3.3, the lemma is
proved.

6.3.2. Multidimensional case

Similarly to the one-dimensional case (6.3.4), one can construct the distribution
P

(
1
|x|np

)
called the principal value of the function 1

|x|np :

〈
P

( 1

|x|np
)
, ϕ

〉
=

∫
Bn

0

ϕ(x)− ϕ(0)

|x|np
dnx +

∫
Qn

p\Bn
0

ϕ(x)

|x|np
dnx, (6.3.25)

for all ϕ ∈ D(Qn
p). It is easy to show that according to Definition 6.2 (b), this

distribution is quasi associated homogeneous of degree −n and order 1.
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6.4. The Fourier transform of p-adic quasi associated
homogeneous distributions

Now we prove the theorem describing the Fourier transform of p-adic QAHDs.

Theorem 6.4.1. Let f ∈ D′(Qp) be a QAHD of degree πα = |x|α−1
p π1(x) and

order m. Then its Fourier transform F [f ] is a QAHD of degree π−1
α |x|−1

p =
|x|−αp π−1

1 (x) and order m, m ∈ N.

Proof. If m = 1 then using (4.9.4) and Definition 6.2 (a), for all t ∈ Q×
p we

have

F
[
f (x)

]
(tξ ) = |t |−1

p F
[
f

(x

t

)]
(ξ )

= |t |−1
p πα

(
t−1

)
F

[
f (x)

]
(ξ )+ |t |−1

p πα

(
t−1

)
logp

∣∣t−1
∣∣
p
F

[
f0(x)

]
(ξ )

= |t |−αp π−1
1 (t)F

[
f (x)

]
(ξ )− |t |−αp π−1

1 (t) logp |t |pF
[
f0(x)

]
(ξ ),

where f0 is a homogeneous distribution of degree πα(x). From Theorem
6.2.2, F

[
f0(x)

]
(ξ ) = C0|ξ |−αp π−1

1 (ξ ) is a homogeneous distribution of degree

|ξ |−αp π−1
1 (ξ ), where C0 is a constant.

Thus for t ∈ Q×
p

F
[
f (x)

]
(tξ )

= |t |−αp π−1
1 (t)F

[
f (x)

]
(ξ )− |t |−αp π−1

1 (t) logp |t |pC0|ξ |−αp π−1
1 (ξ ),

i.e., according to Definition 6.2 (a), the distribution F
[
f (x)

]
(ξ ) is a QAHD of

degree |ξ |−αp π−1
1 (ξ ) and order 1.

Let f be a QAHD of degree πα(x) and order m, m = 2, 3, . . . . By using
(4.9.4) and Definition 6.2 (a), for all t ∈ Q×

p we have

F
[
f (x)

]
(tξ ) = |t |−1

p F
[
f

(x

t

)]
(ξ )

= |t |−1
p πα

(
t−1

)
F

[
f (x)

]
(ξ )+

m∑
j=1

|t |−1
p πα

(
t−1

)
logj

p |t−1|pF
[
fm−j (x)

]
(ξ )

= |t |−αp π−1
1 (t)F

[
f (x)

]
(ξ )+

m∑
j=1

|t |−αp π−1
1 (t) logj

p |t |p(−1)jF
[
fm−j (x)

]
(ξ ),

where fm−j (x) is a QAHD of degree πα(x) and order m− j , j = 1, 2, . . . , m.
Suppose that the theorem holds for a QAHD of degree πα(x) and order

k = 1, 2 . . . , m− 1. Then, by induction the last relation implies that F
[
f

]
(ξ )

is a QAHD of degree |ξ |−αp π−1
1 (ξ ) and order m.

The theorem is thus proved.
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Taking into account Theorem 6.3.3 and Remark 6.1, one can prove this
theorem directly, by calculating the Fourier transform of the distributions

πα(x) logm
p |x|p, P

(
logm

p |x|p
|x|p

)
.

Example 6.4.1. According to [241, IX, (2.8)],

F
[
P

( 1

|x|p
)]

(ξ ) = 1− p

p
logp |ξ |p −

1

p
.

Here P
(

1
|x|p

)
is a QAHD of degree π0(x) = |x|−1

p and order 1, and log |ξ |p is
a QAHD of degree 0 and order 1.

6.5. New type of p-adic �-functions

According to Remark 6.1, and Theorems 6.3.3 and 6.4.1, for the QAHD
πα(x) logm

p |x|p, πα(x) �= π0(x) = |x|−1
p , m ∈ N, we have

F
[
πα(x) logm

p |x|p
]
(ξ ) =

m∑
k=0

Am−k|ξ |−αp π−1
1 (ξ ) logm−k

p |ξ |p, (6.5.1)

and for the QAHD P
(|x|−1

p logm−1
p |x|p

)
, πα(x) = π0(x) = |x|−1

p , m ∈ N, we
have

F
[
P

(|x|−1
p logm−1

p |x|p
)]

(ξ ) =
m∑

k=0

Bm−k logm−k
p |ξ |p, (6.5.2)

where Ak , Bk are constants, k = 1, . . . , m.
By analogy with (A.7.5) and (A.7.6), the coefficients Ak and Bk

from relations (6.5.1) and (6.5.2) we will call �-functions of the types
(k;m,πα) and (k;m,π0), respectively, where πα(x) �= π0(x) = |x|−1

p , m ∈ N,
k = 0, 1, . . . , m. We denote Ak by �k(πα;m), and Bk by �k(π0;m).

By setting ξ = 1 in (6.5.1) and using (2.3.13), we obtain

F
[
πα(x) logm

p |x|p
]
(1) = A0 = �0(πα;m).

Using (6.2.7), we obtain

�0(πα;m)
def=

∫
Qp

|x|α−1
p π1(x) logm

p |x|pχp(x) dx

= dm�p(πα)

dαm
logm

p e. (6.5.3)

Here the integrals, just as above, are defined by means of an analytic continua-
tion with respect to the parameter α, or as improper integrals.
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Next, by successively substituting p, p2, . . . , pm into (6.5.1), we obtain
a linear system of equations for A1, . . . , Am. Solving this system, we can
calculate the �-functions �k(πα;m), k = 1, . . . , m− 1.

By setting ξ = 1 in (6.5.2), we obtain

F
[
P

(|x|−1
p logm−1

p |x|p
)]

(1) = B0 = �0(π0;m− 1).

Here the integral is defined as an improper integral. Thus, by definitions (6.3.4)
and (6.3.5),

�0(π0;m− 1) =
∫

Qp

P
( logm−1

p |x|p
|x|p

)
χp(x) dx

def= lim
k→∞

∫
p−k≤|x|p≤pk

P
( logm−1

p |x|p
|x|p

)
χp(x) dx

= lim
k→∞

( ∫
p−k≤|x|p≤1

logm−1
p |x|p
|x|p

(
χp(x)− 1

)
dx

+
∫
p≤|x|p≤pk

logm−1
p |x|p
|x|p χp(x) dx

)
. (6.5.4)

Since χp(x) = 1 for |x|p ≤ 1, we see that the first integral in (6.5.4) is equal
to zero. Let us calculate the second integral in (6.5.4),

∫
p≤|x|p≤pk . According to

(3.3.1), (3.2.6) and (3.3.4), we have

∫
p≤|x|p≤pk

logm−1
p |x|p
|x|p χp(x) dx =

∫
S1

logm−1
p |x|p
|x|p χp(x) dx = − 1

p
.

Thus

�0(π0;m− 1) = − 1

p
. (6.5.5)

Let us calculate �1(π0; 0). According to (6.5.2) and (6.5.5), we have

F
[
P

(|x|−1
p

)]
(ξ ) = B1 logp |ξ |p −

1

p
.

By substituting p into the latter relation, we have

F
[
P

(|x|−1
p

)]
(p) = −B1 − 1

p
.
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Just as above,

�1(π0; 0) = B1 = −
∫

Qp

P
( 1

|x|p
)
χp(px) dx − 1

p

= − lim
k→∞

( ∫
p−k≤|x|p≤1

1

|x|p
(
χp(px)− 1

)
dx

+
∫
p≤|x|p≤pk

1

|x|p χp(px) dx − 1

p
. (6.5.6)

Since according to (3.3.1), (3.2.6) and (3.3.4),∫
Sγ

χp(pξ ) dξ =


pγ
(
1− p−1

)
, γ ≤ 1,

−p, γ = 2,
0, γ ≥ 3,

and χp(x) = 1 for |x|p ≤ 1, relation (6.5.6) implies that

�1(π0; 0) = −p(
1− p−1

)
p−1 + pp−2 − 1

p
= 1

p
− 1. (6.5.7)

Relations (6.5.5) and (6.5.7) are in accordance with Example 6.4.1, since

�0(π0; 0) = F
[
P

( 1

|x|p
)]

(1) = − 1

p
.

�1(π0; 0) = F
[
P

( 1

|x|p
)]

(1) = 1

p
− 1.

By successively substituting p, p2, . . . , pm−1 into (6.5.2), we obtain a linear
system of equations for B1, . . . , Bm. Solving this system, we can calculate the
�-functions �k(π0;m), k = 1, . . . , m− 1.
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p-adic Lizorkin spaces of test functions
and distributions

7.1. Introduction

It is well known that fractional operators play a key role in applications ofp-adic
analysis. However, the Bruhat–Schwartz space of distributions D′(Qn

p) is not
invariant under fractional operators (see Chapter 9, Section 9.1). To deal with
fractional operators we need “natural” definition domains for them. Similar
problems also arise for the usual fractional operators on functions from Rn into
C ([206], [210], [211]): in general, the space of Schwartzian test function S(Rn)
is not invariant under fractional operators. A solution of this problem (in the
real case) was suggested by P. I. Lizorkin in the excellent papers [180]–[182],
where a new type of spaces invariant under fractional operators was introduced.

In this chapter using classical Lizorkin’s ideas, we introduce and study a p-
adic analog of the well-known Lizorkin spaces. These results are based on [21]
and [22].

At the beginning, in Section 7.2, we recall some facts about the well-known
Lizorkin spaces of test functions and distributions on Rn. These spaces were
introduced by P. I. Lizorkin in the papers [180]–[182] (see also [208], [209]).
One of the their important properties is the following: they are invariant under
fractional operators.

The aim of Section 7.3 is to introduce and study the p-adic Lizorkin spaces
of test functions and distributions. In Section 7.3.1 we introduce the spaces
of test functions �×(Qn

p) and distributions �′×(Qn
p) of the first kind, and in

Section 7.3.2 we introduce the spaces of test functions �(Qn
p) and distributions

�′(Qn
p) of the second kind. The Lizorkin spaces �×(Qn

p) and �(Qn
p) admit the

characterizations (7.3.1) and (7.3.3), respectively.
In Section 7.4, by Theorems 7.4.3, 7.4.4, we prove that the Lizorkin spaces

of test functions �×(Qn
p) and �(Qn

p) are dense in Lρ(Qn
p), 1 < ρ <∞. In fact,

97
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for n = 1 and ρ = 2 this statement was already proved in [241, IX.4.]. We
point out that for ρ = 2 the statements of Theorems 7.4.3 and 7.4.4 are almost
obvious, but for ρ �= 2, as for the real case [210], these statements are nontrivial.
Our proofs of these theorems follow closely the proofs developed for the real
case in [209] and [210].

In fact, the one-dimensional Lizorkin space of test functions �(Qp) was
introduced in [241, IX.2]. More exactly, in order to define the one-dimensional
fractional Vladimirov operatorD−1 in [241, IX.2] the subspace of test functions
φ in D(Qp) which are such that

∫
Qp

ϕ(x) dx = 0 was constructed (cf. (7.3.3)).
A similar idea was used in [96, Ch.II, §3.8, (3)]. More recently, in [25], a
Lizorkin type space was introduced for the case of ultrametric spaces.

The Lizorkin spaces are useful for some applications in p-adic analysis.
It turns out that the p-adic wavelets constructed in Chapter 8 belong to the
Lizorkin spaces of test functions �(Qn

p). Moreover, there are characterizations
of the p-adic Lizorkin spaces �(Qn

p) and �′(Qn
p) in the terms of the wavelet

functions (see Lemma 4.3.1 and Proposition 8.14.3). Next, in Chapters 9 and
10, the Lizorkin spaces play a key role in the theory of pseudo-differential
operators. The point is that the Lizorkin spaces are invariant under these p-
adic operators, i.e., these spaces are “natural” definition domains for them.
These two facts are used in Chapter 10 to solve pseudo-differential equations
in Lizorkin spaces. The Lizorkin spaces are also used in Chapters 12 and 14.
Note that in [159] the Lizorkin space is used to solve the Cauchy problem for
a p-adic wave equation.

7.2. The real case of Lizorkin spaces

For γ = (γ1, . . . , γn) ∈ Nn
0 and x = (x1, . . . , xn) ∈ Rn we set |γ | = ∑n

k=1 γk

and xγ = x
γ1
1 · · · xγn

n . We shall denote partial derivatives of the order |γ | by
∂
γ
x = ∂ |γ |

∂x1
γ1 ···∂xnγn .

Now we recall the definition of one type of Lizorkin spaces for the usual
(real) functions (for details, see [182], [210], [211]). Let us consider the fol-
lowing subspace of test functions:

�(Rn) = {ψ(ξ ) : ψ ∈ S(Rn) : (∂γ

ξ ψ)(0) = 0, |γ | = 1, 2, . . . }. (7.2.1)

The space of functions

�(Rn) = {φ : φ = F [ψ], ψ ∈ �(Rn)} ⊂ S(Rn), (7.2.2)

where F is the Fourier transform, is called the Lizorkin space.
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This space admits a simple characterization: φ ∈ �(Rn) if and only if φ ∈
S(Rn) and ∫

Rn

xγ φ(x) dnx = 0, |γ | = 0, 1, 2, . . . . (7.2.3)

Thus �(Rn) is the subspace of Schwartzian test functions, for which all the
moments are equal to zero.

The Lizorkin space has many “useful” properties. One of them is the follow-
ing: the Lizorkin space �(Rn) is invariant under the Riesz fractional operator
Dα , α ∈ C, given by the formula(

Dαφ
)
(x)

def= (−�)α/2φ(x) = (
κ−α ∗ φ

)
(x), φ ∈ �(Rn), (7.2.4)

where the Riesz kernel is defined as

κα(x) = �( n−α2 )

2απ
n
2 �( α2 )

|x|α−n,

where |x| =
√
x2

1 + · · · + x2
n , and |x|α ∈ S ′(Rn) is a distribution, and � is the

Laplacian on Rn (see [210, Lemma 2.9.], [211, (25.19)]). This property shows
that the Lizorkin type spaces are “natural” definition domains for fractional
operators.

Moreover, these spaces are “natural” definition domains for some types of
pseudo-differential operators and are used in applications [210] and [211].

7.3. p-adic Lizorkin spaces

7.3.1. Lizorkin space of the first kind

Consider the subspace of the space of test functions D(Qn
p) given by

�×(Qn
p) = {

ψ(ξ ) ∈ D(Qn
p) :

ψ(ξ1, . . . , ξj−1, 0, ξj+1, . . . , ξn) = 0, j = 1, 2, . . . , n
}
.

Obviously, �×(Qn
p) �= ∅.

Definition 7.1. The space

�× = �×(Qn
p) = {

φ : φ = F [ψ], ψ ∈ �×(Qn
p)

}
is called the p-adic Lizorkin space of test functions of the first kind.

Since the Fourier transform is a linear isomorphism D(Qn
p) into D(Qn

p), we
have �×(Qn

p) �= ∅, �×(Qn
p) ⊂ D(Qn

p).
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By analogy with the real case ([210, 2.2.], [211, §25.1.]), �×(Qn
p) can

be equipped with the topology of the space D(Qn
p) which makes �×(Qn

p) a
complete space.

The Lizorkin space �× admits the following characterization.

Lemma 7.3.1. φ ∈ �×(Qn
p) if and only if φ ∈ D(Qn

p) and∫
Qp

φ(x1, . . . , xj−1, xj , xj+1, . . . , xn) dxj = 0, (7.3.1)

where (x1, . . . , xj−1, xj+1, . . . , xn) ∈ Qn−1
p , j = 1, 2, . . . , n.

The space �′×(Qn
p) is called the p-adic Lizorkin space of distributions of the

first kind.
Let �⊥

× (Qn
p) = {f ∈ D′(Qn

p) : 〈f,ψ〉 = 0, ∀ψ ∈ �×(Qn
p)}, i.e., let

�⊥
× (Qn

p) be the set of functionals from D′(Qn
p) concentrated on the set

∪n
j=1 {x ∈ Qn

p : xj = 0}. Let �⊥×(Qn
p) = {f ∈D′(Qn

p) : 〈f, φ〉 = 0, ∀φ ∈
�×(Qn

p)}. Thus �⊥×(Qn
p) and �⊥

× (Qn
p) are subspaces of functionals in

D′(Qn
p) orthogonal to �×(Qn

p) and �×(Qn
p), respectively. It is clear that

the set �⊥
× (Qn

p) consists of linear combinations of functionals of the form
f (ξ1, . . . , ξ̂j , . . . , ξn), j = 1, 2, . . . , n, where the hat ̂ over ξj denotes
deletion of the corresponding variable from the vector ξ = (ξ1, . . . , ξn).
The set �⊥×(Qn

p) consists of linear combinations of functionals of the form
g(x1, . . . , x̂j , . . . , xn)× δ(xj ), j = 1, 2, . . . , n.

Theorem 7.3.2. The spaces of linear and continuous functionals �′×(Qn
p) and

� ′
×(Qn

p) can be identified with the quotient spaces

�′×(Qn
p) = D′(Qn

p)/�⊥×(Qn
p), � ′

×(Qn
p) = D′(Qn

p)/�⊥
× (Qn

p)

modulo the subspaces �⊥×(Qn
p) and �⊥

× (Qn
p), respectively.

Proof. The statement follows from the well-known assertion (for example,
see [213, Ch.IV, 4.1, Corollary 1.]): if E is a topological vector space with
a closed subspace M and E′ is a topological dual of E, then the space M ′

can be identified with the quotient space M ′ = E′/M⊥, where M⊥ = {f ∈
E′ : 〈f, ϕ〉 = 0, ∀ϕ ∈ M} is a subspace of all functionals in E′ orthogonal to
M .

It is natural to define the Fourier transform of distributions f ∈ �′×(Qn
p) and

g ∈ � ′
×(Qn

p) by the relations

〈F [f ], ψ〉 = 〈f, F [ψ]〉, ∀ψ ∈ �×(Qn
p),

〈F [g], φ〉 = 〈g, F [φ]〉, ∀φ ∈ �×(Qn
p).

(7.3.2)
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By definition, F [�×(Qn
p)] = �×(Qn

p), F [�×(Qn
p)] = �×(Qn

p), i.e., (7.3.2)
gives well-defined objects. Moreover, we have

F [�′×(Qn
p)] = � ′

×(Qn
p), F [� ′

×(Qn
p)] = �′×(Qn

p).

7.3.2. Lizorkin space of the second kind

Now we consider the space

�(Qn
p) = {

ψ(ξ ) ∈ D(Qn
p) : ψ(0) = 0

}
.

It is clear that �(Qn
p) �= ∅.

Definition 7.2. The space

�(Qn
p) = {

φ : φ = F [ψ], ψ ∈ �(Qn
p)

}
is called the p-adic Lizorkin space of test functions of the second kind.

We have �(Qn
p) �= ∅, �(Qn

p) ⊂ D(Qn
p). Similarly to �×(Qn

p), the space
�(Qn

p) can be equipped with the topology of the space D(Qn
p) which makes

�(Qn
p) a complete space.

It is easy to see that the p-adic Lizorkin space �(Qn
p) is an analog of the

Lizorkin space �(Rn) defined by (7.2.2).
Since the Fourier transform is an automorphism of the linear space D(Qn

p),
from (4.8.5) the space � admits the following characterization.

Lemma 7.3.3. (a) φ ∈ �(Qn
p) iff φ ∈ D(Qn

p) and∫
Qn

p

φ(x) dnx = 0. (7.3.3)

(b) φ ∈ Dl
N (Qn

p) ∩�(Qn
p), i.e.,

∫
Bn

N
φ(x) dnx = 0, iff ψ = F−1[φ] ∈

D−N−l (Qn
p) ∩�(Qn

p), i.e., ψ(ξ ) = 0 for ξ �∈ Bn
−l \ Bn

−N .

In fact, for n = 1, this lemma was proved in [241, IX.2.]. Unlike the real
case (7.2.1), (7.2.2), any function ψ(ξ ) ∈ � is equal to zero not only at ξ = 0
but in a ball Bn � 0 as well.

It follows from (7.3.3) that the space �(Qn
p) does not contain real-valued

functions which are everywhere different from zero.
Let �′ = �′(Qn

p) denote the topological dual of the space �(Qn
p). We call

it the p-adic Lizorkin space of distributions of the second kind.
By �⊥(Qn

p) and �⊥(Qn
p) we denote the subspaces of functionals in D′(Qn

p)
orthogonal to �(Qn

p) and �(Qn
p), respectively. Thus

�⊥(Qn
p) = {f ∈ D′(Qn

p) : f = Cδ, C ∈ C}
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and

�⊥(Qn
p) = {f ∈ D′(Qn

p) : f = C, C ∈ C}.
Theorem 7.3.4.

�′(Qn
p) = D′(Qn

p)/�⊥(Qn
p), � ′(Qn

p) = D′(Qn
p)/�⊥(Qn

p).

This assertion is proved in the same way as Theorem 7.3.2.
The space �′(Qn

p) can be obtained from D′(Qn
p) by “sifting out” constants.

Thus two distributions in D′(Qn
p) differing by a constant are indistinguishable

as elements of �′(Qn
p).

We define the Fourier transform of distributions f ∈ �′(Qn
p) and g ∈

� ′(Qn
p) by an analog of formula (7.3.2):

〈F [f ], ψ〉 = 〈f, F [ψ]〉, ∀ψ ∈ �(Qn
p),

〈F [g], φ〉 = 〈g, F [φ]〉, ∀φ ∈ �(Qn
p).

(7.3.4)

It is clear that

F [�′(Qn
p)] = � ′(Qn

p), F [� ′(Qn
p)] = �′(Qn

p).

7.4. Density of the Lizorkin spaces of test functions in Lρ(Qn
p)

The proofs of the assertions for the p-adic case follow closely the proofs
developed for the real case in [209] and [210, 2.2, 2.4.].

Lemma 7.4.1. Let g(·) ∈ L1(Qn
p) and f (·) ∈ Lρ(Qn

p), 1 < ρ <∞. Then for
x ∈ Qn

p

ht (x) =
∫

Qn
p

g(y)f (x − ty) dny

= 1

|t |np

∫
Qn

p

g
(ξ

t

)
f (x − ξ ) dnξ

Lρ→ 0, |t |p →∞. t ∈ Q×
p , (7.4.1)

Proof. For the case ρ = 2, taking into account the Parseval–Steklov equality
(4.8.6), formula (4.9.3), and using the Riemann–Lebesgue Theorem 5.2.1, we
have

||ht ||2 = ||F [ht ]||2

=
( ∫

Qn
p

∣∣F [g](ty)F [f ](y)
∣∣2
dny

) 1
2

→ 0, |t |p →∞. (7.4.2)
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Here the passage to the limit under the integral sign is justified by the Lebesgue-
dominated convergence Theorem 3.2.4.

Let now ρ �= 2. In view of the Young inequality (5.2.3), we have ht ∈
Lρ(Qn

p) and

||ht ||ρ ≤ ||g||1 ||f ||ρ, (7.4.3)

where the last estimate is uniform.
Clearly, it is sufficient to prove (7.4.1) for f ∈ D(Qn

p). Let r > 1 be such
that ρ is located between 2 and r . Using the Hölder inequality and taking into
account that f ∈ D(Qn

p), we obtain

||ht ||ρ ≤ ||ht ||1−λr ||ht ||λ2, (7.4.4)

where 1
ρ
= 1−λ

r
+ λ

2 (i.e., λ = 2(ρ−r)
ρ(2−r) ). Since the lemma holds for ρ = 2, i.e.,

||ht ||2 → 0, |t |p →∞, by (7.4.2) and (7.4.3), we have

||ht ||ρ ≤
(||g||1 ||f ||r)1−λ ||ht ||λ2 → 0, |t |p →∞, t ∈ Q×

p .

The lemma is thus proved.

Lemma 7.4.2. Let g(·) ∈ L1(Qn−m
p ), m ≤ n− 1 and f (·) ∈ Lρ(Qn

p), 1 < ρ <

∞. Then

ht (x) =
∫

Qn−m
p

g(y)f (x ′, x ′′ − ty) dn−my
Lρ→ 0, |t |p →∞, t ∈ Q×

p ,

(7.4.5)

where x ′ = (x1, . . . , xm) ∈ Qm
p , x ′′ = (xm+1, . . . , xn) ∈ Qn−m

p , 1 ≤ m ≤ n− 1.

Proof. If ρ = 2, just as above, using the Parseval–Steklov equality from [241,
VII, (4.4)], and formula (4.9.3), we have

||ht ||2 = ||F [ht ]||2 =
( ∫

Qn
p

∣∣F [g](ty ′′)F [f ](y)
∣∣2
dny

) 1
2

→ 0, (7.4.6)

as |t |p →∞.
Let now ρ �= 2. In view of the Young inequality, we have the uniform

estimate

||ht ||Lρ (Qn
p) ≤ ||g||L1(Qn−m

p ) ||f ||Lρ (Qn
p). (7.4.7)

Let r > 1 be such that ρ is located between 2 and r . Setting f ∈ D(Qn
p),

using inequality (7.4.4), and taking into account that ||ht ||2 → 0, |t |p →∞,
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we obtain

||ht ||Lρ (Qn
p) ≤

(||g||L1(Qn−m
p ) ||f ||Lr (Qn

p)
)1−λ ||ht ||λL2(Qn

p) → 0, |t |p →∞.

The lemma is thus proved.

Theorem 7.4.3. The space �(Qn
p) is dense in Lρ(Qn

p), 1 < ρ <∞.

Proof. Since D(Qn
p) is dense in Lρ(Qn

p), 1 < ρ <∞ (see [241, VI.2.]), it is
sufficient to approximate the function ϕ ∈ D(Qn

p) by functions φt ∈ �(Qn
p) in

the norm of Lρ(Qn
p).

Consider the family of functions

ψt (ξ ) = (1−�t (ξ ))F−1[ϕ](ξ ) ∈ �(Qn
p),

where �t (ξ ) = �(|tξ |p) is the characteristic function of the ball Bn

logp |t |−1
p

,

x ∈ Qn
p, t ∈ Q×

p , the function � being defined by (4.2.2). From (4.9.8), we
have

φt (x) = F [ψt ](x) = F [
(
1−�t (ξ )

)
](x) ∗ ϕ(x)

= δ(x) ∗ ϕ(x)− F [�t (ξ )](x) ∗ ϕ(x) ∈ �(Qn
p).

According to (4.8.10), F [�t (ξ )](x) = 1
|t |np �

( |x|p
|t |p

)
, i.e., the latter relation can be

rewritten as follows:

φt (x) = ϕ(x)−
∫

Qn
p

�(|y|p)ϕ(x − ty)dny.

Applying Lemma 7.4.1 to the latter relation, we see that ||φt − ϕ||ρ → 0 as
|t |p →∞.

Theorem 7.4.4. The space �×(Qn
p) is dense in Lρ(Qn

p), 1 < ρ <∞.

Proof. The proof of this lemma is based on calculations similar to those carried
out above. In this case we set ϕ ∈ D(Qn

p) and

ψt (ξ ) = (1−�t (ξ1) · · · −�t (ξn))F−1[ϕ](ξ ) ∈ �×(Qn
p),

where �t (ξj ) = �(|tξj |p) is the characteristic function of the ball Blogp |t |−1
p

,

xj ∈ Qp, t ∈ Q×
p , j = 1, . . . , n. By (4.9.8), we obtain

φt (x) = ϕ(x)− (
δ(x2, . . . , xn)× F [�t (ξ1)](x1)

) ∗ ϕ(x)

· · · − (
δ(x1, . . . , xn−1)× F [�t (ξn)](xn)

) ∗ ϕ(x) ∈ �×(Qn
p).



7.4. Density of the Lizorkin spaces in Lρ(Qn
p) 105

Since F [�t (ξj )](xj ) = 1
|t |p �

( |xj |p
|t |p

)
, xj ∈ Qp, j = 1, . . . , n, the latter relation

can be rewritten as

φt (x) = ϕ(x)−
∫

Qp

�(|y1|p)ϕ(x1 − ty1, x2, . . . , xn)dy1

· · · −
∫

Qp

�(|yn|p)ϕ(x1, . . . , xn−1, xn − tyn)dyn.

According to Lemma 7.4.2,

hj,t (x) =
∫

Qp

�(|yj |p)ϕ(x1, . . . , xj−1, xj − tyj , xj+1, . . . , xn)dyj
Lρ→ 0

as |t |p →∞, j = 1, . . . , n. Thus ||φt − ϕ||ρ ≤ ||h1,t ||ρ + · · · + ||hn,t ||ρ → 0
as |t |p →∞.

For n = 1 and ρ = 2 the statements of Theorems 7.4.3 and 7.4.4 coincide
with the lemma from [241, IX.4.]. In this case the statement is practically
obvious, and is proved by using the Parseval–Steklov equality.
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The theory of p-adic wavelets

8.1. Introduction

Nowadays it is difficult to find an engineering area where wavelets are not
applied. The first wavelet basis was introduced by Haar [101] in 1910. In this
paper Haar constructed an orthogonal basis for L2(R) consisting of the dyadic
shifts and scales of one piecewise constant function:

ψH
jn(t) = 2−j/2ψH

(
2−j x − n

)
, t ∈ R, j ∈ Z, n ∈ Z, (8.1.1)

where

ψH (t) =


1, 0 ≤ t < 1
2 ,

−1, 1
2 ≤ t < 1,

0, t �∈ [0, 1),
= χ[0, 1

2 ](t)− χ[ 1
2 ,1](t), t ∈ R, (8.1.2)

is called the Haar wavelet function (whose shifts and scales form the Haar basis
(8.1.1)). Here χA(x) is a characteristic function of the set A ⊂ R.

A lot of mathematicians actively studied the Haar basis (8.1.1), different
kinds of generalizations were introduced, but for almost a whole century nobody
could find another wavelet function (a function whose shifts and scales form
an orthogonal basis). Only in the early 1990s a method for more general
construction of wavelet functions appeared. This method is based on the notion
of multiresolution analysis (MRA below) introduced by Y. Meyer [186] and
S. Mallat [184], [185]. Smooth compactly supported wavelet functions were
found in this way, which have been very important for various engineering
applications. Now the wavelet theory is intensively developed.

Compared with the theory of wavelets for the reals, p-adic wavelets the-
ory is still at an early stage of investigation. In 2002, S. V. Kozyrev [163]
found a compactly supported p-adic wavelet basis for L2(Qp) which is an

106
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analog of the real Haar basis:

θk; ja(x) = p−j/2χp

(
p−1k(pjx − a)

)
�

(|pjx − a|p
)
, x ∈ Qp, (8.1.3)

k ∈ Jp = {1, 2, . . . , p − 1}, j ∈ Z, a ∈ Ip = Qp/Zp. Here shifts and scales of
the wavelet function

θk(x) = χp

(
p−1kx

)
�

(|x|p)
, x ∈ Qp, (8.1.4)

form the Kozyrev basis (8.1.3). A multidimensional p-adic basis obtained
by direct multiplying out the wavelets (8.1.3) was considered in [21].
The Haar wavelet basis (8.1.3) was extended to the ultrametric spaces by
S. V. Kozyrev [164], [165], A. Yu. Khrennikov, and S. V. Kozyrev [131], [132].
The authors of the cited papers have not yet provided a general theory describ-
ing common properties of p-adic wavelet bases and giving methods for their
systematic finding.

J. J. Benedetto and R. L. Benedetto [50], and R. L. Benedetto [52] sug-
gested a method for finding wavelet bases on the locally compact abelian
groups with compact open subgroups. This method is applicable to the p-
adic setting. These authors did not however develop the MRA approach; their
method is rather based on a theory of wavelet sets. In fact their method only
allows the construction of wavelet functions whose Fourier transforms are the
characteristic functions of some sets (see [50, Proposition 5.1.]). Moreover,
they doubted that the development of the MRA approach would be possible:
“Kozyrev [163] produced one specific set of wavelet generators, analogous to
Haar wavelets on Rd , using a discrete set of translation operators which do not
form a group. However, ... those operators allow the Haar wavelets, but they
preclude the possibility of general theory of wavelet sets or multiresolution
analysis in L2(Qp)” [52], and “there are substantial obstacles to generalizing
Kozyrev’s method to produce other wavelets, even for Qp” [50].

In this chapter we develop systematically the p-adic wavelet theory. In spite
of the above opinions and arguments [50], [52], we develop the p-adic MRA
theory in L2(Qp) and find new p-adic wavelet bases. These results are based
on [21], [141], [142], [143], [144], [146], [147], [148] and [225].

To construct a p-adic analog of a classical MRA we need a corresponding
p-adic refinement equation. In [142] the following conjecture was proposed:
the equality

φ(x) =
p−1∑
r=0

φ
( 1

p
x − r

p

)
, x ∈ Qp, (8.1.5)
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may be considered as a p-adic “natural” refinement equation. A solution φ to
this equation (a refinable function) is the characteristic function �

(|x|p)
of the

unit ball.
Equation (8.1.5) reflects a natural “self-similarity” of the space Qp: accord-

ing to (1.8.5), the unit ball B0(0) = {x : |x|p ≤ 1} is represented as the union
of p mutually disjoint balls B−1(r) = {

x : |x − r|p ≤ p−1
}

of radius p−1:

B0(0) = B−1(0) ∪
(
∪p−1

r=1 B−1(r)
)
.

For p = 2 equation (8.1.5) is the 2-adic refinement equation

φ(x) = φ
(1

2
x

)
+ φ

(1

2
x − 1

2

)
, x ∈ Q2, (8.1.6)

which is an analog of the refinement equation

φ(t) = φ(2t)+ φ(2t − 1), t ∈ R, (8.1.7)

generating the Haar MRA and the Haar wavelet basis (8.1.1) and (8.1.2) in the
real case.

A solution of equation (8.1.6) (a 2-adic refinable function) φ(x) = �
(|x|2)

is the characteristic function of the unit ball, whereas a solution of equation
(8.1.7) (a real refinable function)

φH (t) =
{

1, t ∈ [0, 1],
0, t /∈ [0, 1],

= χ[0,1](x), t ∈ R, (8.1.8)

is the characteristic function of the unit interval [0, 1], an analog of the refinable
function.

First, in Section 8.2 (which follows Kozyrev’s paper [163]), we consider a
connection between the p-adic Haar type wavelet basis (8.1.3) in L2(Qp) and
the real Haar wavelet basis (8.1.1) and (8.1.2) in L2(R+). This connection is
established by the Monna map (1.9.3) from Qp to R+.

Next, in Section 8.3, we introduce Definition 8.1 of MRA in L2(Qp).
In Section 8.4, using equation (8.1.5) as the refinement equation we con-
struct a concrete p-adic MRA which is an analog of Haar MRA in L2(R).
However, the p-adic Haar MRA is not an identical copy of its real ana-
log. In Section 8.5, we prove that, in contrast to the Haar MRA in
L2(R), in the p-adic setting (for p = 2) there exist infinity many differ-
ent Haar orthogonal bases for L2(Q2) generated by the same MRA. By
Theorem 8.5.1 explicit formulas for generating wavelet functions are given.
In Section 8.6, we realize our scheme for arbitrary p: namely, for arbi-
trary p we prove Theorem 8.6.1, which gives a description of all Haar
bases generated by wavelet-functions. It turns out that the Kozyrev wavelet
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basis (8.1.3) (see (8.4.8) and (8.4.6)) is one of our bases, which are given by
Theorems 8.5.1 and 8.6.1. This basis can be found also in the framework of
the approach [50, Proposition 5.1.]. According to Remarks 8.2 and 8.3, except
for some particular cases, our other bases (8.5.4), (8.5.5) and (8.6.2), (8.6.3)
cannot be constructed by Benedettos’ method [50]. Thus, by Theorems 8.5.1
and 8.6.1 we construct wavelet functions which generate an infinite family of
new Haar wavelet bases.

Note that an MRA theory was also developed for the Cantor dyadic group
[170], [171] and for the half-line with the dyadic addition [91]. These setting
may seem very similar to the p-adics at first sight, but the existence of infinitely
many different orthogonal wavelet bases generated by the same MRA does not
hold there. This effect is provided by the non-Archimedean metric in Qp.

In Section 8.7, we study the p-adic refinement equations (8.7.1) and their
solutions. One of them coincides with the “natural” refinement equation (8.1.5).
A wide class of p-adic refinable functions generating a MRA is described. All
of these functions are 1-periodic and such that their translations are mutually
orthogonal (orthogonal refinable functions). It was proved in [4]–[6], [90] that
orthogonal test refinable functions different from those described in this section
do not exist. Moreover, it was proved in [4]–[6], [90] that all these functions
generate the same p-adic Haar MRA. It was proved in [4] that there are no
orthogonal MRA-based wavelet bases except for those described in Sections 8.5
and 8.6.

In Section 8.9, using a standard approach of Y. Meyer and S. Mallat (see,
e.g., [192, §2.1]), we construct a multidimensional MRA by means of a tensor
product of one-dimensional MRAs. In Section 8.8, using results of Section 8.9,
the Haar multidimensional wavelet bases are constructed. These bases are
described by Theorems 8.9.2 and 8.9.4.

In Section 8.10, the non-Haar p-adic compactly supported one-dimensional
wavelet basis (8.10.3) is constructed. In contrast to (8.1.3), the number of gener-
ating wavelet functions for (8.10.3) is not minimal; for example, if p = 2, then
we have 2m−1 wavelet functions (instead of one wavelet function as it is for the
basis (8.1.3) and for real wavelet bases obtained by the classical MRA scheme).
According to Remark 8.4, Kozyrev’s wavelet basis (8.1.3) is a particular case
of the basis (8.10.3) for m = 1. According to the same remark, our non-Haar
wavelet basis (8.10.3) can be obtained by using the algorithm developed by
Benedettos [50]. However, using our approach, we obtain the explicit formu-
las (8.10.3) for this basis. Moreover, our technique allows us to produce new
wavelet bases (see below). In Section 8.11, we give explicit formulas for gen-
erating wavelet functions (8.11.8), (8.11.2), (8.11.3), which generate an infinite
family of different non-Haar wavelet bases (which are distinct from the non-
Haar wavelet basis (8.10.3)). According to Theorems 8.10.1, 8.10.2 and 8.11.1,
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these bases cannot be obtained in the framework of the standard scheme of
the MRA developed in Sections 8.3–8.9. According to Remark 8.5, except
for some particular cases, our bases (8.11.8), (8.11.2), (8.11.3) cannot be con-
structed by Benedettos’ method [50]. Thus, by Theorem, 8.11.1, we construct
wavelet functions which generate an infinite family of new wavelet bases. In
Section 8.12, n-dimensional non-Haar wavelet bases (8.12.1) and (8.12.7) are
introduced as n-direct products of the corresponding one-dimensional non-
Haar wavelet bases. In particular, we construct n-dimensional wavelet basis
generated by the one-dimensional Kozyrev wavelet basis (8.1.3) as the n-direct
product of the one-dimensional wavelets.

The non-Haar basis cannot be constructed by classical MRA techniques,
i.e., by using Definition 8.1 and the refinement equation of the form (8.3.5)

φ =
∑
a∈Ip

αaφ(p−1 · −a), αa ∈ C.

Due to this fact, the multidimensional wavelet basis (8.12.1) is constructed as
the n-direct product of one-dimensional wavelets (8.10.3).

All the above-mentioned wavelets belong to the Lizorkin space of test func-
tions �(Qn

p) which was introduced in Chapter 7, Section 7.3.2.
It is well known that the theory of p-adic pseudo-differential operators

(in particular, fractional operators) and equations is closely connected with the
theory ofp-adic wavelets. It is typical thatp-adic compactly supported wavelets
are eigenfunctions of p-adic pseudo-differential operators [21]–[23], [131],
[132], [142], [163]–[165]. Thus the p-adic wavelet analysis is related to the
spectral analysis of pseudo-differential operators. Therefore, the wavelet theory
plays a key role in applications of p-adic analysis and gives a powerful new
technique for solving p-adic problems. Below, in Chapter 9, Section 9.4, we
prove that the above-mentioned p-adic wavelets (under some conditions) are
eigenfunctions of p-adic pseudo-differential operators. In Chapter 10, we use
the wavelet bases to construct solutions of pseudo-differential equations.

In Section 8.13, we prove the multidimensional p-adic version of the
Shannon–Kotelnikov theorem (in the paper [141] one-dimensional case was
proved). It is well known that the series reconstructing a signal in the standard
version of the Shannon–Kotelnikov theorem (8.13.1) converges rather slowly.
Unlike the standard case (8.13.1), in the p-adic case given by Theorem 8.13.2,
a series reconstructing a signal has only one term at any point x ∈ Qp. It turned
out that the Shannon–Kotelnikov basis (8.13.4) is generated by dilatations and
shifts of the Haar refinable function �(x) = �

(|x|p)
, x ∈ Qn

p. Thus the p-adic
Shannon–Kotelnikov theorem gives the representation (8.13.3) of any element
from the spaceVj = F

[
L2(Bn

j )
]

(see (8.8.3)). According to Theorem 8.13.2 and
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Corollary 8.13.3, in the p-adic case, the Shannon–Kotelnikov MRA coincides
with the Haar MRA.

The problem of reconstructing band limited signals and images from reg-
ular and irregular samples has attracted many mathematicians and engineers.
Many theoretical results and efficient algorithms have been derived in recent
years (see [51], [253] and the references cited therein). So it is tempting to
assume that the p-adic Shannon–Kotelnikov theorem can also be used in such
applications.

In Section 8.14 characterizations of the p-adic Lizorkin spaces are given in
terms of the wavelet functions. Namely, we prove an analog of Lemma 4.3.1
for test functions from the Lizorkin space �(Qn

p) (see Lemma 8.14.1). By
Proposition 8.14.3 we also prove that any distribution f ∈ �′(Qn

p) can be
realized as an infinite linear combination of wavelets of the form (8.14.4).
In [25], assertions of the type of Lemma 8.14.1 and Proposition 8.14.3 were
proved for ultrametric Lizorkin spaces.

8.2. p-adic Haar type wavelet basis via the real Haar
wavelet basis

Now we consider the connection between the p-adic Haar type wavelet basis
(Kozyrev’s basis) (8.1.3) and the real Haar wavelet basis (8.1.1), (8.1.2) in
L2(R+). For simplicity we consider the case p = 2.

In Section 1.9.4, the Monna surjective map ρ : Qp → R+, which is given
by (1.9.3), is introduced. Its properties are described by Lemmas 1.9.9–1.9.12.
Lemma 1.9.12 shows that if ρ : Qp → R+ then the corresponding map

ρ∗ : L2(R+) → L2(Qp), ρ∗f (x)
def= f (ρ(x)), x ∈ Qp, (8.2.1)

is a unitary operator.
The following statement is a direct corollary of Lemma 1.9.11.

Lemma 8.2.1. ([163]) Letp = 2. The Monna mapρ induces the transformation
(8.2.1) of the real Haar wavelet function (8.1.2) to the Kozyrev’s wavelet
function (8.1.4) (p-adic Haar type wavelet function):

ρ∗ψH (x)
def= ψH (ρ(x)) = θ1(x), x ∈ Qp, (8.2.2)

where this formula is understood as an equality in L2: it may fail on a set of
measure zero.

Moreover, the following theorem holds.
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Theorem 8.2.2. ([163]) Let p = 2. The Monna map ρ induces the transfor-
mation (8.2.1) of the real Haar wavelet basis (8.1.1) to the Kozyrev’s wavelet
basis (8.1.3) (p-adic Haar type wavelet basis):

ρ∗ψH
jn(x)

def= ψH
jρ(a)(ρ(x)) = θ1; ja(x), x ∈ Qp, (8.2.3)

where j ∈ Z, n ∈ N, a ∈ Ip = Qp/Zp.

Proof. Using the properties of the Monna map (1.9.5), (1.9.8), and (8.2.2), we
obtain for the real Haar wavelet function (8.1.1):

ρ∗ψH
jn(x)

def= ψH
jρ(a)(ρ(x)) = 2−j/2ψH

(
2−j ρ(x)− ρ(a)

)
= 2−j/2ψH

(
ρ(2j x − a)

) = 2−j/2θ1; ja(2j x − a) = θ1; ja(x).

For arbitrary p the above connection between p-adic and real Haar wavelet
bases was considered in Kozyrev’s book [162, 2.4.].

8.3. p-adic multiresolution analysis (one-dimensional case)

8.3.1. Definition of the p-adic multiresolution analysis

Let us consider the set

Ip =
{
x ∈ Qp : {x}p = x

}
= {a = p−γ

(
a0 + a1p + · · · + aγ−1p

γ−1
)

:

γ ∈ N; aj = 0, 1, . . . , p − 1; j = 0, 1, . . . , γ − 1}. (8.3.1)

This set can be identified with a set of elements of the factor group Qp/Zp.
It is well known that Qp = B0(0) ∪ ∪∞γ=1Sγ , where Sγ = {x ∈ Qp :

|x|p = pγ }. Because of (1.6.2), x ∈ Sγ , γ ≥ 1, if and only if x =
x−γ p−γ + x−γ+1p

−γ+1 + · · · + x−1p
−1 + ξ , where x−γ �= 0, ξ ∈ B0(0).

Since x−γ p−γ + x−γ+1p
−γ+1 + · · · + x−1p

−1 ∈ Ip, we have a “natural”
decomposition of Qp into the union of mutually disjoint balls:

Qp =
⋃
a∈Ip

B0(a).

So Ip is a “natural” set of shifts for Qp, which will be used below.
Now we introduce the p-adic adaptation of the standard definition of

multiresolution analysis (MRA) (see, e.g., [192, §1.3]).



8.3. p-adic multiresolution analysis (one-dimensional case) 113

Definition 8.1. A collection of closed spaces Vj ⊂ L2(Qp), j ∈ Z, is called a
multiresolution analysis (MRA) in L2(Qp) if the following axioms hold:

(a) Vj ⊂ Vj+1 for all j ∈ Z;
(b)

⋃
j∈Z

Vj is dense in L2(Qp);

(c)
⋂
j∈Z

Vj = {0};
(d) f (·) ∈ Vj ⇐⇒ f (p−1·) ∈ Vj+1 for all j ∈ Z;
(e) there exists a function φ ∈ V0 such that the system {φ(· − a), a ∈ Ip} is

an orthonormal basis for V0.

The function φ from axiom (e) is called refinable or scaling. One also says
that an MRA is generated by its scaling function.

It follows immediately from axioms (d) and (e) that the functions
pj/2φ(p−j · −a), a ∈ Ip, form an orthonormal basis for Vj , j ∈ Z.

According to the standard scheme (see, e.g., [76] or [192, §1.3]) for the
construction of MRA-based wavelets, for each j , we define a spaceWj (wavelet
space) as the orthogonal complement of Vj in Vj+1, i.e.,

Vj+1 = Vj ⊕Wj, j ∈ Z, (8.3.2)

where Wj ⊥ Vj , j ∈ Z. It is not difficult to see that

f ∈ Wj ⇐⇒ f (p−1·) ∈ Wj+1, for allj ∈ Z (8.3.3)

and Wj ⊥ Wk , j �= k. Taking into account axioms (b) and (c), we obtain⊕
j∈Z

Wj = L2(Qp) (orthogonal direct sum). (8.3.4)

If we now find a finite number of functions ψν ∈ W0, ν ∈ A such that the
system {ψν(x − a), a ∈ Ip, ν ∈ A} is an orthonormal basis for W0, then, due
to (8.3.3) and (8.3.4), the system

{pj/2ψν(p−j · −a), a ∈ Ip, j ∈ Z, ν ∈ A},
is an orthonormal basis for L2(Qp). Such functions ψν , ν ∈ A, are called
wavelet functions and the corresponding basis is called a wavelet basis.

8.3.2. p-adic refinement equation

Let φ be a refinable function for an MRA. As was mentioned above, the system
{p1/2φ(p−1 · −a), a ∈ Ip} is a basis for V1. It follows from axiom (a) that

φ =
∑
a∈Ip

αaφ(p−1 · −a), αa ∈ C. (8.3.5)
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We see that the function φ is a solution of a special kind of functional equa-
tion. Such equations are called refinement equations, and their solutions are
called refinable functions1. The investigation of refinement equations and
their solutions constitutes the most difficult part of the wavelet theory in real
analysis.

A natural way of constructing an MRA (see, e.g., [192, §1.2]) is the follow-
ing. We start with an appropriate function φ whose Ip-shifts form an orthonor-
mal system and set

Vj = span
{
φ

(
p−j · −a)

: a ∈ Ip
}
, j ∈ Z. (8.3.6)

It is clear that axioms (d) and (e) of Definition 8.1 are fulfilled.
Of course, not every such function φ meets axiom (a). In the real setting, the

relation V0 ⊂ V1 holds if and only if the refinable function satisfies a refinement
equation. A different situation arises in the p-adic case. Generally speaking,
a refinement equation (8.3.5) does not imply the including property V0 ⊂ V1.
Indeed, we need all the functions φ(· − b), b ∈ Ip, to belong to the space V1,
i.e., the identities

φ(x − b) =
∑
a∈Ip

αa,bφ(p−1x − a)

should be fulfilled for all b ∈ Ip. Since p−1b + a is not in Ip in general, we
cannot state that

φ(x − b) =
∑
a∈Ip

αaφ(p−1x − p−1b − a) ∈ V1

for all b ∈ Ip. Nevertheless, it may happen that some refinable equations imply
the including property.

The refinement equation (8.3.5) reflects some “self-similarity”. The struc-
ture of the space Qp has a natural “self-similarity” property which is given by
formulas (1.8.4) and (1.8.5). By (1.8.5), the characteristic function �

(|x|p)
of

the unit ball B0(0) is represented as a sum of p characteristic functions of the
mutually disjoint balls B−1(r), r = 0, 1, . . . , p − 1, i.e.,

�
(|x|p) = p−1∑

r=0

�
(
p|x − r|p

) = p−1∑
r=0

�
(∣∣∣ 1

p
x − r

p

∣∣∣
p

)
, x ∈ Qp. (8.3.7)

1 Usually the terms “scaling function” and “refinable function” are synonyms in the literature,
and they are used in both senses: as a solution to a refinement equation and as a function
generating MRA. We separate the meanings of these terms.
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Thus, in p-adics, we have a natural refinement equation (8.1.5) whose solution
is φ(x) = �

(|x|p)
. This equation is an analog of the refinement equation (8.1.7)

generating the Haar MRA in real analysis.
The refinement equation (8.1.5) is a particular case of (8.3.5).

8.4. Construction of the p-adic Haar multiresolution analysis

8.4.1. Construction of the p-adic MRA generated by the
refinable function φ(x) = �

(|x|p)
To construct thep-adic multiresolution analysis, we use the refinement equation
(8.1.5), and define a collection of closed spacesVj ⊂ L2(Qp), j ∈ Z, by (8.3.6),
where φ(x) = �

(|x|p)
(the refinable function) is the solution of (8.1.5).

Theorem 8.4.1. In L2(Qp) there exists an MRA generated by the refinable
function φ(x) = �

(|x|p)
.

Proof. 1. It is clear that axioms (d) and (e) of Definition 8.1 are fulfilled and
the system {pj/2φ(p−j · −a), a ∈ Ip} is an orthonormal basis for Vj , j ∈ Z.
Since the numbers a

p
, a
p
+ r

p
are in Ip for all a ∈ Ip and r = 0, 1, . . . , p − 1,

it follows from the refinement equation (8.1.6) that V0 ⊂ V1. By the definition
(8.3.6) of the spaces Vj , this yields axiom (a). From the refinement equation
(8.1.6), we obtain that Vj ⊂ Vj+1, i.e., axiom (a) from Definition 8.1 also holds.

Note that the characteristic function of the unit ball �
(|x|p)

has a wonderful
feature: �(| · +ξ |p) = �(| · |p) for all ξ ∈ Zp because the p-adic norm is non-
Archimedean. In particular, �(| · ±1|p) = �(| · |p), i.e.,

φ(x ± 1) = φ(x), ∀ x ∈ Qp. (8.4.1)

Thus φ is a 1-periodic function.
2. Let us prove that axiom (b) of Definition 8.1 holds, i.e.,∪j∈ZVj = L2(Qp).
According to (4.3.4), any function ϕ ∈ D(Qp) belongs to one of the spaces

Dl
N (Qp), and consequently, is represented in the form

ϕ(x) =
pN−l∑
ν=1

ϕ(cν)�(p−l|x − cν |p), x ∈ Qp, (8.4.2)

where cν ∈ BN (0), ν = 1, 2, . . . pN−l ; l = l(ϕ), N = N (ϕ); l ∈ Z. Taking
into account that �(p−l|x − cν |p) = �(|plx − plcν |p) = φ(plx − plcν), we
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can rewrite (8.4.2) as

ϕ(x) =
pN−l∑
ν=1

ανφ(plx − plcν), x ∈ Qp, cν ∈ BN (0), αν ∈ C.

Since any numberplcν can be represented in the formplcν = aν + bν , aν ∈ Ip,
bν ∈ Zp, using (8.4.1), we have

ϕ(x) =
pN−l∑
ν=1

ανφ(plx − aν), x ∈ Qp, aν ∈ Ip, αν ∈ C,

i.e., ϕ(x) ∈ V−l . Thus any test function ϕ belongs to one of the space Vj , where
j = j (ϕ), j ∈ Z.

From Proposition 4.3.3, the space D(Qp) is dense in L2(Qp), therefore
approximating any function from L2(Qp) by test functions ϕ ∈ D(Qp) we
prove our assertion.

3. Let us prove that axiom (c) of Definition 8.1 holds, i.e., ∩j∈ZVj = {0}.
Assume that ∩j∈ZVj �= {0}. Then there exists a function f ∈ D(Qp) such

that ‖f ‖ �= 0 and f ∈ Vj for all j ∈ Z. Hence, from (8.3.6), we have

f (x) =
∑
a∈Ip

cjaφ
(
p−j x − a

)
, ∀ j ∈ Z.

Let x = p−N (x0 + x1p + x2p
2 + · · · ). If j ≤ −N , then p−j x ∈ Zp, which

implies that |p−j x − a|p > 1 for all a ∈ Ip, a �= 0. Thus, φ
(
p−j x − a

) = 0 for
all a ∈ Ip, a �= 0, and φ

(
p−j x

) = 1, whenever j ≤ −N . So we have f (x) =
cj0 for all j ≤ −N . Similarly, for another x ′ = p−N

′
(x ′0 + x ′1p + x ′2p

2 + · · · ),
we have f (x ′) = cj ′0 for all j ≤ −N ′. This yields that f (x) = f (x ′). Conse-
quently,f (x) ≡ C, whereC is a constant. However, ifC �= 0, thenf �∈ L2(Qp).
Thus, C = 0 which was to be proved.

The p-adic refinement equation (8.1.5) for p = 2 is an analog of the real
Haar refinement equation (8.1.7). Thus, the MRA constructed by Theorem 8.4.1
is a p-adic analog of the real Haar MRA and we will call it the p-adic Haar
MRA. But in contrast to the real setting, the refinable function φ(x) = �

(|x|p)
generating our Haar MRA is periodic with the period 1 (see (8.4.1)), which
never holds for real refinable functions. It will be shown below that due to this
specific property of φ, there exist infinitely many different orthonormal wavelet
bases in the same Haar MRA (see Section 8.4.2 below, and Sections 8.5 and 8.6).

8.4.2. The Haar wavelet basis

According to the above scheme, we introduce the space W0 as the orthogonal
complement of V0 in V1.
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Set

ψ
(0)
k (x) =

p−1∑
r=0

e
2πi kr

p φ
( 1

p
x − r

p

)
, x ∈ Qp, (8.4.3)

where k = 1, 2, . . . , p − 1.

Proposition 8.4.2. The shift system {ψ (0)
k (· − a), k = 1, 2, . . . , p − 1; a ∈ Ip}

is an orthonormal basis of the space W0.

Proof. Let us prove that W0 ⊥ V0. It follows from (8.1.5) and (8.4.3) that(
ψ

(0)
k (· − a), φ(· − b)

) = ∫
Qp

ψ (0)(x − a)φ(x − b) dx

=
∫

Qp

( p−1∑
r=0

e
2πi kr

p φ
( 1

p
x − r

p
− a

p

))( p−1∑
s=0

φ
( 1

p
x − s

p
− b

p

))
dx

for all a, b ∈ Ip. Let a �= b. Since it is impossible that a + r = b + s, r, s =
1, 2, . . . , p − 1, taking into account that the functions p1/2φ(p−1 · −c), c ∈ Ip

are mutually orthogonal, we conclude that
(
ψ

(0)
k (x − a), φ(x − b)

) = 0. If a =
b, again due to the orthonormality of the system {p1/2φ(p−1 · −c), c ∈ Ip},
taking into account that a

p
, a
p
+ r

p
∈ Ip for r = 1, 2, . . . , p − 1, and the first

formula in (3.3.1), we have

(
ψ

(0)
k (· − a), φ(· − a)

) = ∫
Qp

( p−1∑
r=0

e
2πi kr

p φ2
( 1

p
x − r

p
− a

p

))
dx

=
p−1∑
r=0

e
2πi kr

p

∫
Qp

φ2
( 1

p
x − r

p
− a

p

)
dx

= 1

p

p−1∑
r=0

e
2πi kr

p = 1− e2πikr

p
(
1− e

2πi k
p

) = 0.

Thus, ψ (0)(· + a) ⊥ φ(· + b) for all a, b ∈ Ip.
Similarly, computing for k, k′ = 1, 2, . . . , p − 1 the integrals(

ψ
(0)
k (· − a), ψ (0)

k′ (· − b)
)

=
∫

Qp

ψ
(0)
k (x − a)ψ (0)

k′ (x − b) dx

=
∫

Qp

( p−1∑
r=0

e
2πi kr

p φ
( 1

p
x − r

p
− a

p

))( p−1∑
s=0

e
2πi k′r

p φ
( 1

p
x − s

p
− b

p

))
dx,

we establish that the system {ψ (0)
k (· − a), k = 1, 2, . . . , p − 1; a ∈ Ip} is

orthonormal.
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According to (8.1.5) and (8.4.3) we have the system of equations with respect
of functions φ

(
x
p
− r

p

)
, r = 0, 1, . . . , p − 1,

φ
( x

p

)
+ φ

( x

p
− 1

p

)
+ · · · + φ

( x

p
− p − 1

p

)
= φ(x),

h0φ
( x

p

)
+ h1φ

( x

p
− 1

p

)
+ · · · + hp−1φ

( x

p
− p − 1

p

)
= ψ

(0)
1 (x),

h2
0φ

( x

p

)
+ h2

1φ
( x

p
− 1

p

)
+ · · · + h2

p−1φ
( x

p
− p − 1

p

)
= ψ

(0)
2 (x),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

h
p−1
0 φ

( x

p

)
+ h

p−1
1 φ

( x

p
− 1

p

)
+ · · · + h

p−1
p−1φ

( x

p
− p − 1

p

)
= ψ

(0)
p−1(x),

where hr = e
2πi r

p , r = 0, 1, . . . , p − 1. It is easy to see that a determinant of
the above system is the Vandermonde’s determinant � �= 0, and consequently
this system has a unique solution

φ
( x

p
− r

p

)
= A0,rφ(x)+ A1,rψ

(0)
1 (x)+ · · · + Ap−1,rψ

(0)
p−1(x),

r = 0, 1, . . . , p − 1.
If a ∈ Ip, then a = b

p
+ r

p
, b ∈ Ip, r = 0, 1, . . . , p − 1. Hence, the last

relations imply that

φ
( x

p
− a

)
= φ

( x

p
− b

p
− r

p

)
= A0,rφ(x − b)+ A1,rψ

(0)
1 (x − b)+ · · · + Ap−1,rψ

(0)
p−1(x − b), (8.4.4)

r = 0, 1, . . . , p − 1. Since {p1/2φ(p−1 · −a) : a ∈ Ip} is a basis for V1, we
obtain that the system of functions {φ(· − b), ψ (0)

k (· − b), k = 1, 2, . . . , p −
1; b ∈ Ip} is also a basis for V1, i.e., the functions ψ

(0)
k (· − b), k = 1, 2, . . . ,

p − 1, b ∈ I2, form a basis for the space W0 = V1 � V0.

Since according to Theorem 8.4.1 the collection {Vj : j ∈ Z} is the p-
adic Haar MRA in L2(Qp), the functions ψ

(0)
k , k = 1, 2, . . . , p − 1, defined

by (8.4.3) are wavelet functions. The wavelet basis generated by the wavelet
functions ψ

(0)
k , k = 1, 2, . . . , p − 1 (for p = 2) is an analog of the real Haar

basis (8.1.1) which is generated by the wavelet functions (8.1.2). But in the
p-adic setting the Haar basis generated by the Haar MRA is not unique.

From (2.3.3) and (1.8.5), the functions (8.4.3) can be rewritten in the form

ψ
(0)
k (x) = χp(p−1kx)�

(|x|p)
, k = 1, 2, . . . , p − 1, x ∈ Qp. (8.4.5)
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Thus, the constructed wavelet functions (8.4.5) coincide with Kozyrev’s wavelet
functions (8.1.4) (i.e., ψ (0)

k = θk), and the corresponding Haar wavelet basis

ψ
(0)
k;ja(x) = p−j/2ψ

(0)
k (pjx − a)

= p−j/2χp

( k

p
(pjx − a)

)
�

(|pjx − a|p
)
, j ∈ Z, a ∈ Ip,

(8.4.6)

coincides with the Kozyrev wavelet basis (8.1.3) (i.e., ψ (0)
k;ja = θk; ja).

It is easy to see that for a locally constant function ψ
(0)
k;ja(x) we have∫

Qp
ψ

(0)
k;ja(x) dx = 0. Therefore, according to (7.3.3), wavelet function ψ

(0)
k;ja(x)

belongs to the Lizorkin space �(Qp), k = 1, 2, . . . , p − 1, j ∈ Z, a ∈ Ip.

Remark 8.1. Because of the periodicity (8.4.1) of the refinable function φ,
we can use the shifts ψ

(0)
k (· + a), a ∈ Ip, instead of ψ (0)

k (· − a), a ∈ Ip, k =
1, 2, . . . , p − 1.

For the case p = 2 the refinement equation (8.1.5) has the form (8.1.6), and
a 2-adic MRA in L2(Q2) is defined by a collection of the spaces

Vj = span
{
φ

(
2−j x − a

)
: a ∈ I2

}
, j ∈ Z.

where φ(x) = �
(|x|2)

is a solution of (8.1.6). In this case the wavelet function
(which defines an orthonormal basis of the space W0) is

ψ (0)(x) = φ
(x

2

)
− φ

(x

2
− 1

2

)
= χ2(2−1x)�(|x|2), x ∈ Q2. (8.4.7)

The corresponding Haar wavelet basis is

ψ
(0)
ja (x) = 2−j/2ψ (0)(2j x − a)

= 2−j/2χ2
(
2−1(2j x − a)

)
�

(|2j x − a|2
)
, j ∈ Z, a ∈ I2. (8.4.8)

Now for simplicity we consider the casep = 2 and show that there is another
function ψ (1) whose shifts form an orthonormal basis for W0 (different from
the basis generated by ψ (0)). Set

ψ (1)(x) = 1√
2

(
φ

(x

2

)
+ φ

(x

2
− 1

22

)
−φ

(x

2
− 1

2

)
− φ

(x

2
− 1

22
− 1

2

))
(8.4.9)

and prove that the functions ψ (1)(· − a), a ∈ I2, are mutually orthonormal. If
a ∈ I2, a �= 0, 1

2 , then each of the numbers 0, 1
22 ,

1
2 ,

1
22 + 1

2 differs modulo 1
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from each of the numbers a
2 ,

1
22 + a

2 ,
1
2 + a

2 ,
1
22 + 1

2 + a
2 . Due to the orthonor-

mality of the system {21/2φ(2−1x − a), a ∈ I2} and (8.4.1), it follows that
ψ (1) is orthogonal to ψ (1)(· − a) whenever a ∈ I2, a �= 0, 1

2 . Again due to the
orthonormality of the system {21/2φ(2−1x − a), a ∈ I2} and (8.4.1), we have

(
ψ (1), ψ (1)(· − 2−1)

) = ∫
Q2

ψ (1)(x)ψ (1)(x − 2−1) dx

= 2−1
∫
Q2

(
− φ2

(x

2

)
+ φ2

(x

2
− 1

22

)
− φ2

(x

2
− 1

2

)

+φ2
(x

2
− 1

22
− 1

2

))
dx = 0,

(
ψ (1), ψ (1)) = ∫

Q2

ψ (1)(x)ψ (1)(x) dx

= 2−1
∫
Q2

(
φ2

(x

2

)
+ φ2

(x

2
− 1

2

)
+ φ2

(x

2
− 1

22
− 1

2

)

+φ2
(x

2
− 1

22

))
dx = 1.

Thus we have proved that the system {ψ (1)(· + a), a ∈ I2} is orthonormal. It is
not difficult to see that

ψ (1)(x) = 1√
2

(
ψ (0)

(
x

)+ ψ (0)
(
x − 1

2

))
,

ψ (1)
(
x − 1

2

)
= 1√

2

(
− ψ (0)

(
x

)+ ψ (0)
(
x − 1

2

))
. (8.4.10)

This yields that

ψ (0)(x) = 1√
2

(
ψ (1)

(
x

)− ψ (1)
(
x − 1

2

))
.

Since the system {ψ (0)(· − a), a ∈ I2} is a basis for W0, it follows that the
system {ψ (1)(· − a), a ∈ I2}, is another orthonormal basis for W0.

So we have showed that a wavelet basis generated by the Haar MRA is not
unique.
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8.5. Description of one-dimensional 2-adic Haar wavelet bases

8.5.1. Wavelet functions

Now we are going to show that there exist infinitely many different Haar type
wavelet functions ψ (s), s ∈ N, in W0 generating different bases for L2(Q2).
In what follows, we shall write the 2-adic number a = 2−s

(
a0 + a12+ · · · +

as−12s−1
) ∈ I2, aj = 0, 1, j = 0, 1, . . . , s − 1, in the form a = m

2s , where m =
a0 + a12+ · · · + as−12s−1.

Since the refinable function φ of the Haar MRA is 1-periodic (see (8.4.1)),
evidently, the wavelet function ψ (0) has the following property:

ψ (0)(x ± 1) = −ψ (0)(x). (8.5.1)

Before we prove a general result, let us consider a simple special case. Set

ψ (1)(x) = α0ψ
(0)(x)+ α1ψ

(0)
(
x − 1

2

)
, α0, α1 ∈ C, (8.5.2)

and find all the complex numbers α0, α1 for which {ψ (1)(x − a), a ∈ I2} is an
orthonormal basis for W0.

Taking into account the orthonormality of the system {ψ (0)(· − a), a ∈ I2}
and (8.5.1), we can easily see that ψ (1) is orthogonal to ψ (1)(· − a) whenever
a ∈ I2, a �= 0, 1

2 . Thus the system {ψ (1)(x − a), a ∈ I2} is orthonormal if and
only if the system consisting of the functions (8.5.2) and

ψ (1)
(
x − 1

2

)
= −α1ψ

(0)(x)+ α0ψ
(0)

(
x − 1

2

)
(8.5.3)

is orthonormal, which is equivalent to the unitary property of the matrix

D =
(

α0 α1

−α1 α0

)
It is clear that D is a unitary matrix whenever |α0|2 + |α1|2 = 1 and α0α1 =
α0α1. In this case the system {ψ (1)(· − a), a ∈ I2} is a basis for W0 because
{ψ (0)(· − a), a ∈ I2} is a basis for W0 and we have

ψ (0)(x) = α0ψ
(1)(x)− α1ψ

(1)
(
x − 1

2

)
.

So, ψ (1) is a Haar wavelet function if and only if |α0|2 + |α1|2 = 1 and α0α1 =
α0α1. In particular, we obtain (8.4.10) for α0 = α1 = 1√

2
.

Theorem 8.5.1. Let ψ (0) be a wavelet function given by (8.4.7). For every
s = 0, 1, 2, . . . the function

ψ (s)(x) =
2s−1∑
k=0

αkψ
(0)

(
x − k

2s

)
(8.5.4)
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is a compactly supported wavelet function for the Haar MRA if and only if

αk = 2−s
2s−1∑
r=0

γre
−iπ 2r−1

2s k, k = 0, . . . , 2s − 1, (8.5.5)

where γr ∈ C is an arbitrary constant such that |γr | = 1, r = 0, . . . , 2s − 1.

Proof. 1. Let ψ (s) ∈ W0 be a wavelet function such that we have supp ψ (s) ⊂
Bs(0), s ≥ 0. In this case ψ (s) is defined by (8.5.4). Indeed, since according to
Section 8.4 {ψ (0)(· − a), a ∈ I2} is a basis for W0, then

ψ (s)(x) =
∑
a∈I2

gaψ
(0)(x − a)

=
∑
a∈I2
|a|2≤2s

gµ
a ψ

(0)(x − a)+
∑
a∈I2
|a|2>2s

gµ
a ψ

(0)(x − a).

It is easy to see that the second sum on the right-hand side vanishes whenever
|x|2 ≤ 2s , and the first sums on the right-hand side and the left-hand side vanish
whenever |x|2 > 2s . So the second sum equals zero for all x ∈ Q2, and after
renaming the coefficients we obtain (8.5.4).

Let ψ (s) be defined by (8.5.4). Since {ψ (0)(· − a), a ∈ I2} is an orthonormal
system, taking into account (8.5.1), we see that the functionψ (s) is orthogonal to
the function ψ (s)(· − a) whenever a ∈ I2, a �= k

2s , k = 0, 1, . . . 2s − 1. Thus the
system {ψ (s)(x − a), a ∈ I2} is orthonormal if and only if the system consisting
of the functions

ψ (s)
(
x − r

2s

)
= −α2s−rψ (0)(x)

−α2s−r+1ψ
(0)

(
x − 1

2s

)
− · · · − α2s−1ψ

(0)
(
x − r − 1

2s

)
+α0ψ

(0)
(
x − r

2s

)
+ · · · + α2s−r−1ψ

(0)
(
x − 2s − 1

2s

)
,

(8.5.6)

r = 0, . . . , 2s − 1, is orthonormal. Set

�(0) =
(
ψ (0), ψ (0)

(
· − 1

2s

)
, . . . , ψ (0)

(
· − 2s − 1

2s

))T

,

�(s) =
(
ψ (s), ψ (s)

(
· − 1

2s

)
, . . . , ψ (s)

(
· − 2s − 1

2s

))T

.
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By (8.5.6), we have �(s) = D�(0), where

D =



α0 α1 α2 . . . α2s−2 α2s−1

−α2s−1 α0 α1 . . . α2s−3 α2s−2

−α2s−2 −α2s−1 α0 . . . α2s−4 α2s−3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

−α2 −α3 −α4 . . . α0 α1

−α1 −α2 −α3 . . . −α2s−1 α0


(8.5.7)

is a 2s × 2s matrix. Due to the orthonormality of {ψ (0)(· − a), a ∈ I2}, the
coordinates of �(s) form an orthonormal system if and only if matrix D is
unitary.

2. Let u = (α0, α1, . . . , α2s−1)T be a vector and

A =



0 0 . . . 0 0 −1
1 0 . . . 0 0 0
0 1 . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . .

0 0 . . . 1 0 0
0 0 . . . 0 1 0


.

be a 2s × 2s matrix. It is not difficult to see that

Aru = (− α2s−r ,−α2s−r+1, . . . ,−α2s−1, α0, α1, . . . , α2s−r−1
)T

,

where r = 1, 2, . . . , 2s − 1. Thus

D = (
u,Au, . . . , A2s−1u

)T
.

Hence, to describe all unitary matrixes D, we should find all vectors u =
(α0, α1, . . . , α2s−1)T such that the system of vectors {Aru, r = 0, . . . , 2s − 1}
is orthonormal. We already have one such vector u0 = (1, 0, . . . , 0, 0)T

because the matrix D0 =
(
u0, Au0, . . . , A

2s−1u0
)T

is the identity matrix.
Let us prove that the system {Aru, r = 0, . . . , 2s − 1} is orthonormal if
and only if u = Bu0, where B is a unitary matrix such that AB = BA.
Indeed, let u = Bu0, where B is a unitary matrix, and AB = BA.
Then Aru = BAru0, r = 0, 1, . . . , 2s − 1. Since the system {Aru0, r =
0, 1, . . . , 2s − 1} is orthonormal and matrix B is unitary, the vectors Aru,
r = 0, 1, . . . , 2s − 1, are also orthonormal. Conversely, if the system Aru,
r = 0, 1, . . . , 2s − 1, is orthonormal, taking into account that {Aru0, r =
0, 1, . . . , 2s − 1} is also an orthonormal system, we conclude that there
exists a unitary matrix B such that Aru = B(Aru0), r = 0, 1, . . . , 2s − 1.
Since A2s

u = −u and A2s

u0 = −u0, we obtain the additional relation A2s

u =
B(A2s

u0). It follows from the above relations that (AB − BA)(Aru0) = 0,
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r = 0, 1, . . . , 2s − 1. Since the vectorsAru0, r = 0, 1, . . . , 2s − 1, form a basis
in the 2s-dimensional space, we conclude that AB = BA.

Thus all unitary matrixes D are given by

D = (
Bu0, BAu0, . . . , BA2s−1u0

)T
,

where B is a unitary matrix such that AB = BA. It remains for us to describe
all such matrixes B.

3. It is not difficult to see that the eigenvalues and the corresponding nor-
malized eigenvectors of A are respectively

λr = eiπ
2r−1

2s (8.5.8)

and vr =
(
(vr )0, . . . , (vr )2s−1

)T
, where

(vr )l = 2−s/2e−iπ
2r−1

2s l , l = 0, 1, 2, . . . , 2s − 1, (8.5.9)

r = 0, 1, . . . , 2s − 1. Hence the matrix A can be represented as A = CÃC−1,
where

Ã =


λ0 0 . . . 0
0 λ1 . . . 0
...

...
. . .

...
0 0 . . . λ2s−1


is a diagonal matrix, and C = (

v0, . . . , v2s−1
)

is a unitary matrix. It follows
that the matrix B = CB̃C−1 is unitary if and only if B̃ is unitary. On the other
hand,AB = BA if and only if ÃB̃ = B̃Ã. Moreover, since according to (8.5.8),
λk �= λl whenever k �= l, all unitary matrices B̃ such that ÃB̃ = B̃Ã are given
by

B̃ =


γ0 0 . . . 0
0 γ1 . . . 0
...

...
. . .

...
0 0 . . . γ2s−1

 ,

where γk ∈ C, |γk| = 1. Hence all unitary matrices B such that AB = BA are
given by B = CB̃C−1.

4. Using (8.5.9), we can calculate

αk = (Bu0)k = (CB̃C−1u0)k =
2s−1∑
r=0

γr (vr )k(vr )0

= 2−s
2s−1∑
r=0

γre
−iπ 2r−1

2s k, k = 0, 1, . . . , 2s − 1,

where γk ∈ C, |γk| = 1.
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5. It remains for us to prove that the {ψ (s)(· − a), a ∈ I2} form a basis for
W0 whenever ψ (s) is defined by (8.5.4) and (8.5.5). Since {ψ (0)(· − a), a ∈ I2}
is a basis for W0, it suffices to check that any function ψ (0)(· − c), c ∈ I2, can
be decomposed with respect to the functions ψ (s)(· − a), a ∈ I2. Any c ∈ I2,
c �= 0, can be represented in the form c = r

2s + b, where r = 0, 1, . . . , 2s − 1,
|b|2 ≥ 2s+1. Taking into account that �(0) = D−1�(s), i.e.,

ψ (0)
(
x − r

2s

)
=

2s−1∑
k=0

β
(r)
k ψ (s)

(
x − k

2s

)
, r = 0, 1, . . . , 2s − 1,

we have

ψ (0)
(
x − c

)
= ψ (0)

(
x − r

2s
− b

)
=

2s−1∑
k=0

β
(r)
k ψ (s)

(
x − k

2s
− b

)
,

and k
2s + b ∈ I2, k = 0, 1, . . . , 2s − 1.

All dilatations and shifts of any wavelet function (8.5.4), (8.5.5) form a
2-adic orthonormal Haar wavelet basis in L2(Q2).

Remark 8.2. From formulas (8.5.4), (8.5.5) and (4.9.4), (4.8.10), we have

F [ψ (s)(x − a)](ξ ) = χ2(aξ )�
(∣∣∣ξ + 1

2

∣∣∣
2

) 2s−1∑
k=0

αkχ2

( k

2s
ξ

)

= χ2(aξ )�
(∣∣∣ξ + 1

2

∣∣∣
2

)
2−s

2s−1∑
r=0

γr

2s−1∑
k=0

e2iπ
ξ+ 1

2 −r
2s k, a ∈ I2,

where γr ∈ C, |γr | = 1, r = 0, 1, . . . , 2s . It is clear that the right-hand side of
the last relation is not equal to zero only if ξ = − 1

2 + η, η = η0 + η12+ · · · ∈
Zp, ξ ∈ B0(− 1

2 ). Hence, for ξ ∈ B0(− 1
2 ) we have

F [ψ (s)(x − a)](ξ ) = χ2

(
a

(
− 1

2
+ η

))
2−s

2s−1∑
r=0

γr

2s−1∑
k=0

e2iπ η̃−r
2s k,

where η̃ = η0 + η12+ · · · ηs−12s−1. According to Proposition 1.8.9, the
ball B0(− 1

2 ) is represented by the sum of 2s disjoint balls B−s(− 1
2 + η̃).

If ξ ∈ B−s(− 1
2 + η̃) then ξ = − 1

2 + η̃ + 2s η̃0, η̃0 ∈ Zp. Thus on any ball
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B−s(− 1
2 + η̃) we have

F [ψ (s)(x − a)](ξ )

= χ2

(
a

(
− 1

2
+ η

))(
γη̃ + 2−s

2s−1∑
r=0
r �=η̃

γr

2s−1∑
k=0

e2iπ η̃−r
2s k

)

= χ2

(
a

(
− 1

2
+ η

))(
γη̃ + 2−s

2s−1∑
r=0
r �=η̃

γr

2s−1∑
k=0

1− e2iπ (̃η−r)

1− e2iπ η̃−r
2s

)

= χ2

(
a

(
− 1

2
+ η

))
γη̃, η̃ = η0 + η12+ · · · ηs−12s−1, a ∈ I2.

(8.5.10)

According to [50, Proposition 5.1.], only the wavelet functions whose Fourier
transforms are the characteristic functions of some sets can be obtained by
Benedettos’ method. It is easy to see if in (8.5.10)

γη̃ = 1, ∀ η̃ = η0 + η12+ · · · ην−12s−1, (8.5.11)

where ηj = 0, 1, j = 0, 1, . . . , s − 1, then for a = 0 the right-hand side of
(8.5.10) is the characteristic function of the ball B0(− 1

2 ). Consequently, in this
case the wavelet basis generated by wavelet functions ψ (s) can be obtained
by Benedettos’ method [50]. If (8.5.11) does not hold, the right-hand side
of (8.5.10) is not a characteristic function of any set for all shifts a ∈ I2.
Consequently, in this case the wavelet basis generated by wavelet functions
ψ (s) cannot be constructed by the method of [50].

It is easy to see that
∫

Q2
ψ (s)(2j x − a) dx = 0, j ∈ Z, a ∈ I2, and in view of

(7.3.3), wavelet functions ψ (s)(2j · −a) belong to the Lizorkin space �(Q2).

8.5.2. Real wavelet functions

Using formulas (8.5.5), one can extract all real wavelet functions (8.5.4).
Let s = 1. According to (8.5.2) and (8.5.3),

ψ (1)(x) = cos θ ψ (0)
(
x

)+ sin θ ψ (0)
(
x − 1

2

)
(8.5.12)

is the real wavelet function.
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Let s = 2. Set γr = eiθr , r = 0, 1, . . . , 2s − 1. It follows from (8.5.5) that
the wavelet function ψ (1) is real if and only if

sin θ1 + sin θ2 + sin θ3 + sin θ4 = 0,
cos θ1 − cos θ2 + cos θ3 − cos θ4 = 0,

sin θ1 − sin θ2 − sin θ3 + sin θ4 =
cos θ1 + cos θ2 − cos θ3 − cos θ4,

sin θ1 − sin θ2 − sin θ3 + sin θ4 =
−(cos θ1 + cos θ2 − cos θ3 − cos θ4).

These relations are equivalent to the system

sin θ1 = − sin θ4, cos θ1 = cos θ4,

sin θ2 = − sin θ3, cos θ2 = cos θ3.

Thus the real wavelet functions (8.5.4) with s = 2 are given by

ψ (1)(x) = 1

2
(cos θ1 + cos θ2)ψ (0)

(
x

)
+ 1

2
√

2
(cos θ1 − cos θ2 + sin θ1 + sin θ2)ψ (0)

(
x − 1

22

)
+ 1

2
(sin θ1 − sin θ2)ψ (0)

(
x − 1

2

)
+ 1

2
√

2
(cos θ1 − cos θ2 − sin θ1 − sin θ2)ψ (0)

(
x − 1

22
− 1

2

)
.

(8.5.13)

In particular, for the special cases θ1 = θ2 = θ , θ1 = −θ2 = θ , θ1 = θ2 + π
2 =

θ , we obtain respectively the following one-parameter families of real wavelet
functions

ψ (1)(x) = cos θψ (0)
(
x

)+ sin θψ (0)
(
x − 1

2

)
,

ψ (1)(x) = cos θψ (0)
(
x

)+ 1√
2

sin θψ (0)
(
x − 1

22

)
− 1√

2
sin θψ (0)

(
x − 1

22 − 1
2

)
,

ψ (1)(x) = 1
2 (cos θ − sin θ )ψ (0)

(
x

)
+ 1

2
√

2
(cos θ + sin θ )ψ (0)

(
x − 1

22

)
− 1

2 (cos θ − sin θ )ψ (0)
(
x − 1

2

)
.

(8.5.14)

For s = 3, 4, . . . families of real wavelet functions can be obtained in the
same way.
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8.6. Description of one-dimensional p-adic Haar
wavelet bases

It was proved in Section 8.4 that shifts of wavelet functions (8.4.5) ψ (0)
ν (x) =

χp(p−1νx)�
(|x|p)

, ν = 1, . . . , p − 1, generated an orthonormal basis in the
space W0. The corresponding wavelet basis (8.4.6)

{pj/2ψ (0)
ν (p−j x − a), a ∈ Ip, j ∈ Z, ν = 1, . . . , p − 1}

coincides with the Kozyrev basis (8.1.3).
Here we construct an infinite family of wavelet functionsψν , ν = 1, . . . , p −

1, in W0 generating different wavelet bases for L2(Qp), where p is an arbitrary
prime number.

Note that the functions ψ0
ν , ν = 1, . . . , p − 1, have the following obvious

property:

ψ (0)
ν (x − 1) = χp

(
− ν

p

)
ψ (0)

ν (x), ν = 1, . . . , p − 1. (8.6.1)

Theorem 8.6.1. All sets of compactly supported wavelet functions are given
by

ψµ(x) =
p−1∑
ν=1

ps−1∑
k=0

α
µ

ν;kψ
(0)
ν

(
x − k

ps

)
, µ = 1, 2, . . . , p − 1, (8.6.2)

where wavelet functions ψ (0)
ν are given by (8.4.5), s = 0, 1, 2, . . . , and

α
µ

ν;k =


−p−s ∑ps−1

m=0 e
−2πi

− ν
p +m
ps

k
σµmzµµ, µ = ν,

p−2s ∑ps−1
m=0

∑ps−1
n=0 e

−2πi
− ν

p +m
ps

k 1−e2πi µ−νp

e
2πi

µ−ν
p +m−n

ps −1

σνmzνµ, µ �= ν,

(8.6.3)

|σµm| = 1, zµν are entries of an arbitrary unitary (p − 1)× (p − 1) matrix Z.

Proof. 1. Let ψµ ∈ W0, ν = 1, . . . , p − 1, be a set of wavelet functions such
that supp ψµ ⊂ Bs(0), s ≥ 0. First of all we prove that

ψµ(x) =
p−1∑
ν=1

ps−1∑
k=0

α
µ

ν;kψ
(0)
ν

(
x − k

ps

)
, µ = 1, . . . , p − 1, (8.6.4)
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Since {ψ (0)
ν (· − a), ν = 1, . . . , p − 1, a ∈ Ip} is a basis for W0 and ψµ ∈

W0, we have

ψµ(x) =
p−1∑
ν=1

∑
a∈Ip

gµ
a ψ

(0)
ν (x − a)

=
p−1∑
ν=1

∑
a∈Ip
|a|p≤ps

gµ
a ψ

(0)
ν (x − a)+

p−1∑
ν=1

∑
a∈Ip
|a|p>ps

gµ
a ψ

(0)
ν (x − a).

The second sum on the right-hand side vanishes whenever |x|p ≤ ps , the first
sums on the right-hand side and the left-hand side vanish whenever |x|p >

ps . So the second sum equals zero for all x ∈ Qp, and after renaming the
coefficients we obtain (8.6.4).

2. Since {ψ (0)
ν (· − a), ν = 1, . . . , p − 1, a ∈ Ip} is an orthonormal system,

taking (8.6.1) into account, we see that ψµ is orthogonal to ψν(· − a) whenever
a ∈ Ip, |a|p > ps , ν, µ = 1, . . . , p − 1. Thus the system {ψµ(x − a), µ =
1, . . . , p − 1, a ∈ Ip} is orthonormal if and only if the system consisting

of the functions ψµ

(
· − r

ps

)
, r = 0, . . . , ps − 1, µ = 1, . . . , p − 1 forms an

orthonormal system.
Using (8.6.1), we have

ψµ

(
x − r

ps

)
=

p−1∑
ν=1

(
χp

(
− ν

p

)
α
µ
ν;ps−rψ

(0)
ν (x)+ χp

(
− ν

p

)
α
µ

ν;ps−r+1ψ
(0)
ν

(
x − 1

ps

)
+ · · · + χp

(
− ν

p

)
α
µ

ν;ps−1ψ
(0)
ν

(
x − r − 1

ps

)
+α

µ

ν;0ψ
(0)
ν

(
x − r

ps

)
+ · · · + α

µ

ν;ps−r−1ψ
(0)
ν

(
x − ps − 1

ps

))
. (8.6.5)

Let us introduce the vectors

�(0) =
(
ψ

(0)
1 , ψ

(0)
1

(
· − 1

ps

)
, . . . , ψ

(0)
1

(
· − ps − 1

ps

)
,

. . . , ψ
(0)
p−1, ψ

(0)
p−1

(
· − 1

ps

)
, . . . , ψ

(0)
p−1

(
· − ps − 1

ps

))T

,

� =
(
ψ1, ψ1

(
· − 1

ps

)
, . . . , ψ1

(
· − ps − 1

ps

)
,

. . . , ψp−1, ψp−1

(
· − 1

ps

)
, . . . , ψp−1

(
· − ps − 1

ps

))T
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of length ps(p − 1), and the ps(p − 1)× ps(p − 1) matrix

D =
 D11 D12 . . . D1p−1

. . . . . . . . . . . .

Dp−11 Dp−12 . . . Dp−1p−1

 , (8.6.6)

where

Dµν

=



α
µ

ν;0 α
µ

ν;1 . . . α
µ

ν;ps−2 α
µ

ν;ps−1

χp(− ν
p

)αµ

ν;ps−1 α
µ

ν;0 . . . α
µ

ν;ps−3 α
µ

ν;ps−2

χp(− ν
p

)αµ

ν;ps−2 χp(− ν
p

)αµ

ν;ps−1 . . . α
µ

ν;ps−4 α
µ

ν;ps−3

. . . . . . . . . . . . . . .

χp(− ν
p

)αµ

ν;2 χp(− ν
p

)αµ

ν;3 . . . α
µ

ν;0 α
µ

ν;1

χp(− ν
p

)αµ

ν;1 χp

(− ν
p

)
α
µ

ν;2 . . . χp(− ν
p

)αµ

ν;ps−1 α
µ

ν;0


.

By (8.6.5), we have � = D�(0). Because of the orthonormality of the sys-
tem {ψ (0)

ν (· − a), ν = 1, . . . , p − 1, a ∈ Ip}, the coordinates of � form an
orthonormal system if and only if the matrix D is unitary.

Let

uµ = (αµ

1;0, . . . , α
µ

1;ps−1, . . . . . . , α
µ

p−1;0, . . . , α
µ

p−1;ps−1)T (8.6.7)

be a vector of the length ps(p − 1), µ = 1, . . . , p − 1, and let

A =


A1 O . . . O

O A2 . . . O
...

...
. . .

...
O O . . . Ap−1

 (8.6.8)

be a ps(p − 1)× ps(p − 1) matrix, where

Aν =



0 0 . . . 0 0 χp(− ν
p

)

1 0 . . . 0 0 0
0 1 . . . 0 0 0
. . . . . . . . . . . . . . . . . .

0 0 . . . 1 0 0
0 0 . . . 0 1 0


(8.6.9)

is a ps × ps matrix, and O is the ps × ps zero matrix.
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It is easy to see that

(A)ruµ =
(
χp

(− 1

p

)
α
µ

1;ps−r , χp

(− 1

p

)
α
µ

1;ps−r+1, . . . , χp

(− 1

p

)
α
µ

1;ps−1,

α
µ

1;0, α
µ

1;1, . . . , α
µ

1;ps−r−1, . . . ,

χp

(− p − 1

p

)
α
µ

p−1;ps−r , χp

(− p − 1

p

)
α
µ

p−1;ps−r+1, . . . ,

χp

(− p − 1

p

)
α
µ

p−1;ps−1, α
µ

p−1;0, α
µ

p−1;1, . . . , α
µ

p−1;ps−r−1

)T

,

where r = 0, . . . , ps − 1. Thus, the matrix (8.6.6) can be represented in the
form

D = (
u1, Au1, . . . , Aps−1u1, . . . . . . up−1, Aup−1, . . . , Aps−1up−1

)T
.

Hence, to describe all unitary matrixes D, we should find all families of vec-
tors (8.6.7) such that the system of vectors {Aruµ : r = 0, . . . , ps − 1, µ =
1, . . . , p − 1} is orthonormal. We have already one such family of vectors

u
µ

0 = (0, . . . , 0︸ ︷︷ ︸
ps (µ−1)

, 1, 0, . . . , 0︸ ︷︷ ︸
ps (p−µ)−1

)T , µ = 1, . . . , p − 1, (8.6.10)

and the corresponding matrix

D0 =
(
u1

0, Au1
0, . . . , A

ps−1u1
0, . . . . . . u

p−1
0 , Au

p−1
0 , . . . , Aps−1u

p−1
0

)T
,

which is the identity matrix.
3. Now we prove that the system of vectors {Aruµ, r = 0, . . . , ps − 1, µ =

1, . . . , p − 1} is orthonormal if and only if

uµ = Bu
µ

0 , (8.6.11)

where B is a ps(p − 1)× ps(p − 1) unitary matrix such that

[A,B](Aru
µ

0 ) = 0, r = 0, . . . , ps − 2, µ = 1, . . . , p − 1, (8.6.12)

where [A,B] = AB − BA is the commutator of matrixes A and B. Indeed,
let uµ = Bu

µ

0 , where B is a unitary matrix satisfying (8.6.12). Then it is easy
to see that Aruµ = BAru

µ

0 , r = 0, . . . , ps − 1, µ = 1, . . . , p − 1. Since the
system {Aru

µ

0 , r = 0, . . . , ps − 1, µ = 1, . . . , p − 1} is orthonormal and the
matrix B is unitary, the vectors Aruµ, r = 0, . . . , ps − 1, µ = 1, . . . , p − 1,
are also orthonormal. Conversely, if the system {Aruµ, r = 0, . . . , ps − 1, µ =
1, . . . , p − 1} is orthonormal, taking into account that {Aru

µ

0 , r = 0, . . . , ps −
1, µ = 1, . . . , p − 1} is also an orthonormal system, we conclude that there
exists a unitary ps(p − 1)× ps(p − 1) matrix B such that Aruµ = B(Aru

µ

0 ),
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r = 0, . . . , ps − 1, µ = 1, . . . , p − 1. SubstitutingAl−1uµ = B(Al−1u
µ

0 ) into
Aluµ = B(Alu

µ

0 ), l = 1, . . . , ps − 1 we prove (8.6.12) by induction on l.
4. It is easy to see that

Aps

uµ = �uµ, Aps

u
µ

0 = �u
µ

0 , (8.6.13)

where

� =


�1 O . . . O

O �2 . . . O
...

...
. . .

...
O O . . . �p−1


is a ps(p − 1)× ps(p − 1) matrix, and

�ν =


χp(− ν

p
) 0 . . . 0

0 χp(− ν
p

) . . . 0
...

...
. . .

...
0 0 . . . χp(− ν

p
)


is a diagonal ps × ps matrix, µ, ν = 1, . . . , p − 1.

Let us write a ps(p − 1)× ps(p − 1) unitary matrix B in the form

B =
 B11 B12 . . . B1p−1

. . . . . . . . . . . .

Bp−11 Bp−12 . . . Bp−1p−1

 , (8.6.14)

where

Bµν =
 b

µν

00 b
µν

01 . . . b
µν

0ps−1

. . . . . . . . . . . .

b
µν

ps−10 b
µν

ps−11 . . . b
µν

ps−1ps−1

 . (8.6.15)

It is easy to calculate that

�Bu
µ

0 =
(
χp

(
− 1

p

)
b

1µ
00 , . . . , χp

(
− 1

p

)
b

1µ
ps−10, . . .

. . . , χp

(
− p − 1

p

)
b
p−1µ
00 , . . . , χp

(
− p − 1

p

)
b
p−1µ
ps−10

)T

,

B�u
µ

0 =
(
χp

(
− µ

p

)
b

1µ
00 , . . . , χp

(
− µ

p

)
b

1µ
ps−10, . . .

. . . , χp

(
− µ

p

)
b
p−1µ
00 , . . . , χp

(
− µ

p

)
b
p−1µ
ps−10

)T

.
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Consequently, we have

[�,B]uµ

0 = dµ (8.6.16)

where

dµ =
(
dµ;1, . . . , dµ;µ−1, 0, . . . , 0︸ ︷︷ ︸

ps

, dµ;µ+1, . . . , dµ;p−1
)T

, (8.6.17)

dµ;ν =
(
χp

(
− ν

p

)
− χp

(
− µ

p

))(
b
νµ

00 , . . . , b
νµ

ps−10

)
ν − 1, 2, . . . , p − 1, ν �= µ. (8.6.18)

Relations (8.6.11), (8.6.13) and (8.6.16) imply

Aps

Bu
µ

0 = Aps

uµ = �Bu
µ

0 = B�u
µ

0 + dµ = BAps

u
µ

0 + dµ. (8.6.19)

Using (8.6.12), we have

Aps

Bu
µ

0 = Aps−1(AB)uµ

0 = Aps−2(AB)Au
µ

0 = · · · = (AB)(Aps−1u
µ

0 ).

Thus relation (8.6.19) can be rewritten as

[A,B](Aps−1u
µ

0 ) = dµ, (8.6.20)

where dµ is given by (8.6.17), µ = 1, . . . , p − 1.
5. Let

G = [A,B] =
 G11 G12 . . . G1p−1

. . . . . . . . . . . .

Gp−11 Gp−12 . . . Gp−1p−1

 ,

where

Gµν =
 g

µν

00 g
µν

01 . . . g
µν

0ps−1

. . . . . . . . . . . .

g
µν

ps−10 g
µν

ps−11 . . . g
µν

ps−1ps−1

 (8.6.21)

is a ps × ps matrix, ν, µ = 1, . . . , p − 1. According to (8.6.12) and (8.6.20)
we have

Gµν = (̂0, . . . , 0̂︸ ︷︷ ︸
ps−1

, dT
µ;ν), (8.6.22)

where 0̂ is a matrix column consisting of zeros, and dµ is given by (8.6.17).
6. It is easy to see that the matrix (8.6.9) has eigenvalues

λν r = e
2πi

− ν
p +r
ps (8.6.23)
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and the corresponding normalized eigenvectors

vν r =
(
(vν r )0, . . . , (vν r )ps−1

)T
,

where

(vν r )l = p−s/2e
−2πi

− ν
p +r
ps

l
, l = 0, 1, 2, . . . , ps − 1, (8.6.24)

r = 0, 1, . . . , ps − 1, ν = 1, 2, . . . , p − 1. In view of (8.6.8), (8.6.23) and
(8.6.24), the eigenvalues of A and the corresponding normalized eigenvectors
are respectively

{λ1 0, . . . , λ1ps−1, . . . . . . , λp−1 0, . . . , λp−1ps−1}

and

Vν r = (0, . . . , 0︸ ︷︷ ︸
ps (ν−1)

, (vν r )0, . . . , (vν r )ps−1︸ ︷︷ ︸
ps

, 0, . . . , 0︸ ︷︷ ︸
ps (p−1−ν)

)T , (8.6.25)

where ν = 1, 2, . . . , p − 1, r = 0, 1, . . . , ps − 1.
Consequently, the matrix A can be represented as A = CÃC−1, where

Ã =


Ã1 0 . . . 0
0 Ã2 . . . 0
...

...
. . .

...
0 0 . . . Ãp−1

 , Ãν =


λν 0 0 . . . 0
0 λν 1 . . . 0
...

...
. . .

...
0 0 . . . λν ps−1

 ,

ν = 1, 2, . . . , p − 1, and

C = (
V1 0, . . . , V1ps−1, . . . . . . , Vp−1 0, . . . , Vp−1ps−1

)
(8.6.26)

is a unitary matrix. In view of (8.6.25),

C =


C1 O . . . O

O C2 . . . O
...

...
. . .

...
O O . . . Cp−1

 , C−1 =


C−1

1 O . . . O

O C−1
2 . . . O

...
...

. . .
...

O O . . . C−1
p−1

 ,

where

Cν =


(vν 0)0 (vν 1)0 . . . (vν ps−1)0

(vν 0)1 (vν 1)1 . . . (vν ps−1)1

. . . . . . . . . . . .

(vν 0)ps−1 (vν 1)ps−1 . . . (vν ps−1)ps−1

 , (8.6.27)
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and

C−1
ν =


(vν 0)0 (vν 0)1 . . . (vν 0)ps−1

(vν 1)0 (vν 1)1 . . . (vν 1)ps−1

. . . . . . . . . . . .

(vν ps−1)0 (vν ps−1)1 . . . (vν ps−1)ps−1

 , (8.6.28)

where z is a complex conjugate to z, ν = 1, 2, . . . , p − 1.
Let us calculate G̃ = C−1GC. On the one hand, according to (8.6.21),

(8.6.22), (8.6.25), (8.6.26), and (8.6.17), (8.6.18), (8.6.27), the block
(C−1G)µν = C−1

µ Gµν of the matrix C−1G consists of the following entries

(
(C−1G)µν

)
mn
=

ps−1∑
r=0

(vµm)rg
µν
rn

= δnps−1

(
χp

(
− ν

p

)
− χp

(
− µ

p

))
p−s/2

ps−1∑
r=0

e
2πi

− µ
p +m
ps

r
b
νµ

r0 .

Taking (8.6.28) and (8.6.24) into account, we obtain that the matrix G̃ =
C−1GC consists of the ps × ps blocks G̃µν , ν, µ = 1, . . . , p − 1, defined by

(
G̃µν

)
mn
=

(
χp

(
− ν

p

)
− χp

(
− µ

p

))
p−se−2πi

− ν
p +n
ps

(ps−1)
ps−1∑
r=0

e
2πi

− µ
p +m
ps

r
b
νµ

r0 .

(8.6.29)

On the other hand, G̃ = [Ã, B̃], where

B̃ = C−1BC =
 B̃11 B̃12 . . . B̃1p−1

. . . . . . . . . . . .

B̃p−11 B̃p−12 . . . B̃p−1p−1

 , (8.6.30)

where

B̃µν =
 b̃

µν

00 b̃
µν

01 . . . b̃
µν

0ps−1

. . . . . . . . . . . .

b̃
µν

ps−10 b̃
µν

ps−11 . . . b̃
µν

ps−1ps−1

 . (8.6.31)
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It is clear that

(
(ÃB̃)µν

)
mn
=

ps−1∑
k=0

(
Ãµ

)
mk

(
B̃µν

)
kn
= λµmb̃

µν
mn,

(
(B̃Ã)µν

)
mn
=

ps−1∑
k=0

(
B̃µν

)
mk

(
Ãν

)
kn
= λν nb̃

µν
mn.

Thus, we have (
G̃µν

)
mn
= (λµm − λν n )̃bµνmn, (8.6.32)

where λµm, λν n are given by (8.6.23). Set

qµν
m =


∑ps−1

r=0 e
2πi

− µ
p +m
ps

r
b
νµ

r0 , if µ �= ν,

−b̃µµmm, if µ = ν.

(8.6.33)

Combining (8.6.29) and (8.6.32), we obtain

b̃µνmn = p−s
χp

(
− ν

p

)
− χp

(
− µ

p

)
λµm − λν n

e
−2πi

− ν
p +n
ps

(ps−1)
qµν
m , (8.6.34)

whenever µ �= ν and

b̃µµmn = −qµµ
m δmn (8.6.35)

for allµ, ν = 1, 2, . . . , p − 1;m = 0, 1, . . . , ps − 1. Substituting (8.6.23) into
(8.6.34), it is easy to rewrite (8.6.34) as

b̃µνmn = p−s
1− e

2πi ν−µ
p

e
2πi

ν−µ
p +m−n

ps − 1

qµν
m , (8.6.36)

where µ �= ν.
7. Now we prove that

ps−1∑
n=0

b̃µνmnb̃
µ′ν
m′n =

(
C−1

µ Cµ′
)
mm′ q

µν
m q

µ′ν
m′ (8.6.37)

for all µ,µ′, ν = 1, 2, . . . , p − 1; m,m′ = 0, 1, . . . , ps − 1. In particular,
since C−1

µ Cµ = E, this formula yields

ps−1∑
n=0

b̃µνmnb̃
µν

m′n = 0, m �= m′. (8.6.38)
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(a) Let µ �= µ′, µ′ = ν. In this case, using (8.6.36), (8.6.33) and (8.6.35),
we have

ps−1∑
n=0

b̃µνmnb̃
µ′ν
m′n =

ps−1∑
n=0

b̃µµ
′

mn b̃
µ′µ′
m′n = b̃

µµ′
mm′ b̃

µ′µ′
m′m′

= −p−s
χp

(
− µ′

p

)
− χp

(
− µ

p

)
λµm − λµ′ m′

e
−2πi

− µ′
p +m′
ps

(ps−1)
qµµ′
m q

µ′µ′
m′

= −p−s e
−2πi µ′

p − e
−2πi µ

p

e
2πi

− µ
p +m
ps − e

2πi
− µ′

p +m′
ps

e
−2πi

− µ′
p +m′
ps

(ps−1)
qµµ′
m q

µ′µ′
m′

= p−s
1− e

2πi µ′−µ
p

1− e
2πi

µ′−µ
p +m−m′

ps

qµµ′
m q

µ′µ′
m′ .

According to (8.6.27), (8.6.28) and (8.6.24),

(
C−1

µ Cµ′
)
mm′ =

ps−1∑
n=0

(
C−1

µ

)
mn

(
Cµ′

)
nm′ =

ps−1∑
n=0

(vµm)n(vµ′ m′)n

= p−s
ps−1∑
n=0

e
2πi

µ′−µ
p +m−m′

ps
n = p−s

1− e
2πi µ′−µ

p

1− e
2πi

µ′−µ
p +m−m′

ps

.

Thus, we have

ps−1∑
n=0

b̃µµ
′

mn b̃
µ′µ′
m′n =

(
C−1

µ Cµ′
)
mm′ q

µµ′
m q

µ′µ′
m′ .

(b) Let µ = µ′ = ν, and m �= m′. In this case, using (8.6.36), (8.6.33) and
(8.6.35), we have

ps−1∑
n=0

b̃µνmnb̃
µ′ν
m′n =

ps−1∑
n=0

b̃µµmnb̃
µµ

m′n = 0 = (
C−1

µ Cµ

)
mm′ q

µµ
m q

µµ

m′ .

(c) Let µ = µ′ = ν, and m = m′. In this case, using (8.6.36), (8.6.33) and
(8.6.35), we have

ps−1∑
n=0

b̃µνmnb̃
µ′ν
m′n =

ps−1∑
n=0

b̃µµmnb̃
µµ
mn = |qµµ

m |2 = (
C−1

µ Cµ

)
mm

qµµ
m q

µµ
m .
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(d) Let µ �= ν, µ′ �= ν. In this case, using (8.6.36) and (8.6.33), we have

ps−1∑
n=0

b̃µνmnb̃
µ′ν
m′n = p−2s

(
χp

(
− ν

p

)
− χp

(
− µ

p

))(
χp

(
− ν

p

)
− χp

(
− µ′

p

))

× qµν
m q

µ′ν
m′

ps−1∑
n=0

1(
λµm − λν n

)(
λµ′ m′ − λν n

) . (8.6.39)

This formula is applicable for µ = µ′ and for µ �= µ′. To complete the proof
of (8.6.37) it remains to check that

ps−1∑
n=0

1(
λµm − λν n

)(
λµ′ m′ − λν n

)
= p2s (C−1

µ Cµ′)mm′(
χp

(
− ν

p

)
− χp

(
− µ

p

))(
χp

(
− ν

p

)
− χp

(
− µ′

p

)) . (8.6.40)

8. To compute the sum
∑ps−1

n=0

(
λµm − λν n

)−1(
λµ′ m′ − λν n

)−1
, let us con-

sider the functions

ψ (s)
µ (x) =

p−1∑
ν=1

α
µ

ν;0ψ
(0)
ν (x), µ = 1, . . . , p − 1,

where α
µ

ν;0 = ωµν , ωµν are the entries of a unitary (p − 1)× (p − 1) matrix.
According to (8.6.6) and (8.6.7), we have Dµν = ωµνE, where E is the

identity ps × ps matrix, which implies that D is a unitary matrix, and

uµ = (ωµ1, 0, . . . , 0, ωµ2, 0, . . . , 0, . . . . . . , ωµp−1, 0, . . . , 0)T .

Let µ �= ν. It follows from (8.6.11), (8.6.12) and (8.6.33) that

bµνmn = ωνµδmn, qµν
m = ωµν, (8.6.41)

µ, ν = 1, 2, . . . , p − 1; m, n = 0, 1, . . . , ps − 1. Due to (8.6.41), (8.6.30) and
(8.6.31), Bµν = Dµν = ωµνE, and

B̃µν = (C−1BC)µν =
p−1∑
α=1

p−1∑
β=1

C−1
µαBαβCβν

=
p−1∑
α=1

p−1∑
β=1

C−1
µ δµαωαβCβδβν = ωµνC

−1
µ Cν. (8.6.42)

Thus,

b̃µνmn = ωµν(C−1
µ Cν)mn. (8.6.43)
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Substituting (8.6.41) and (8.6.43) into (8.6.39) with µ �= ν, µ′ �= ν, we obtain
(8.6.40).

9. Since C is a unitary matrix, the matrix B is unitary if and only if B̃ =
C−1BC is unitary, i.e.,

∑p−1
ν=1

∑ps−1
n=0 b̃

µν
mnb̃

µ′ν
m′n = δµµ′δmm′ . According to (8.6.37)

and (8.6.38), the last relation holds if and only if

p−1∑
ν=1

qµν
m q

µ′ν
m′ =

{
1, if µ = µ′, m = m′,

0, if µ �= µ′.
(8.6.44)

Set Qµ
m = (qµ1

m , . . . , q
µp−1
m ). It follows from (8.6.44) that the vectors Qµ

0 , µ =
1, . . . , p − 1, are the rows of a unitary (p − 1)× (p − 1) matrix Z = (zµν).

Any vector Q
µ
m is orthogonal to all vectors Q

µ′
0 with µ′ �= µ. Hence, Qµ

m =
σµmQ

µ

0 , where |σµm| = 1. So, we have

qµν
m = σµmzµν. (8.6.45)

10. From (8.6.11), (8.6.7) and (8.6.10), αµ

ν;k = b
νµ

k0 , where b
νµ
mm are elements

of the block Bνµ of the matrix B (see (8.6.15), (8.6.14)). Since B = CB̃C−1,
we have Bνµ = (CB̃C−1)νµ = CνB̃νµC

−1
µ . Thus,

α
µ

ν;k = b
νµ

k0 =
ps−1∑
m=0

ps−1∑
n=0

(Cν)km(B̃νµ)mn(C−1
µ )n0. (8.6.46)

Using (8.6.27), (8.6.28), (8.6.36), (8.6.35) and (8.6.45), we can rewrite (8.6.46)
as

α
µ

ν;k = b
νµ

k0 =
ps−1∑
m=0

ps−1∑
n=0

(vν m)nb̃
νµ
mn(vµn)0

= p−2s
ps−1∑
m=0

ps−1∑
n=0

e
−2πi

− ν
p +m
ps

k 1− e
2πi µ−ν

p

e
2πi

µ−ν
p +m−n

ps − 1

σνmzνµ, (8.6.47)

whenever µ �= ν and

α
µ

µ;k = b
µµ

k0 = −p−s
ps−1∑
m=0

e
−2πi

− µ
p +m
ps

k
σµmzµµ, (8.6.48)

for all µ, ν = 1, 2, . . . , p − 1; k = 0, 1, . . . , ps − 1. Relations (8.6.47) and
(8.6.48) imply (8.6.3).

11. Conversely, assume that the functions ψµ, µ = 1, . . . , p − 1, are given
by (8.6.2) and (8.6.3). Define q

µν
m by (8.6.45). Evidently, (8.6.44) is satisfied,

which together with (8.6.38) implies the unitarity of B̃ whose entries are given
by (8.6.35) and (8.6.34). Hence the matrix B defined by (8.6.30) is also unitary.
Taking (8.6.32) into account, it is not difficult to check (8.6.12). It follows
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that the functions ψµ

(
x − r

ps

)
, r = 0, . . . , ps − 1, µ = 1, . . . , p − 1, form

an orthonormal system, and, from (8.6.5), the functions ψ (0)
ν

(
x − r

ps

)
, r =

0, 1, . . . , ps − 1, ν = 1, . . . , p − 1, may be decomposed with respect to this
system. Now it is easy to see that each ψ (0)

ν (x − b), b ∈ Ip, may be decomposed
with respect to the functions ψµ(x − a), a ∈ Ip, µ = 1, . . . , p − 1. So we have
proved that ψµ, ν = 1, . . . , p − 1, is a set of wavelet functions.

All dilatations and shifts of any set of wavelet functions (8.6.2), (8.6.3) form
a p-adic orthonormal Haar wavelet basis in L2(Qp).

Remark 8.3. Repeating the reasoning of Remark 8.2 almost word for word,
we conclude that there are infinitely many bases generated by the wavelet
functions (8.6.2), (8.6.3) such that they cannot be constructed by the Benedetto
method [50].

Just as above, we obtain that all wavelets which are generated by wavelet
functions (8.6.2), (8.6.3) belong to belongs to the Lizorkin space �(Qp).

8.7. p-adic refinable functions and multiresolution analysis

8.7.1. Construction of refinable functions

Now we are going to study p-adic refinement equations and their solutions.
We restrict ourselves by the refinement equations (8.3.5) with a finite number
of the terms on the right-hand side:

φ(x) =
ps−1∑
k=0

βkφ
( 1

p
x − k

ps

)
. (8.7.1)

If φ ∈ L2(Qp), taking the Fourier transform and using (4.9.4), we can rewrite
(8.7.1) as

φ̂(ξ ) = m0

( ξ

ps−1

)
φ̂(pξ ), (8.7.2)

where

m0(ξ ) = 1

p

ps−1∑
k=0

βkχp(kξ ) (8.7.3)

is a trigonometric polynomial (which is called the mask). It is clear thatm0(0) =
1 whenever φ̂(0) �= 0.
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Theorem 8.7.1. If φ ∈ L2(Qp) is a solution of refinement equation (8.7.1)
and supp φ̂ ⊂ B0(0), then axiom (a) from Definition 8.1 holds for the spaces
(8.3.6).

Proof. Since χp(−ξ ) = 1 for ξ ∈ B0(0), we have χp(−ξ )φ̂(ξ ) = φ̂(ξ ). Apply-
ing the Fourier transform, we obtain φ(x + 1) = φ(x). So φ is a 1-periodic
function. Since either a

p
+ k

ps ∈ Ip or a
p
+ k

ps − 1 ∈ Ip for any a ∈ Ip and any
k = 0, . . . , ps − 1, because of the 1-periodicity ofφ, it follows from (8.7.1) that
φ(x − b) ∈ V1 for all b ∈ Ip. This implies V0 ⊂ V1, and, similarly, Vj ⊂ Vj+1

for any j ∈ Z.

Theorem 8.7.2. Letφ ∈ L2(Qp) be a solution of the refinement equation (8.7.1)
and supp φ̂ ⊂ B0(0). Axiom (b) of Definition 8.1 holds for the spaces (8.3.6)
(i.e., ∪j∈ZVj = L2(Qp)) if and only if⋃

j∈Z

supp φ̂(pj ·) = Qp. (8.7.4)

Proof. First of all we note that, from axioms (d) and (e), each space Vj is
invariant with respect to the shifts t = pja, a ∈ Ip. We shall show that the
space ∪j∈ZVj is invariant with respect to any shift t ∈ Qp. Every t ∈ Qp

may be approximated by a vector pja, a ∈ Ip, with arbitrary large j ∈ Z. If
f ∈ ∪j∈ZVj , by axiom (a) (which holds due to Theorem 8.7.1), then f ∈ Vj

for all j ≥ j1. It follows from the continuity of the function ‖f (· + t)‖2 that
f (· + t) ∈ ∪j∈ZVj . Now let t ∈ Qp. If g ∈ ∪j∈ZVj , then approximating g by
the functions f ∈ ∪j∈ZVj , again using the continuity of the shift operator
and the invariance of L2 norm with respect to the shifts, we derive g(· + t) ∈
∪j∈ZVj . For X ⊂ L2(Qp), set X̂ = { f̂ : f ∈ X}. By the Wiener theorem for
L2 (see, e.g., [192, Appendix A.8.], [207]; all the arguments of the proof given
there may be repeated word for word replacing R by Qp), a closed subspaceX of
the space L2(Qp) is invariant with respect to the shifts if and only if X̂ = L2(�)
for some set � ⊂ Qp. Let X = ∪j∈ZVj , then X̂ = L2(�). Thus X = L2(Qp) if
and only if � = Qp. We shall set φj = φ(p−j ·),�0 = ∪j∈Z supp φ̂j and prove
that � = �0. Indeed, since φj ∈ Vj , j ∈ Z, we have supp φ̂j ⊂ �, and hence
�0 ⊂ �. Now assume that �\�0 contains a set of positive measure �1. If f ∈
Vj , taking the Fourier transform from the expansion f = ∑

a∈Ip haφ(p−j · −a)

we see that f̂ = 0 almost everywhere on �1. Hence the same is true for any
f ∈ ∪j∈ZVj . Passing to the limit we deduce that the Fourier transform of any
f ∈ X is equal to zero almost everywhere on �1, i.e., L2(�) = L2(�0). It
remains only to note that supp φ̂j = supp φ̂(pj ·)

A real analog of Theorem 8.7.2 was proved by C. de Boor, R. DeVore and
A. Ron in [56].
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Theorem 8.7.3. If φ ∈ L2(Qp) and the system {φ(x − a) : a ∈ Ip} is orthonor-
mal, then axiom (c) of Definition 8.1 holds, i.e., ∩j∈ZVj = {0}.
Proof. First, using the standard scheme (e.g., see [192, Lemma 1.2.8.]), we
prove that for any f ∈ L2(Qp)

lim
j→−∞

∑
a∈Ip

∣∣(f, pj/2φ(p−j · −a)
)∣∣2 = 0, (8.7.5)

where (·, ·) is the scalar product inL2(Qp). Since according to Proposition 4.3.3
the space D(Qp) is dense in L2(Qp), it suffices to prove (8.7.5) for any ϕ ∈
D(Qp). If ϕ ∈ D(Qp), then there exists N such that ϕ(x) = 0 for all |ξ |p > pN .
Since |ϕ(x)| ≤ M for all |ξ |p ≤ pN , we have∑
a∈Ip

∣∣(ϕ(·), pj/2φ(p−j · −a)
)∣∣2 ≤ pj

∑
a∈Ip

( ∫
|x|p≤pN

|ϕ(x)||φ(p−j x − a)| dx
)2

≤ pj+NM2
∑
a∈Ip

∫
|x|p≤pN

|φ(p−j x − a)|2 dx.

By the change of variables η = p−j x − a, we obtain∑
a∈Ip

∣∣(ϕ, pj/2φ(p−j · −a)
)∣∣2 ≤ M2pN

∫
ANj

|φ(η)|2 dη

= M2pN

∫
Qp

θNj (η)|φ(η)|2 dη,

where θNj is the characteristic function of the set

ANj = ∪a∈Ip {η : |η + a|p ≤ 2N+j }.
Since limj→−∞ θNj (η) = 0 for any η �= −a, using Lebesgue’s dominated con-
vergence Theorem 3.2.4, we obtain

lim
j→−∞

∫
Qp

θNj (η)|φ(η)|2 dη = 0.

If we now assume that f ∈ ∩j∈ZVj , then f ∈ Vj for all j ∈ Z and, from
(8.7.5),

‖f ‖ =
( ∑

a∈Ip

∣∣(f, pj/2φ(p−j · −a)
)∣∣2

)1/2

→ 0, j →−∞,

i.e., ‖f ‖ = 0, which was to be proved.

A real analog of Theorem 8.7.3 is well known.
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Theorem 8.7.4. Let φ be a refinable function such that supp φ̂ ⊂ B0(0).
If |φ̂(ξ )| = 1 for all ξ ∈ B0(0) then the system {φ(x − a) : a ∈ Ip} is
orthonormal.

Proof. Taking (4.8.10) into account, using the inclusion supp φ̂ ⊂ B0(0) and
the Parseval–Steklov formula (4.8.6), we have for any a ∈ Ip(
φ(·), φ(· − a)

) = ∫
Qp

φ(x)φ(x − a) dx =
∫
B0(0)

|φ̂(ξ )|2χp(aξ ) dξ

=
∫
B0(0)

χp(aξ ) dξ =
∫

Qp

�(|ξ |p)χp(aξ ) dξ = �(|a|p) = δa0.

So, to construct a MRA we can take a function φ for which the hypotheses
of Theorems 8.7.4 and (8.7.4) are fulfilled. Next we are going to describe all
such functions.

Proposition 8.7.5. If φ ∈ L2(Qp) is a solution of refinement equation (8.7.1),
φ̂(ξ ) is continuous at the point 0 and φ̂(0) �= 0, then

φ̂(ξ ) = φ̂(0)
∞∏
j=1

m0

( ξ

ps−j
)
. (8.7.6)

Proof. Iterating (8.7.2) N times, N ≥ 1, we have

φ̂(ξ ) =
N∏

j=1

m0

( ξ

ps−j
)
φ̂(pNξ ). (8.7.7)

Taking into account that φ̂(ξ ) is continuous at the point 0 and the fact that
|pNξ |p = p−N |ξ |p → 0 as N →+∞ for any ξ ∈ Qp, we obtain (8.7.6).

Proposition 8.7.6. If φ̂ is defined by (8.7.6), where m0 is a trigonometric
polynomial (8.7.3), m0(0) = 1, then (8.7.2) holds. Furthermore, if ξ ∈ Qp such
that |ξ |p = p−n, then φ̂(ξ ) = φ̂(0) for n ≥ s − 1, and

φ̂(ξ ) = φ̂(0)
s−n−1∏
j=1

m0

( ξ

ps−j
)
= φ̂(0)

s−n−1∏
j=1

m0

( ξ̃

ps−j
)
= φ̂(ξ̃ ) (8.7.8)

where ξ̃ = ξnp
n + ξn+1p

n+1 + · · · + ξs−2p
s−2, ξn �= 0, for n ≤ s − 2.

Proof. Relation (8.7.6) implies φ̂(pξ ) = φ̂(0)
∏∞

j=1 m0
(

ξ

ps−j−1

)
and, conse-

quently, (8.7.2). Let n ≤ s − 2, |ξ |p = p−n, i.e., ξ = ξnp
n + ξn+1p

n+1 + · · · ,
ξn �= 0. Since χp

(
kξ ′
ps−j

) = 1 whenever ξ ′ ∈ B−s+1(0), j ∈ N, k = 0, . . . , ps −
1, and χp

(
kξ

ps−j
) = 1 whenever j ≥ s − n, we have (8.7.8). It is clear that

φ̂(ξ ) = φ̂(0) for n ≥ s − 1.
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Corollary 8.7.7. The function φ̂ from Proposition 8.7.6 is locally constant.
Moreover, ifM ≥ −s + 2, supp φ̂ ⊂ BM (0), then for all k = 0, . . . , pM+s−1 −
1 and for all x ∈ Bs−1

(
k
pM

)
we have φ̂(x) = φ̂

(
k
pM

)
.

Proposition 8.7.8. Let φ̂ be defined by (8.7.6), where m0 is a trigonometric
polynomial (8.7.3). If m0(0) = 1, m0

(
k
ps

) = 0 for all k = 1, . . . , ps − 1 which

are not divisible by p, then supp φ̂ ⊂ B0(0), φ̂ ∈ L2(Qp). If, furthermore,∣∣m0
(

k
ps

)∣∣ = 1 for all k = 1, . . . , ps − 1 which are divisible by p, then |φ̂(x)| =
|φ̂(0)| for any x ∈ B0(0).

Proof. By Proposition 8.7.6, φ̂ satisfies (8.7.2) and (8.7.8). Let us check that
φ̂(ξ ) = 0 for all ξ such that |ξ |p = pM , M ≥ 1. It follows from (8.7.2) that
it suffices to consider only M = 1. Let |ξ |p = p, i.e., ξ = 1

p
ξ−1 + ξ0 + ξ1p +

· · · + ξs−2p
s−2 + ξ ′, where ξ−1 �= 0, ξ ′ ∈ B−s+1(0). In view of (8.7.8), we have

φ̂(ξ ) = φ̂(ξ̃ ) = φ̂
(
k
p

)
, where k = ξ−1 + ξ0p + ξ1p

2 + · · · + ξs−2p
s−1, ξ−1 �=

0. Note that the first factor of the product in (8.7.8) is m0
(

k
ps

) = 0. Thus

φ̂(ξ ) = 0 for all ξ such that |ξ |p = p. The rest of the statements follow from
Propositions 8.7.5, 8.7.6.

From Theorems 8.7.1–8.7.4, the refinable functions with masks satisfying
the hypotheses of Proposition 8.7.8 generate MRAs. Next, we will see that
all properties of a mask m0 described in Proposition 8.7.8 are necessary for
the corresponding refinable function φ to be such that supp φ̂ ⊂ B0(0) and the
system {φ(x − a) : a ∈ Ip} is orthonormal.

Theorem 8.7.9. Let φ̂ be defined by (8.7.6), where m0 is a trigonometric
polynomial (8.7.3). If supp φ̂ ⊂ B0(0) and the system {φ(x − a) : a ∈ Ip}
is orthonormal, then

∣∣m0
(

k
ps

)∣∣ = 0 whenever k is not divisible by p, and∣∣m0
(

k
ps

)∣∣ = 1 whenever k is divisible by p, k = 1, . . . , ps − 1.

Proof. Let a ∈ Ip. Due to the orthonormality of {φ(x − a) : a ∈ Ip}, using the
Plancherel formula and Corollary 8.7.7, we have

δa0 =
(
φ(·), φ(· − a)

) = ∫
Qp

φ(x)φ(x − a) dx

=
∫
B0(0)

|φ̂(ξ )|2χp(aξ ) dξ =
ps−1−1∑
k=0

∫
|ξ−k|p≤p−s+1

|φ̂(ξ )|2χp(aξ ) dξ
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=
ps−1−1∑
k=0

|φ̂(k)|2
∫
|ξ−k|p≤p−s+1

χp(aξ ) dξ

=
ps−1−1∑
k=0

|φ̂(k)|2χp(ak)
∫

|ξ |p≤p−s+1

χp(aξ ) dξ

= 1

ps−1
�(|ps−1a|p)

ps−1−1∑
k=0

|φ̂(k)|2χp(ak).

Since �(|ps−1a|p) �= 0 for all a ∈ B−s+1(0), this yields

1

ps−1

ps−1−1∑
k=0

|φ̂(k)|2χp(ak) = δa0, a = 0,
1

ps−1
, . . . ,

ps−1 − 1

ps−1
.

Consider these equalities as a linear system with respect to the unknowns
zk = |φ̂(k)|2. It is easy to verify that this system has a unique solution zk = 1,
k = 0, . . . , ps−1 − 1, i.e., |φ̂(k)| = 1 for all k = 0, . . . , ps−1 − 1. In particular,
it follows that |φ̂(0)|2 = 1, which reduces (8.7.6) to

φ̂(ξ ) = m0

( ξ

ps−1

)
m0

( ξ

ps−2

)
· · ·m0

(
ξ

)
. (8.7.9)

Let us check that
∣∣m0

(
k
ps

)∣∣ = 1 for all k divisible byp, k = 1, . . . , ps−1 − 1.

This is equivalent to
∣∣m0

(
k
pN

)∣∣ = 1 whenever N = 1, . . . , ps−1, k =
1, . . . , pN − 1, k not divisible by p. We will prove this statement by induction
on N . For the inductive base with N = 1, note that 1 = |φ̂(ps−2)| = |m0( 1

p
)|.

For the inductive step, assume that
∣∣m0

(
k
pn

)∣∣ = 1 for all n = 1, . . . , N ,
N ≤ s − 2, k = 1, . . . , pn − 1, k not divisible by p. Using (8.7.9) and 1-
periodicity of m0, we have

1 =
∣∣∣φ̂(

lps−N−2
)∣∣∣ = ∣∣∣m0

( l

pN+1

)
m0

( l

pN

)
· · ·m0

( l

pN−s+2

)∣∣∣
=

∣∣∣m0

( l

pN+1

)∣∣∣,
for all l = 1, . . . , pN+1 − 1, l not divisible by p. Now assume that m0

(
k
ps

) �= 0

for some k = 1, . . . , ps − 1 not divisible by p. Since φ̂( k
p

) = 0, from (8.7.9),

there exists n = 1, . . . , s such that m0
(

k
ps−n

) = 0, which contradicts to the

assumption
∣∣m0

(
k

ps−n
)∣∣ = 1.

We have investigated the refinable functions whose Fourier transforms
are supported in the unit disk B0(0). Such functions provide axiom (a)
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of Definition 8.1 because of a trivial argument given in Theorem 8.7.1. If
supp φ̂ �⊂ B0(0), generally speaking, the relation φ(· − a) ∈ V1 does not fol-
low from the refinability of φ for all a ∈ Ip because Ip is not a group. Never-
theless, we observed that some of such refinable functions also satisfy axiom
(a).

Let p = 2, s = 3, φ be defined by (8.7.6), where m0 is given by (8.7.3),
m0(1/4) = m0(3/8) = m0(7/16) = m0(15/16) = 0. It is not difficult to see
that supp φ̂ ⊂ B1(0), supp φ̂ �⊂ B0(0). Evidently, axiom (a) will be fulfilled
whenever

φ
(
x − k

4

)
=

7∑
r=0

γkrφ
(1

2
x − r

8

)
, x ∈ Q2, k = 1, 2, 3,

which is equivalent to

φ̂(ξ )χ2

(kξ

4

)
= mk

(ξ

4

)
φ̂(2ξ ), ξ ∈ Q2, k = 1, 2, 3,

where mk(ξ ) = 1
2

7∑
r=0

γk,rχ2(rξ ). Combining this with (8.7.2) we have

φ̂(8ξ )(m0(ξ )χ2(kξ ))−mk(ξ )) = 0, ξ ∈ Q2, k = 1, 2, 3,

These equalities will be fulfilled for any ξ ∈ Q2 whenever they are fulfilled
for ξ = l/16, l = 0, . . . , 15. The desired polynomials mk , k = 1, 2, 3, exist
because we have

φ̂
(1

2

)
= φ̂

(3

2

)
= φ̂

(5

2

)
= φ̂

(9

2

)
= φ̂

(11

2

)
= φ̂

(13

2

)
= φ̂(1) = φ̂(5) = 0.

So we have succeeded in proving axiom (a) of Definition 8.1, but, unfortunately,
φ is not a scaling function generating MRA because axiom (e) is not valid.
Moreover, it is possible to show that for any refinable function whose Fourier
transform is in B1(0) but not in B0(0) the shift system {φ(x − a) : a ∈ Ip} is
not orthogonal.

Evidently, any function φ ∈ D(Qp) is pM -periodic for some M ∈ Z. Let us
denote by DM;N (Qp) the set of all pM -periodic functions supported in BN (0).
Now we summarize the above results.

Theorem 8.7.10. Let φ̂ be defined by (8.7.6):

φ̂(ξ ) = φ̂(0)
∞∏
j=1

m0

( ξ

pN−j
)
, φ̂(0) = 1,
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where m0 is a trigonometric polynomial (8.7.3):

m0(ξ ) = 1

p

pN+1−1∑
k=0

βkχp(kξ ), m0(0) = 1.

If m0
(

k
pN+1

) = 0 for all k = 1, . . . , pN+1 − 1 not divisible by p, then φ ∈ D0;N .

If, furthermore,
∣∣m0

(
k

pN+1

)∣∣ = 1 for all k = 1, . . . , pN+1 − 1 divisible by p,

then {φ(x − a) : a ∈ Ip} is an orthonormal system. Conversely, if supp φ̂ ⊂
B0(0) and the system {φ(x − a) : a ∈ Ip} is orthonormal, then

∣∣m0
(

k
pN+1

)∣∣ = 0

whenever k is not divisible by p,
∣∣m0

(
k

pN+1

)∣∣ = 1 whenever k is divisible by p,

k = 1, 2, . . . , pN+1 − 1, and |φ̂(x)| = 1 for any x ∈ B0(0).

8.7.2. Refinable functions and wavelet bases

If we already have a p-adic MRA generating by some scaling function, then
we can find wavelet functions. Let the refinement equation for φ be (8.7.1). We
will search wavelet functions ψ (ν), ν = 1, . . . , p − 1, in the form

ψ (ν)(x) =
ps−1∑
k=0

γνkφ
( 1

p
x − k

ps

)
, (8.7.10)

where the coefficients γνk are chosen such that

(ψ (ν), φ(· − a)) = 0, (ψ (ν), ψ (µ)(· − a)) = δνµδ0a, (8.7.11)

ν, µ = 1, . . . , p − 1, for any a ∈ Ip. It is clear that (8.7.11) is fulfilled for all

a �= 0, 1
ps−1 , . . . ,

ps−1−1
ps−1 . Let

S =



0 0 . . . 0 0 1
1 0 . . . 0 0 0
0 1 . . . 0 0 0
. . . . . . . . . . . . . . . . . . .

0 0 . . . 1 0 0
0 0 . . . 0 1 0


be a ps × ps matrix, B = 1√

p
(β0, . . . , βps−1)T , Gν = 1√

p
(γν 0, . . . , γν ps−1)T ,

where βr and γν r are coefficients in (8.7.1) and (8.7.10), respectively, r =
0, 1 . . . , ps − 1, ν = 1, . . . , p − 1,
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To provide (8.7.11) for a = 0, 1
ps−1 , . . . ,

ps−1−1
ps−1 we should find vectors

G1, . . . ,Gp−1 so that the ps × ps matrix

U = (
S0B, S1B, . . . , Sps−1−1B, S0G1, S

1G1, . . . , S
ps−1−1G1, . . . ,

. . . , S0Gp−1, S
1Gp−1, . . . , S

ps−1−1Gp−1
)

is unitary.

Example 8.7.1. Let s = 1. According to Proposition 8.7.8, set m0(0) = 1,
m0

(
k
p

) = 0 for all odd k = 1, . . . , p − 1. Such a mask is

m0(ξ ) = 1

p

p−1∑
k=0

χp(kξ )

(here βk = 1 in (8.7.3) andB = 1√
p

(1, . . . , 1)T ). The corresponding refinement
equation (8.7.1) coincides with the “natural” refinement equation (8.1.5), and
its solution �

(| · |p)
is a refinable function generating an MRA because of

Theorems 8.7.1–8.7.4.
To find wavelets we observe that the unitary matrix{

1√
p
e

2πikl
p

}
k,l=0,...,p−1

may be taken as UT . Computing the wavelet functions corresponding to this
matrixU , we derive the formulas (8.1.4) which were found by Kozyrev in [163]:
ψ (ν)(x) = χp

(
ν
p
x

)
�

(|x|p)
, ν = 1, . . . , p − 1.

Fundamental results in p-adic wavelet theory were obtained in [4]–[6].
In [5], a theorem which gives a description of all test functions generating MRA
was proved. It turned out that the class of the orthogonal scaling functions is
essentially smaller.

Theorem 8.7.11. ([5]) If φ is an orthogonal scaling test function for some MRA
such that φ̂(0) �= 0, then supp φ̂ ⊂ B0(0).

So, the support of the Fourier transform of each orthogonal scaling test
function is contained in B0(0), which is equivalent to its 1-periodicity. A com-
plete description of all such functions was given above in Section 8.7.1 (see
Theorem 8.7.10).

Thus, we have proved that there exist infinitely many different orthogonal
scaling test functions. In contrast to the real setting, it turns out that all these
functions generate the same MRA.
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Theorem 8.7.12. ([5]) There exists a unique MRA generated by an orthogonal
scaling test function. This MRA coincides with the Haar MRA (described by
Theorem 8.4.1) which is generated by the scaling function φ = �(| · |p) (which
is a solution of a “natural” refinement equation (8.1.5)).

Thus in Sections 8.5 and 8.6 above all p-adic compactly supported wavelet
Haar bases were constructed.

8.8. p-adic separable multidimensional MRA

Here we describe multidimensional wavelet bases constructed by means of
a tensor product of one-dimensional MRAs. This standard approach for the
construction of multivariate wavelets was suggested by Y. Meyer [187] (see,
e.g., [192, §2.1]).

Let {V (ν)
j }j∈Z , ν = 1, . . . , n, be one-dimensional MRAs (see Section 8.3.1).

We introduce subspaces Vj , j ∈ Z, of L2(Qn
p) by

Vj =
n⊗

ν=1

V
(ν)
j = span{F = f1 ⊗ · · · ⊗ fn, fν ∈ V

(ν)
j }. (8.8.1)

Let φ(ν) be a refinable function of νth MRA {V (ν)
j }j . Set

� = φ(1) ⊗ · · · ⊗ φ(n). (8.8.2)

Since the system {φ(ν)(· − a)}aν∈Ip is an orthonormal basis for V
(ν)

0

(axiom (e) of Definition 8.1) for any ν = 1, . . . , n, it is clear that

V0 = span{�(· − a) : a = (a1, . . . , an) ∈ In
p },

where I n
p = Ip × · · · × Ip is the direct product of n sets Ip, and the system

�(· − a), a ∈ I n
p , is an orthonormal basis for V0. It follows from (8.8.1) and

axiom (d) of Definition 8.1 that f ∈ V0 if and only if f (p−j ·) ∈ Vj for all
j ∈ Z. Since axiom (a) from Definition 8.1 holds for any one-dimensional
MRA {V (ν)

j }j , it is easy to see that �(p−j · −a) ∈ Vj+1 for any a ∈ I n
p . Thus,

Vj ⊂ Vj+1. It is not difficult to check that the axioms of completeness and
separability for the spaces Vj hold. Thus we have the following statement.

Theorem 8.8.1. Let {V (ν)
j }j∈Z, ν = 1, . . . , n, be KMAs in L2(Qp). Then the

subspaces Vj of L2(Qn
p) defined by (8.8.1) satisfy the following properties:

(a) Vj ⊂ Vj+1 for all j ∈ Z;
(b) ∪j∈ZVj is dense in L2(Qn

p);
(c) ∩j∈ZVj = {0};
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(d) f (·) ∈ Vj ⇐⇒ f (p−1·) ∈ Vj+1 for all j ∈ Z;
(e) the system {�(x − a), a ∈ In

p }, is an orthonormal basis for V0, where
� ∈ V0 is defined by (8.8.2).

Similarly to Definition 8.1, the collection of spacesVj , j ∈ Z, which satisfies
conditions (a)–(e) of Theorem 8.8.1 is called a multiresolution analysis in
L2(Qn

p), and the function � from axiom (e) is called refinable. It is clear that a
multidimensional refinable function can be constructed by formula (8.8.2).

Next, we set

Vj = span{�(p−j · −a) : a = (a1, . . . , an) ∈ In
p }, j ∈ Z, (8.8.3)

and following the standard scheme (see, for example, [192, §2.1]), we define
the wavelet spaces Wj as the orthogonal complement of Vj in Vj+1, i.e.,

Wj = Vj+1 � Vj , j ∈ Z.

Consequently,

Vj+1 =
n⊗

ν=1

V
(ν)
j+1 =

n⊗
ν=1

(
V

(ν)
j ⊕W

(ν)
j

)
= Vj ⊕

⊕
e⊂{1,...,n}, e �=∅

( ⊗
ν∈e

W
(ν)
j

)( ⊗
µ �∈e

V
(µ)
j

)
.

So, the space Wj is a direct sum of 2n − 1 subspaces Wj,e, e ⊂ {1, . . . , n},
e �= ∅. Let ψ (ν) be a wavelet function, i.e. a function whose shifts (with respect
to a ∈ Ip) form an orthonormal basis for W (ν)

0 . It is clear that the shifts (with
respect to a ∈ I n

p ) of the function

�e =
( ⊗

ν∈e
ψ (ν)

)( ⊗
µ �∈e

φ(µ)
)
, e ⊂ {1, . . . , n}, e �= ∅, (8.8.4)

form an orthonormal basis for W0,e. So, we have

L2(Qn
p) =

⊕
j∈Z

Wj =
⊕
j∈Z

( ⊕
e⊂{1,...,n}, e �=∅

Wj,e

)
,

and the functions p−nj/2�e(pj · +a), e ⊂ {1, . . . , n}, e �= ∅, j ∈ Z, a ∈ In
p ,

form an orthonormal basis for L2(Qn
p).
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8.9. Multidimensional p-adic Haar wavelet bases

8.9.1. Description of multidimensional 2-adic Haar MRA

Let us apply the above construction taking the 2-adic Haar MRA as νth one-
dimensional multiresolution analysis {V (ν)

j }j∈Z, ν = 1, . . . , n.
To construct multivariate wavelet functions (8.8.4), we choose ψ (0) as a

wavelet function for each one-dimensional MRA. Thus we have the following
2n − 1 multidimensional wavelet functions

�
(0)
{1,...,n}(x) = ψ (0)(x1)ψ (0)(x2) · · ·ψ (0)(xn−1)ψ (0)(xn),

�
(0)
{1,...,n−1}(x) = ψ (0)(x1)ψ (0)(x2) · · ·ψ (0)(xn−1)φ(xn),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�
(0)
{2,...,n}(x) = φ(x1)ψ (0)(x2) · · ·ψ (0)(xn−1)ψ (0)(xn),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�
(0)
{1}(x) = ψ (0)(x1)φ(x2) · · ·φ(xn−1)φ(xn),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�
(0)
{n}(x) = φ(x1)φ(x2) · · ·φ(xn−1)ψ (0)(xn).

According to (8.8.2), in this case the multidimensional refinable function is
�(x) = �(|x|2), x ∈ Qn

2.
Let e ⊂ {1, . . . , n}, e �= ∅. Denote by ke =

(
(ke)1, . . . , (ke)n

)
the vector

whose coordinates are given by

(ke)ν =
{

1, ν ∈ e,

0, ν �∈ e,
ν = 1, . . . , n.

Since φ(xν) = �
(|xν |2)

and ψ (0)(xν) = χ2(2−1xν)�(|xν |2), xν ∈ Q2, ν =
1, 2, . . . , n, (see (8.1.6) and (8.4.7)), it follows from (1.10.2) and (8.1.6) that
the wavelet function �(0)

e can be rewritten as

�(0)
e (x) = χ2

(
2−1ke · x

)
�

(|x|2)
, x = (x1, . . . , xn) ∈ Qn

2. (8.9.1)

According to the above consideration, we have the following statement.

Theorem 8.9.1. The system of functions

�
(0)
e;ja(x) = 2−nj/2�(0)

e (2j x − a)

= 2−nj/2χ2
(
2−1ke · (2j x − a)

)
�

(|2j x − a|2
)
, x ∈ Qn

2, (8.9.2)

e ⊂ {1, . . . , n}, e �= ∅, j ∈ Z, a ∈ In
2 , is an orthonormal basis for L2(Qn

2).
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Now we construct multidimensional wavelet bases using different one-
dimensional Haar wavelet bases (see Section 8.5.1). Namely, we apply the
construction of Section 8.8 taking again the Haar MRA as νth one-dimensional
multiresolution analysis {V (ν)

j }j∈Z, ν = 1, . . . , n, and choosing wavelet func-
tions ψ (sν ) for construction of multivariate wavelet functions (8.8.4).

Let s = (s1, . . . , sn), where sν ∈ N0, ν = 1, 2, . . . , n. We have the following
2n − 1 wavelet functions:

�
(s)
{1,...,n}(x) = ψ (s1)(x1)ψ (s2)(x2) · · ·ψ (sn−1)(xn−1)ψ (sn)(xn),

�
(s)
{1,...,n−1}(x) = ψ (s1)(x1)ψ (s2)(x2) · · ·ψ (sn−1)(xn−1)φ(xn),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�
(s)
{2,...,n}(x) = φ(x1)ψ (s2)(x2) · · ·ψ (sn−1)(xn−1)ψ (sn)(xn),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�
(s)
{1}(x) = ψ (s1)(x1)φ(x2) · · ·φ(xn−1)φ(xn),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�
(s)
{n}(x) = φ(x1)φ(x2) · · ·φ(xn−1)ψ (sn)(xn).

Set α1
r = αr , where αr is given by (8.5.5), r = 0, 1, . . . , 2s − 1, and α0

0 = 1,
α0

1 = · · ·α0
2s−1 = 0. Since φ(xν) = �

(|xν |2)
, xν ∈ Q2, and ψ (sν ) is given by

(8.5.4), (8.5.5), ν = 1, 2, . . . , n, from (1.10.2), the wavelet functions �(s)
e can

be rewritten as

�(s)
e (x) =

2s1−1∑
r1=0

· · ·
2sn−1∑
rn=0

α(ke)1
r1

· · ·α(ke)n
rn

×�(0)
e

(
x −

( r1

2s1
(ke)1, . . . ,

rn

2sn
(ke)n

))
, (8.9.3)

x ∈ Qn
2, where �(0)

e is defined by (8.9.1), e ⊂ {1, . . . , n}, e �= ∅.
According to the above consideration, we have the following theorem.

Theorem 8.9.2. The system of functions

�
(s)
e;ja(x) =

2s1−1∑
r1=0

· · ·
2sn−1∑
rn=0

α(ke)1
r1

· · ·α(ke)n
rn

×�(0)
e

(
2j x − a −

( r1

2s1
(ke)1, . . . ,

rn

2sn
(ke)n

))
, (8.9.4)

x ∈ Qn
2 , e ⊂ {1, . . . , n}, e �= ∅, j ∈ Z, a ∈ I n

2 , forms an orthonormal basis for
L2(Qn

2).

Since
∫

Qn
2
�

(s)
e;ja(x) d2x = 0, from (7.3.3), we have �

(s)
e;ja ∈ �(Qn

2).
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8.9.2. One multidimensional p-adic Haar basis

Now we construct the n-dimensional wavelet basis generated by the one-
dimensional Kozyrev wavelet basis (8.1.3). As above, we construct pn − 1
wavelet functions:

θk1 (x1)θk2 (x2) · · · θkn−1 (xn−1)θkn(xn),
θk1 (x1)θk2 (x2) · · · θkn−1 (xn−1)φ(xn),
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

φ(x1)θk2 (x2) · · · θkn−1 (xn−1)θkn(xn),
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

θk1 (x1)φ(x2) · · ·φ(xn−1)φ(xn),
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

φ(x1)φ(x2) · · ·φ(xn−1)θkn(xn),

(8.9.5)

where θkr is given by (8.1.4) and is expressed in terms of the refinable
function φ(x) = �

(|x|p)
by (8.4.3); xk ∈ Qp; kr ∈ Jp = {1, 2, . . . , p − 1},

r = 1, 2, . . . , n. Let

J n
p 0 = {(k1, . . . , kn) :

kr = 0, 1, 2, . . . , p − 1; r = 1, 2, . . . , n; k1 + · · · + kn �= 0}. (8.9.6)

In view of (1.10.2) and (8.1.4), the functions in (8.9.5) can be rewritten as

�k(x) = χp

(
p−1k · x)

�
(|x|p)

, x = (x1, . . . , xn) ∈ Qn
p, (8.9.7)

where k = (k1, . . . , kn) ∈ J n
p 0.

According to the general scheme from Section 8.8, (8.9.7) is generating
wavelet functions. Nevertheless, we prove this statement directly.

Theorem 8.9.3. All dilations and shifts of the wavelet function (8.9.7) form an
orthonormal (p-adic Haar wavelet basis) in L2(Qn

p):

�k; ja(x) = p−nj/2χp

(
p−1k · (pjx − a)

)
�

(|pjx − a|p
)
, (8.9.8)

where x ∈ Qn
p, k = (k1, . . . , kn) ∈ J n

p 0, j ∈ Z, a ∈ In
p .

Proof. The statement follows from the standard MRA scheme in Section 8.8
(see also, for example, [192, §2.1]). Nevertheless, we prove this statement
directly.

According to [163] (or a particular case of Theorem 8.10.1), the wavelet
functions (8.1.3) form an orthonormal basis in L2(Qp), i.e.,(

θkr ; jar (xr ), θk′r ; j ′a′r (xr )
) = δkrk′r δj ′j δara′r .
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Moreover, it is easy to calculate that

(
θkr ; jar (xr ), φ(pjxr − a′r )

) = ∫
Qp

p−j/2χp

(
p−1kr (p

jxr − ar )
)

×�
(|pjxr − ar |p

)
�

(|pjxr − a′r |p
)
dxr = 0,

r = 1, . . . , n. Thus the system of the functions (8.9.8) is orthonormal.
To prove the completeness of the system of functions (8.10.3), we repeat

the corresponding proof [163] almost word for word. Since the system of the
characteristic functions of the balls Bn

k (0) is complete in L2(Qn
p), it is sufficient

to verify the Parseval identity for the characteristic function �(|x|p).
According to Theorem 8.10.1 (see also [163]), we have

(
�(|xr |p), θkr ;jak (xr )

) = {
p−j/2, a = 0, j ≥ 1,
0, otherwise,

r = 1, . . . , n.

Using this relation, we can calculate

∑
j∈Z,k∈J n

p 0,a∈I np

∣∣(�(|x|p),�k; ja(x)
)∣∣2 =

∑
k∈J n

p 0

∞∑
j=1

p−nj

= (
(p − 1)n + Cn−1

n (p − 1)n−1 + · · · + (p − 1)
) p−n

1− p−n
= 1

= ∣∣(�(|x|p),�(|x|p)
∣∣2
, x ∈ Qn

p,

where Cr
n are binomial coefficients.

Thus the system of functions (8.9.8) is an orthonormal basis in L2(Qn
p).

8.9.3. Multidimensional p-adic Haar wavelet bases

Now, using the scheme of Section 8.8, we construct multidimensional wavelet
bases using the different one-dimensional Haar wavelet bases which were
described in Section 8.6. Namely, taking the Haar MRA as νth one-dimensional
multiresolution analysis {V (ν)

j }j∈Z, ν = 1, . . . , n, and choosing arbitrary sets of
wavelet functions {ψµν

: µν = 1, 2, . . . , p − 1}, ν = 1, 2, . . . , n (which were
described by Theorem 8.6.1), we construct the multivariate wavelet functions
(8.8.4).
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First we construct the pn − 1 wavelet functions:

�
(µ)
{1,...,n}(x) = ψµ1 (x1)ψµ2 (x2) · · ·ψµn−1 (xn−1)ψµn

(xn),

�
(µ)
{1,...,n−1}(x) = ψµ1 (x1)ψµ2 (x2) · · ·ψµn−1 (xn−1)φ(xn),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�
(µ)
{2,...,n}(x) = φ(x1)ψµ2 (x2) · · ·ψµn−1 (xn−1)ψµn

(xn),
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�
(µ)
{1} (x) = ψµ1 (x1)φ(x2) · · ·φ(xn−1)φ(xn),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�
(µ)
{n} (x) = φ(x1)φ(x2) · · ·φ(xn−1)ψµn

(xn),

(8.9.9)

where µ = (µ1, . . . , µn), x ∈ Qn
p, and any set of one-dimensional wavelet

functions {ψµν
(xν) : µν = 1, 2, . . . , p − 1; xν ∈ Qp} is given by (8.6.2) and

(8.6.3), ν = 1, 2, . . . , n. Just as above we denote the wavelet functions (8.9.9)
by

� (µ)
e (x), e ⊂ {1, . . . , n}, e �= ∅, µ = (µ1, . . . , µn). (8.9.10)

According to (8.8.2), here a multidimensional refinable function is

�(x) = �(|x|p), x ∈ Qn
p. (8.9.11)

According to the above general consideration, we have the following
statement.

Theorem 8.9.4. All dilations and shifts of the wavelet functions (8.9.10) form
an orthonormal complete (p-adic Haar wavelet basis) in L2(Qn

p):

p−nj/2�(µ)
e

(
pjx − a

)
, x ∈ Qn

p, (8.9.12)

where e ⊂ {1, . . . , n}, e �= ∅, µ = (µ1, . . . , µn), µν = 1, 2, . . . , p − 1, ν =
1, 2, . . . , n; j ∈ Z; a ∈ In

p .

8.10. One non-Haar wavelet basis in L2(Qp)

Let

Jp;m = {s = p−m
(
s0 + s1p + · · · + sm−1p

m−1
)

:

sj = 0, 1, . . . , p − 1; j = 0, 1, . . . , m− 1; s0 �= 0}, (8.10.1)

where m ≥ 1 is a fixed positive integer.
Let us introduce the set of (p − 1)pm−1 functions

θ (m)
s (x) = χp(sx)�

(|x|p)
, s ∈ Jp;m, x ∈ Qp, (8.10.2)
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and the family of functions generated by their dilations and translations:

θ
(m)
s; ja(x) = p−j/2χp

(
s(pjx − a)

)
�

(|pjx − a|p
)
, x ∈ Qp, (8.10.3)

where s ∈ Jp;m, j ∈ Z, a ∈ Ip, and �(t) is the characteristic function (4.2.2)
of the segment [0, 1].

Theorem 8.10.1. The functions (8.10.3) form an orthonormal p-adic wavelet
basis in L2(Qp).

Proof. Consider the scalar product (see Section 3.3)(
θ

(m)
s ′; j ′a′(x), θ (m)

s; ja(x)
) = p−(j+j ′)/2

∫
Qp

χp

(
s ′(pj ′x − a′)− s(pγ x − a)

)
×�

(|pjx − a|p
)
�

(|pj ′x − a′|p
)
dx. (8.10.4)

If j ≤ j ′, according to formula (4.7.4)

�
(|pjx − a|p

)
�

(|pj ′x − a′|p
) = �

(|pjx − a|p
)
�

(|pj ′−j a − a′|p
)
,

(8.10.5)

(8.10.4) can be rewritten as(
θ

(m)
s ′; j ′a′ (x), θ (m)

s; ja(x)
)

= p−(j+j ′)/2�
(|pj ′−j a − a′|p

)
×

∫
Qp

χp

(
s ′(pj ′x − a′)− s(pjx − a)

)
�

(|pjx − a|p
)
dx.

(8.10.6)

Let j < j ′. Making the change of variables ξ = pjx − a and taking into
account (4.8.10), from (8.10.6) we obtain(
θ

(m)
s ′; j ′a′(x), θ (m)

s; ja(x)
) = p−(j+j ′)/2χp

(
s ′(pj ′−j a − a′)

)
×�

(|pj ′−j a − a′|p
)∫

Qp

χp

(
(pj ′−j s ′ − s)ξ

)
�

(|ξ |p)
dξ

= p−(j+j ′)/2χp

(
s ′(pj ′−j a − a′)

)
×�

(|pj ′−j a − a′|p
)
�

(|pj ′−j s ′ − s|p
)
. (8.10.7)

Since

pj ′−j s ′ = pj ′−j−m(
s ′0 + s ′1p + · · · + s ′j−1p

m−1
)
,

s = p−m
(
s0 + s1p + · · · + sj−1p

m−1
)
,

where s ′0, s0 �= 0, j ′ − j ≤ 1, it is clear that for the fractional part we have
{pj ′−j s ′ − s}p �= 0. Thus�

(|pj ′−j s ′ − s|p
) = 0 and

(
θ

(m)
s ′; j ′a′ (x), θ (m)

s; ja(x)
) = 0.
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Consequently, the scalar product
(
θ

(m)
s ′; j ′a′ (x), θ (m)

s; ja(x)
) = 0 can be nonzero

only if j = j ′. In this case (8.10.7) implies

(
θ

(m)
s ′; ja′(x), θ (m)

s; ja(x)
) = p−jχp

(
s ′(a − a′)

)
�

(|a − a′|p
)
�

(|s ′ − s|p
)
,

(8.10.8)

where �
(|a − a′|p

) = δa′a , �
(|s ′ − s|p

) = δs ′s , and δs ′s , δa′a are the Kronecker
symbols.

Since in view of (3.3.1) we have
∫

Qp
�

(|pjx − a|p
)
dx = pj , formulas

(8.10.7) and (8.10.8) imply that

(
θ

(m)
s ′; j ′a′ (x), θ (m)

s; ja(x)
) = δs ′sδj ′j δa′a. (8.10.9)

Thus the system of functions (8.10.3) is orthonormal.
To prove the completeness of the system of functions (8.10.3), we repeat the

corresponding proof [163] almost word for word. Recall that the system of the
characteristic functions of the balls Bk(0) is complete in L2(Qp). Consequently,
taking into account that the system of functions {θ (m)

s; ja(x) : s ∈ Jp;m; j ∈ Z, a ∈
Ip} is invariant under dilations and translations, in order to prove that it is a com-
plete system, it is sufficient to verify the Parseval identity for the characteristic
function �(|x|p).

If 0 ≤ j , according to (8.10.5) and (4.8.10),

(
�(|x|p), θ (m)

s; ja(x)
) = p−j/2�

(| − a|p
) ∫

Qp

χp

(
s(pjx − a)

)
�

(|x|p)
dx

= p−j/2χp

(− sa
)
�

(|spj |p
)
�

(| − a|p
)

=


0, a �= 0,
0, a = 0, j ≤ m− 1,
p−j/2, a = 0, j ≥ m.

(8.10.10)

If 0 > j , according to (8.10.5) and (4.8.10),

(
�(|x|p), θ (m)

s; ja(x)
)= p−j/2�

(|p−j a|p) ∫
Qp

χp

(
s(pjx − a)

)
�

(|pjx − a|p
)
dx

= pj/2�
(|p−j a|p) ∫

Qp

χp

(
sξ

)
�

(|ξ |p)
dξ

= pj/2�
(|p−j a|p)

�
(|s|p) = 0. (8.10.11)
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Thus,

∑
s∈Jp;m;j∈Z,a∈Ip

∣∣(�(|x|p), θ (m)
s; ja(x)

)∣∣2 =
∞∑

j=m

∑
s∈Jp;m

p−j

= pm−1(p − 1)
p−m

1− p−1
= 1 = ∣∣(�(|x|p),�(|x|p)

∣∣2
.

Thus the system of functions (8.10.3) is an orthonormal basis in L2(Qp).
Since elements of basis (8.10.3) can be obtained by dilatations and trans-

lations of the set of (p − 1)pm−1 functions (8.10.2), it is the p-adic wavelet
basis.

Theorem 8.10.2. The wavelet basis (8.10.3) is non-Haar type for m ≥ 2.

Proof. Taking into account the decomposition formula (1.8.5), we represent
the Kozyrev wavelet function (8.1.4) as

θk(x) = χp(p−1kx)�
(|x|p)

=


0, |x|p ≥ p,

e
2πik kr

p
k
, x ∈ B−1(r), r = 1, . . . , p − 1,

1, x ∈ B−1.

Thus the wavelet function θk(x) takes values in the set {e2πi kr
p : r =

0, 1, . . . , p − 1} of p elements on the balls B−1(r), r = 0, 1, . . . , p − 1,
k = 1, 2, . . . , p − 1. The above formula is an analog of representation of
the Kozyrev wavelet function θk(x) in terms of the Haar refinable function
φ(x) = �

(|x|p)
by formula (8.4.5). Thus the wavelet basis (8.10.3) is the basis

of the Haar type.
In contrast to the Kozyrev basis (8.10.3), the wavelet bases (8.10.3) for

m ≥ 2 are of a non-Haar type. Indeed, in the same way we consider the
wavelet function θ (m)

s (x) = χp(sx)�
(|x|p)

, s ∈ Jp;m. Let

B0(0) = ∪cB−m(c) ∪ B−m(0)

be the canonical covering (1.8.4) of the ball B0(0) with pm balls
B−m(0) and B−m(c), where c = crp

r + cr+1p
r+1 + · · · + cm−1p

m−1, r =
0, 1, 2, . . . , m− 1, 0 ≤ cj ≤ p − 1, cr �= 0; m ≥ 1.

For x ∈ B−m(c), s ∈ Jp;m, we have x = c + pm
(
y0 + y1p + y2p

2 + · · · ),
s = p−m

(
s0 + s1p + · · · + sm−1p

m−1
)
, s0 �= 0; sx = sc + ξ , ξ ∈ Zp; and

{sx}p = {sc}p = {pr−m(
cr + cr+1p + · · · + cm−1p

m−r−1
)(
s0 + s1p + · · · +
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sm−1p
m−1

)}p, r = 0, 1, 2, . . . , m− 1 (see (1.6.4)). Thus,

θ (m)
s (x) = χp(sx)�

(|x|p)
=


0, |x|p ≥ p,

e2πisa, x ∈ B−m(c), c = ∑m−1
l=r clp

l,

1, x ∈ B−m(0),
(8.10.12)

where 0 ≤ cj ≤ p − 1, j = r, . . . , m− 1, cr �= 0, r = 0, 1, . . . , m− 1;
s = p−m

(
s0 + s1p + · · · + sm−1p

m−1
)
, 0 ≤ sj ≤ p − 1, j = 0, 1, . . . , m−

1, s0 �= 0. Thus the wavelet function θ (m)
s (x) takes values in

the set {e2πi{sc}p : c = ∑m−1
l=r clp

l, 0 ≤ cj ≤ p − 1, j = r, . . . , m− 1, cr �=
0, r = 0, 1, . . . , m− 1} of pm elements on the balls B−m(b).

According to (8.10.12), the wavelet function (8.10.2) is represented in terms
of the characteristic function of the unit ballφ(x) = �

(|x|p)
(which is a solution

of the Haar refinement equation (8.1.5)), i.e., in the form

θ (m)
s (x) = χp(sx)�

(|x|p) = ∑
c

hcφ
( 1

pm
x − c

pm

)
, (8.10.13)

x ∈ Qp, where h0 = 1, hc = e2πisa , c = crp
r + cr+1p

r+1 + · · · + cm−1p
m−1,

r = 0, 1, . . . , m− 1, 0 ≤ cj ≤ p − 1, cr �= 0.
According to formulas (8.10.12) and (8.10.13), the wavelet function (8.10.2)

cannot be represented in terms of the Haar refinable function φ(x) = �
(|x|p)

(which is a solution of the Haar refinement equation (8.1.5)), i.e., in the form

θ (m)
s (x) =

∑
a∈Ip

βaφ(p−1x − a), βa ∈ C.

Thus the system of (8.10.3) is an orthonormal non-Haar wavelet basis for
m ≥ 2.

Remark 8.4. 1. In the case m = 1, i.e., for s = p−1k, k = 1, 2, . . . , p − 1, the
functions (8.10.2) coincide with the Kozyrev wavelet functions (8.1.4), and the
wavelet basis (8.10.3) coincides with the Kozyrev wavelet basis (8.1.3):

θ
(1)
s; ja(x) ≡ θk; ja(x) = p−j/2χp

(
p−1k(pjx − a)

)
�

(|pjx − a|p
)
, x ∈ Qp,

k = 1, 2, . . . , p − 1; j ∈ Z, a ∈ Ip.
2. The non-Haar wavelet basis (8.10.3) can be constructed by the approach

developed by J. J. Benedetto and R. L. Benedetto [50]. In their nota-
tion [50], H⊥ is the ball B0, and A∗1 : Qp → Qp is multiplication by p−1, and
W = (A∗1)m−1H⊥ = Bm−1. In addition, the “choice coset of representatives”
D in [50] is the set (8.3.1) of shifts Ip, and the set Jp;m given by (8.10.1) is
precisely the set D ∩ (

(A∗1W ) \W )
that appears in equation [50, (4.1)]. The set
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Jp;m consists of N = pm − pm−1 elements, where N is the number of wavelet
generators.

The algorithm of [50] starts with N sets �s,0 and N local translation func-
tions Ts , one for each s ∈ Jp;m. In order to construct the wavelets (8.10.3) by
using the algorithm of [50], we set

�s,0 = B0
(
p−m(s1p + · · · + sm−1p

m−1)
)

= p−m(s1p + · · · + sm−1p
m−1)+ B0 ⊂ Bm−1,

i.e., we remove the term s0 and add the set B0 = H⊥. We also define

Ts : Bm−1 → Bm \ Bm−1 by Ts(w) = w + s0p
−m,

so that Ts maps �s,0 to B0(s) by translation. It is easy to verify that this fits the
requirements of [50]: each �s,0 is (τ,D)-congruent to H⊥ = B0, the union of
all such sets contains a neighborhood of 0, each Ts has the form required by
formula [50, (4.1)], and for each s �= s ′ in Jp;m, one of the two compatibility
conditions [50, (4.2) or (4.3)] holds. Thus, by using the algorithm of [50], we
can produce the wavelets (8.10.3).

Moreover, according to (8.12.6), any wavelet θ (m)
s is the Fourier trans-

form of the characteristic function of each ball B0(s), s ∈ Jp;m. We recall
that the algorithm of [50] only allows the construction of wavelet functions
whose Fourier transforms are the characteristic functions of some sets (see
[50, Proposition 5.1.]).

Making the change of variables ξ = pjx − a and taking (4.8.10) into
account, we obtain∫

Qp

θ
(m)
s; ja(x) dx = pj/2

∫
Qp

χp

(
sξ

)
�

(|ξ |p)
dξ = pj/2�

(|s|p) = 0, (8.10.14)

i.e., according to Lemma 7.3.3, the wavelet functions θ
(m)
s; ja(x) belong to the

Lizorkin space �(Qp).

Corollary 8.10.3. The functions

θ̃
(m)
s; ja(ξ ) = F [θ (m)

s; ja](ξ ) = pj/2χp

(
p−j a · ξ)

�
(|s + p−j ξ |p

)
, ξ ∈ Qp,

form an orthonormal basis in L2(Qp), j ∈ Z, a ∈ Ip, s ∈ Jp;m; m ≥ 1 is a
fixed positive integer.

The proof follows from Theorem 8.10.1, formula (8.12.5) (see below) and
the Parseval–Steklov formula (5.3.5).
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8.11. One infinite family of non-Haar wavelet bases in L2(Qp)

Now, using the proof scheme of Theorem 8.5.1, we construct infinitely many
different non-Haar wavelet bases, which are distinct from the basis (8.10.3).

In what follows, we shall write the p-adic number a = p−γ
(
a0 + a1p +

· · · + aγ−1p
γ−1

) ∈ Ip, aj = 0, 1, . . . , p − 1, j = 0, 1, . . . , γ − 1, in the form
a = r

pγ , where r = a0 + a1p + · · · + aγ−1p
γ−1.

Since the p-adic norm is non-Archimedean, it is easy to see that the wavelet
functions (8.10.2) have the following property:

θ (m)
s (x ± 1) = χp(±s)θ (m)

s (x), s ∈ Jp;m. (8.11.1)

Theorem 8.11.1. For every ν = 0, 1, 2, . . . the functions

ψ (m), ν
s (x) =

pν−1∑
k=0

αs;kθ
(m)
s

(
x − k

pν

)
, s ∈ Jp;m, (8.11.2)

are wavelet functions if and only if

αs;k = p−ν
pν−1∑
r=0

γs;re
−2iπ −s+r

pν
k
, (8.11.3)

where wavelet functions θ (m)
s are given by (8.10.3), γs;k ∈ C is an arbitrary

constant such that |γs;k| = 1, k = 0, 1, . . . , pν − 1, s ∈ Jp;m.

Proof. Let ψ (m), ν
s (x) be defined by (8.11.2), s ∈ Jp;m. According to Theo-

rem 8.10.1, {θ (m)
s (· − a), s ∈ Jp;m, a ∈ Ip} is an orthonormal system. Hence,

taking (8.11.1) into account, we see thatψ (m),ν
s is orthogonal toψ (m),ν

s (x)(· − a)
whenever a ∈ Ip, a �= k

pν , k = 0, 1, . . . pν − 1; s, s ′ ∈ Jp;m (ν = 1, 2, . . . ).

Thus the system {ψ (m), ν
s (x − a), s ∈ Jp;m, a ∈ Ip} is orthonormal if and only

if the system consisting of the functions

ψ (m), ν
s

(
x − r

pν

)
= χp(−s)αs;pν−rθ (m)

s (x)+ χp(−s)αs;pν−r+1θ
(m)
s

(
x − 1

pν

)
+ · · · + χp(−s)αs;pν−1θ

(m)
s

(
x − r − 1

pν

)
+αs;0θ

(m)
s

(
x − r

pν

)
+ αs;1θ

(m)
s

(
x − r + 1

pν

)
+ · · · + αs;pν−1−r θ (m)

s

(
x − pν − 1

pν

)
, (8.11.4)
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r = 0, . . . , pν − 1, s ∈ Jp;m, is orthonormal. Set

�0
s =

(
θ (m)
s , θ (m)

s

(
· − 1

pν

)
, . . . , θ (m)

s

(
· − pν − 1

pν

))T

,

�ν
s =

(
ψ (m), ν

s , ψ (m), ν
s

(
· − 1

pν

)
, . . . , ψ (m), ν

s

(
· − pν − 1

pν

))T

,

where T is the transposition operation. By (8.11.4), we have�ν
s = Ds�

0
s , where

Ds =



αs;0 αs;1 . . . αs;pν−2 αs;pν−1

χp(−s)αs;pν−1 αs;0 . . . αs;pν−3 αs;pν−2

χp(−s)αs;pν−2 χp(−s)αs;pν−1 . . . αs;pν−4 αs;pν−3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

χp(−s)αs;2 χp(−s)αs;3 . . . αs;0 αs;1

χp(−s)αs;1 χp(−s)αs;2 . . . χp(−s)αs;pν−1 αs;0


,

(8.11.5)

and s ∈ Jp;m. Due to orthonormality of {ψ (m), ν
s (x)(· − a), s ∈ Jp;m, a ∈ Ip},

the coordinates of �ν
s form an orthonormal system if and only if the matrices

Ds are unitary, s ∈ Jp;m.
Let us = (αs;0, αs;1, . . . , αs;pν−1)T be a vector and let

As =



0 0 . . . 0 0 χp(−s)
1 0 . . . 0 0 0
0 1 . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . . . . . .

0 0 . . . 1 0 0
0 0 . . . 0 1 0


be a pν × pν matrix, s ∈ Jp;m. It is not difficult to see that

Ar
suν =

(
χp(−s)αs;pν−r , χp(−s)αs;pν−r+1, . . . , χp(−s)αs;pν−1,

αs;0, αs;1, . . . , αs;pν−r−1
)T

,

where r = 0, 1, . . . , ps − 1, s ∈ Jp;m. Thus we have

Ds =
(
us, Asus, . . . , A

pν−1
s us

)T
.

Consequently, to describe all unitary matrices Ds , we should find all vec-
tors us = (αs;0, αs;1, . . . , αs;pν−1)T such that the system of vectors {Ar

sus, r =
0, . . . , pν − 1} is orthonormal, s ∈ Jp;m. We already have such a vector
u0 = (1, 0, . . . , 0, 0)T because the matrix

D0 =
(
u0, Au0, . . . , A

pν−1u0
)T

is the identity matrix.
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Now we prove that the system {Ar
sus, r = 0, . . . , pν − 1} is orthonor-

mal if and only if us = Bsu0, where Bs is a unitary matrix such that
AsBs = BsAs , s ∈ Jp;m. Indeed, if us = Bsu0, Bs is a unitary matrix such that
AsBs = BsAs , then Ar

sus = BsA
r
su0, r = 0, 1, . . . , pν − 1, s ∈ Jp;m. Since the

system {Ar
su0, r = 0, 1, . . . , pν − 1} is orthonormal and the matrix Bs is uni-

tary, the vectors Ar
sus , r = 0, 1, . . . , pν − 1, are also orthonormal, s ∈ Jp;m.

Conversely, if the system Ar
sus , r = 0, 1, . . . , pν − 1, is orthonormal, taking

into account that {Ar
su0, r = 0, 1, . . . , pν − 1} is also an orthonormal system,

we conclude that there exists a unitary matrix Bs such that Ar
sus = Bs(Ar

su0),
r = 0, 1, . . . , pν − 1. Since A

pν

s us = χp(−s)us and A
pν

s u0 = χp(−s)u0, we
obtain additionally A

pν

s us = BsA
pν

s u0. It follows from the above relations
that (AsBs − BsAs)(Ar

su0) = 0, r = 0, 1, . . . , pν − 1. Since the vectors Ar
su0,

r = 0, 1, . . . , pν − 1, form a basis in the pν-dimensional space, we conclude
that AsBs = BsAs , s ∈ Jp;m.

Thus all required unitary matrixes (8.11.5) are given by

Ds =
(
Bsu0, BsAνu0, . . . , BsA

pν−1
s u0

)T
,

where u0 = (1, 0, . . . , 0, 0)T andBs is a unitary matrix such thatAsBs = BsAs ,
s ∈ Jp;m. It remains to describe all such matrices Bs .

It is easy to see that the eigenvalues of As and the corresponding normalized
eigenvectors are respectively

λs;r = e
2iπ −s+r

pν (8.11.6)

and

vs;r =
(
(vs;r )0, . . . , (vs;r )pν−1

)T
,

where

(vs;r )l = p−ν/2e
−2iπ −s+r

pν
l
, l = 0, 1, 2, . . . , pν − 1, (8.11.7)

r = 0, 1, . . . , pν − 1, s ∈ Jp;m. Hence the matrix As can be represented as
As = CsÃsC

−1
s , where

Ãs =


λ0 0 . . . 0
0 λ1 . . . 0
...

...
. . .

...
0 0 . . . λpν−1


is a diagonal matrix, and Cs =

(
vs;0, . . . , vs;pν−1

)
is a unitary matrix. It follows

that the matrix Bs = CsB̃sC
−1
s is unitary if and only if B̃s is unitary. On

the other hand, AsBs = BsAs if and only if ÃsB̃s = B̃sÃs . Moreover, since
according to (8.11.6) λs;k �= λs;l whenever k �= l, all unitary matrices B̃s such
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that ÃsB̃s = B̃sÃs are given by

B̃s =


γs;0 0 . . . 0
0 γs;1 . . . 0
...

...
. . .

...
0 0 . . . γs;pν−1

 ,

where γs;k ∈ C, |γs;k| = 1, k = 0, 1, . . . , pν − 1, s ∈ Jp;m. Hence all uni-
tary matrices Bs such that AsBs = BsAs are given by Bs = CB̃sC

−1
s . Using

(8.11.7), we can calculate

αs;k = (Bsu0)k = (CsB̃sC
−1
s u0)k

=
pν−1∑
r=0

γs;r (vs;r )k(vs;r )0 = p−ν
pν−1∑
r=0

γν;re
−2iπ −s+r

pν
k
,

where γs;k ∈ C, |γs;k| = 1, k = 0, 1, . . . , pν − 1,, s ∈ Jp;m.
It remains to prove that

{p−j/2ψ (m), ν
s (pjx − a), s ∈ Jp;m, x ∈ Qp : j ∈ Z, a ∈ Ip} (8.11.8)

is a basis for L2(Qp) whenever ψ (m), ν
s is defined by (8.11.2) and (8.11.3). Since

according to Theorem 8.10.1,

{p−j/2θ (m)
s (pjx − a), s ∈ Jp;m, x ∈ Qp : j ∈ Z, a ∈ Ip}

is a basis for L2(Qp), it suffices to check that any basis function
p−j/2θ (m)

s (pjx − c), c ∈ Ip, can be decomposed with respect to the func-
tions p−j/2ψ (m), ν

s (pjx − a), a ∈ Ip; where s ∈ Jp;m, j ∈ Z. Any c ∈ Ip,
c �= 0, can be represented in the form c = r

pν + b, where r = 0, 1, . . . , pν − 1,

|b|p ≥ pν+1, bpν ∈ Ip. Taking into account that �0
s = D−1

s �ν
s , i.e.,

θ (m)
s

(
pjx − r

pν

)
=

pν−1∑
k=0

β
(r)
s;kψ

(m), ν
s

(
pjx − k

pν

)
, r = 0, 1, . . . , pν − 1,

we have

θ (m)
s

(
pjx − c

)
= θ (m)

s

(
pjx − r

pν
− b

)
=

pν−1∑
k=0

β
(r)
s;kψ

(m), ν
s

(
pjx − k

pν
− b

)
,

and k
pν + b ∈ Ip, k = 0, 1, . . . , pν − 1 (ν = 1, 2, . . . ). Consequently, any

function f ∈ L2(Qp) can be decomposed with respect to the system of
functions (8.11.8).

Thus, we have constructed an infinite family of non-Haar wavelet bases
given by formulas (8.11.8), (8.11.2) and (8.11.3).
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Remark 8.5. According to (8.11.8), (8.11.2), (8.11.3), (8.12.6) and (4.9.4),
(4.8.10),

F [ψ (m), ν
s (x − a)](ξ )

= χp(aξ )�
(|ξ + s|p

) pν−1∑
k=0

αs;kχp

( k

pν
ξ

)

= χp(aξ )�
(|ξ + s|p

)
p−ν

pν−1∑
r=0

γs;r

pν−1∑
k=0

e
2iπ ξ+s−r

pν
k
, s ∈ Jp;m, a ∈ Ip,

where γs;r ∈ C, |γs;r | = 1; r = 0, 1, . . . , pν − 1. Thus the right-hand side of the
last relation is not equal to zero only if ξ = −s + η, η = η0 + η1p + · · · ∈ Zp,
i.e., ξ ∈ B0(−s). Hence, for ξ ∈ B0(−s) we have

F [ψ (m), ν
s (x − a)](ξ ) = χp(a(−s + η))p−ν

pν−1∑
r=0

γs;r

pν−1∑
k=0

e
2iπ η̃−r

pν
k
,

where η̃ = η0 + η1p + · · · ην−1p
ν−1. From Proposition 1.8.9, the ball B0(−s)

is represented by the sum of pν disjoint balls B−ν(−s + η̃). If ξ ∈ B−ν(−s + η̃)
then ξ = −s + η̃ + pνη̃0, η̃0 ∈ Zp. Thus, on any ball B−ν(−s + η̃) we have

F [ψ (m), ν
s (x − a)](ξ ) = χp(a(−s + η))

(
γs ;̃η + p−ν

pν−1∑
r=0
r �=η̃

γs;r

pν−1∑
k=0

e
2iπ η̃−r

pν
k

)

= χp(a(−s + η))

(
γs ;̃η + p−ν

pν−1∑
r=0
r �=η̃

γs;r

pν−1∑
k=0

1− e2iπ (̃η−r)

1− e
2iπ η̃−r

pν

)
= χp(a(−s + η))γs ;̃η, η̃ = η0 + η1p + · · · ην−1p

ν−1,

(8.11.9)

where s ∈ Jp;m, a ∈ Ip.
Let us recall that according to [50, Proposition 5.1.], only the functions

whose Fourier transforms are the characteristic functions of some sets may
be wavelet functions obtained by Benedettos’ method. It is easy to see if in
(8.11.9)

γs ;̃η = 1 ∀ η̃ = η0 + η1p + · · · ην−1p
ν−1, (8.11.10)

where ηj = 0, 1, . . . , p − 1, j = 0, 1, . . . , ν − 1, then for a = 0 the right-
hand side of (8.11.9) is a characteristic function of the ball B0(−s). Conse-
quently, in this case the wavelet basis generated by wavelet functions ψ (m), ν

s ,
s ∈ Jp;m, can be obtained by Benedettos’ method [50]. If (8.11.10) does not
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hold, the right-hand side of (8.11.9) is not a characteristic function of any set
for all shifts a ∈ Ip. Consequently, in this case the wavelet basis generated
by wavelet functions ψ (m), ν

s , s ∈ Jp;m, cannot be constructed by the method
of [50].

8.12. Multidimensional non-Haar p-adic wavelets

Since the one-dimensional wavelets (8.10.3) cannot be generated by standard
p-adic MRA (see Section 8.3.1 above), we cannot construct the n-dimensional
wavelet basis as the tensor products of the one-dimensional MRAs (see
Section 8.8). In this case we introduce n-dimensional non-Haar wavelet func-
tions as then-direct product of the one-dimensional non-Haar wavelets (8.10.3):

�
(m)×
s; ja (x) = p−|j |/2θ

(m)×
s1; j1a1

(x1) · · · θ (m)×
sn; jnan (xn)

= p−|j |/2χp

(
s · (p̂j x − a)

)
�

(|p̂j x − a|p
)
, x ∈ Qn

p, (8.12.1)

where

p̂j x
def= (pj1x1, . . . , p

jnxn), x = (x1, . . . , xn) ∈ Qn
p, (8.12.2)

is a multi-dilatation, j = (j1, . . . , jn) ∈ Zn, |j | = j1 + · · · + jn; a =
(a1, . . . , an) ∈ I n

p ; s = (s1, . . . , sn) ∈ J n
p;m; m = (m1, . . . , mn), ml ≥ 1 is a

fixed positive integer, l = 1, 2, . . . , n. Here In
p , J n

p;m are the n-direct products
of the corresponding sets (8.3.1) and (8.10.1).

In view of (1.10.2), Theorem 8.10.1 implies the following statement.

Theorem 8.12.1. The non-Haar wavelet functions (8.12.1) form an orthonor-
mal basis in L2(Qn

p).

Using (8.10.14) and (1.10.2), it is easy to verify that∫
Qn

p

�
(m)×
s; ja (x) dnx = 0, j ∈ Zn, a ∈ I n

p , s ∈ J n
p;m, (8.12.3)

i.e., from Lemma 7.3.3, the wavelet functions �(m)×
s; ja (x) belong to the Lizorkin

space �(Qn
p).

Corollary 8.12.2. The n-direct products of the one-dimensional Kozyrev
wavelets (8.1.4)

�×
k;ja(x) = p−|j |/2χp

(
p−1k · (p̂j x − a)

)
�

(|p̂j x − a|p
)
, x ∈ Qn

p, (8.12.4)

form the orthonormal basis in L2(Qn
p), k ∈ J n

p , j ∈ Zn, a ∈ In
p .

The proof follows from Theorem 8.12.1 if we set m = 1.
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Corollary 8.12.3. The functions

�̃
(m)×
s; ja (ξ ) = F [�(m)×

s; ja ](ξ )

= p|j |/2χp

(
p̂−j a · ξ)

�
(|s + p̂−j ξ |p

)
, ξ ∈ Qn

p, (8.12.5)

form an orthonormal basis in L2(Qn
p), j ∈ Zn; a ∈ I n

p ; s ∈ J n
p;m; m =

(m1, . . . , mn), ml ≥ 1 is a fixed positive integer, l = 1, 2, . . . , n.

Proof. Consider the function �(m)×
s (x) = χp(s · x)�(|x|p) generated by the

direct product of functions (8.10.2), x ∈ Qn
p, s = (s1, . . . , sn) ∈ J n

p;m, sk ∈
Jp;mk

, k = 1, 2, . . . , n. Using (1.10.2), (4.8.10) and (4.9.3), we have

F [�(m)×
s (x)](ξ ) = F

[ n∏
k=1

χp(xksk)�(|xk|p)
]
(ξ )

=
n∏

k=1

F
[
�(|xk|p)

]
(|ξk + sk|p)

=
n∏

k=1

�
(|ξk + sk|p

) = �
(|ξ + s|p

)
, ξ ∈ Qn

p. (8.12.6)

Here, from (1.10.2), �
(|ξ + s|p

) = �
(|ξ1 + s1|p

)× · · · ×�
(|ξn + sn|p

)
.

According to (8.10.1), |sk|p = pmk and �
(|ξk + sk|p

) �= 0 only if ξk = −sk +
ηk , where ηk ∈ Zp, sk ∈ Jp;mk

, k = 1, 2, . . . , n. This yields ξ = −s + η, where
η ∈ Zn

p, s ∈ J n
p;m, and from (1.10.1), |ξ |p = pmax{m1,...,mn}.

In view of formulas (8.12.1), (8.12.6) and (4.9.3), we have

F [�(m)×
s; ja (x)](ξ ) = p−|j |/2F [�(m)×

s (p̂j x − a)](ξ )

= p|j |/2χp

(
p̂−j a · ξ)

�
(|s + p̂−j ξ |p

)
,

i.e., (8.12.5).
Formula (8.12.5), the Parseval formula (5.3.5), and Theorem 8.12.1 imply

the statement.

Similarly, we can constructn-dimensional non-Haar wavelet bases generated
by the one-dimensional non-Haar wavelets (8.11.8) (as the n-direct product):

�
(m), ν×
s; ja (x) = p−|j |/2ψ (m1), ν

s1
(pj1x1 − a1) · · ·ψ (mn), ν

sn
(pjnxn − an), (8.12.7)

where x ∈ Qn
p, ψ

(mjk
), ν

sjk
is defined by (8.11.2) and (8.11.3), j = (j1, . . . , jn) ∈

Zn; |j | = j1 + · · · + jn; a = (a1, . . . , an) ∈ I n
p ; s = (s1, . . . , sn) ∈ J n

p;m; m =
(m1, . . . , mn),mk ≥ 1 is a fixed positive integer, k = 1, 2, . . . , n; ν = 1, 2, . . . .
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8.13. The p-adic Shannon–Kotelnikov theorem

It is well known that the classical Shannon–Kotelnikov sampling theorem per-
mits reconstructing a bandlimited function from its values on a set of equidistant
points on the real line R. The classical theorem is the following (see, for exam-
ple, [111, Ch.5.1]): Let f ∈ L2(R), and let F [f ](ξ ) = 0 for |ξ | > M . Then
f (t) can be reconstructed from its samples at the points tn = n

2M , n ∈ Z, by the
interpolation formula

f (t) =
∑
n∈Z

f (tn)
sin

(
2πM(t − tn)

)
2πM(t − tn)

, t ∈ R, (8.13.1)

where
{

sin
(

2πM(t−tn)
)

2πM(t−tn) : n ∈ Z
}

is the Shannon–Kotelnikov basis. But it is well

known that the above series reconstructing a signal converges rather slowly.
In this section we prove the multidimensional p-adic Shannon–Kotelnikov

theorem (Theorem 8.13.2). Unlike the standard version of this theorem (8.13.1),
in the p-adic case the series (8.13.3) reconstructing a signal has only one term
at any point x ∈ Qp. Due to this fact, the p-adic Shannon–Kotelnikov theorem
may give a better reconstruction of signals than its standard version.

Proposition 8.13.1. (See also [44].) A family of functions

p−jn/2χp(pja · ξ ), a ∈ I n
p , ξ ∈ Qn

p, (8.13.2)

form an orthonormal basis in L2(Bn
j (0)), where Ip is given by (8.3.1), and

Bn
j (0) is a ball in Qn

p of radius pj .

Proof. According to (4.8.10), for a, b ∈ I n
p we have∫

Bj

p−jn/2χp(pja · ξ )p−jn/2χp(−pjb · ξ ) dnξ = �(|a − b|p) = δa,b,

where δa,b is the Kronecker symbol (δa,b = 1 for a = b and δa,b = 0 for a �= b,
a, b ∈ I n

p ). To prove the completeness of the system of functions (8.13.2), we
repeat the corresponding parts of the proofs of Theorems 8.9.3 and 8.10.1.

Now we prove a p-adic version of Shannon–Kotelnikov theorem.

Theorem 8.13.2. Let f ∈ L2(Qn
p), and let suppF [f ] ⊂ Bn

j (0). Then f can be
reconstructed from its samples at the points xa = pja, a ∈ I n

p by the formula

f (x) =
∑
a∈I np

f (pja)�(|p−j x − a|p), x ∈ Qn
p, (8.13.3)
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where the series converges in Vj ⊂ L2(Qn
p) and the space Vj is defined by

(8.8.3) and (8.9.11). The family of functions

�a,−j (x) = pjn/2�
(|p−j x − a|p

)
, a ∈ I n

p , ξ ∈ Qn
p, (8.13.4)

constitute the orthonormal Shannon–Kotelnikov basis in the space Vj . For any
x ∈ Qn

p the series giving (8.13.3) contains only one term.

Proof. According to Theorem 4.9.3, F
[
L2(Bn

j )
]

is the space of locally constant
functions with a parameter of constancy≥ −j . Expanding F [f ] in the Fourier
series, we obtain

F [f ](ξ ) =
∑
a∈I np

cap
−jn/2χp(pja · ξ ), ξ ∈ Bn

j (0).

Moreover, according to the Parseval–Steklov theorem,∫ ∣∣F [f ](ξ )
∣∣2
dnξ =

∫ ∣∣f (x)
∣∣2
dnx =

∑
a∈I np

∣∣ca∣∣2
.

Since suppF [f ] ⊂ Bn
j (0), F [f ](ξ ) = ∑

a∈I np cap
−jn/2χp(pja · ξ )�j (ξ ),

where �j (ξ ) is the characteristic function of the ball Bn
j (0), and consequently,

f (x) =
∑
a∈I np

cap
−jn/2F−1

[
χp(pja · ξ )�j (ξ )

]
(x)

=
∑
a∈I np

cap
−jn/2

∫
Bn

j (0)
χp((pja − x)ξ ) dnξ.

According to (1.10.2), (4.9.3) and (4.8.10), the latter integral satisfies∫
Bn

j

χp

(
(pja − x)ξ

)
dnξ = pjn�(pj |pja − x|p) = pjn�(|p−j x − a|p).

Consequently,

f (x) =
∑
a∈I np

cap
jn/2�(|p−j x − a|p), (8.13.5)

where the equality holds in the sense ofL2(Qp). By the substitution of x = bpj ,
b ∈ I n

p , into equation (8.13.5), and taking into account that �(|b − a|p) = δa,b,
we find that f (bpj ) = cbp

jn/2. Thus (8.13.5) implies (8.13.3).
Using a one-dimensional refinable function φ(x) = �

(|x|p)
, x ∈ Qp, for

the p-adic Haar MRA (which satisfies the refinement equation (8.1.5)),
according to (8.8.2), we can construct a multidimensional refinable function
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�(x) = �
(|x|p)

, x ∈ Qn
p. Thus

�a,−j (x) = pjn/2�
(|p−j x − a|p

) = �(p−j x − a), a ∈ I n
p , ξ ∈ Qn

p.

Consequently, according to (8.8.3), F
[
L2(Bn

j )
] = Vj .

Since Vj = F
[
L2(Bn

j )
]
, in view of Proposition 8.13.1, the Shannon–

Kotelnikov basis (8.13.4) is an orthonormal basis in the space Vj ⊂ L2(Qn
p).

The series (8.13.5) converges to the function f (x) in L2(Qn
p). Next, taking

into account that �(|p−j x − a|p) �= 0 if and only if for the fractional part we
have {p−j x}p = a, we can see that for any point x ∈ Qn

p the series (8.13.5)
contains only one term.

Corollary 8.13.3. (i) A collection of spaces Vj = F
[
L2(Bn

j )
]

constitutes the
multidimensional p-adic Haar MRA.

(ii) f ∈ L2(Qn
p) ∩ Vj ⇐⇒ suppF [f ] ⊂ Bn

j (0), j ∈ Z.
(iii) For any f ∈ Vj a representation (8.13.3) holds, j ∈ Z.

For the real case an analog of Corollary 8.13.3 was proved in [192, Theo-
rem 1.4.1.].

Remark 8.6. In the real setting the function

φS(t) = sin(πt)

πx
, t ∈ R,

used in representation (8.13.1) is a refinable function of the Shannon–Kotelnikov
MRA. This MRA generates the corresponding system of wavelet functions
(see [192, Theorem 1.4.3.]). Since

F
[
φS

]
(ξ ) =

{
1, |ξ | ≤ π,

0, |ξ | > π,
= χ[−π,π](ξ ), ξ ∈ R,

and for the real case (8.1.1), (8.1.2) the Haar refinable function given by (8.1.8)
is φH (t) = χ[0,1](t), then the real Shannon–Kotelnikov MRA is, in a sense, an
“antipode” of the real Haar MRA. In contrast to this, in the p-adic setting,
according to Theorem 8.13.2 and Corollary 8.13.3, the Shannon–Kotelnikov
MRA coincides with the Haar MRA.

8.14. p-adic Lizorkin spaces and wavelets

Now we prove an analog of Lemma 4.3.1 for test functions from the Lizorkin
space �(Qn

p).
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Lemma 8.14.1. Any function φ ∈ �(Qn
p) can be represented in the form of a

finite sum

φ(x) =
∑

s∈J n
p;m,j∈Zn,a∈I np

cs; j,a�
(m)×
s; ja (x), x ∈ Qn

p, (8.14.1)

where cs; j,a are constants; and �
(m)×
s; ja (x) are elements of the non-Haar

wavelet basis (8.12.1); s = (s1, . . . , sn) ∈ J n
p;m; j = (j1, . . . , jn) ∈ Zn, |j | =

j1 + · · · + jn; a = (a1, . . . , an) ∈ I n
p ; m = (m1, . . . , mn), ml ≥ 1 is a fixed

positive integer, l = 1, 2, . . . , n.

Proof. Let us calculate the L2-scalar product
(
φ(x), �(m)×

s; ja (x)
)
. Taking into

account formula (8.12.5) and using the Parseval–Steklov theorem, we obtain

cs; j,a =
(
φ(x),�(m)×

s; ja (x)
) = (

F [φ](ξ ), F [�(m)×
s; ja ](ξ )

)
= (

ψ(ξ ), p|j |/2χp

(
p̂−j a · ξ)

�
(|s + p̂−j ξ |p

))
, (8.14.2)

where j ∈ Zn, a ∈ I n
p , s ∈ J n

p;m. Here according to Definition 7.2 and
Lemma 7.3.3, any function φ ∈ �(Qn

p) belongs to one of the spaces Dl
N (Qn

p)

and ψ = F−1[φ] ∈ �(Qn
p) ∩D−N−l (Qn

p), supp ψ ⊂ Bn
−l \ Bn

−N .
From (8.14.2) it is possible that cs; j,a �= 0 if p−N ≤ |ξ |p ≤ p−l and s +

p̂−j ξ = η ∈ Zn
p. Since ξ = p̂j (η − s), we have |ξ |p = max1≤k≤n(p−jk |sk|p)

and p−N ≤ |ξ |p ≤ p−l , where p ≤ |sk|p ≤ pmk , 1 ≤ k ≤ n. Thus there is a
finite quantity of indexes j = (j1, . . . , jn) ∈ Zn such that cs; j,a �= 0, and con-
sequently the sum (8.14.1) is finite with respect to j = (j1, . . . , jn) ∈ Zn.

Repeating the proof of Lemma 4.3.1 almost word for word, we observe that
the sum (8.14.1) is also finite with respect to a ∈ I n

p .
Thus equality (8.14.1) holds in the sense of L2(Qn

p). Consequently, this
equality holds in the usual sense.

It is clear that in Lemma 8.14.1 we can use one of the non-Haar wavelet
bases given by Theorem 8.11.1 and formulas (8.11.8), (8.11.2), (8.11.3) or their
multidimensional generalization (8.12.7), instead of the wavelet basis (8.12.1).

Repeating the proof of Lemma 8.14.1 almost word for word, we obtain the
corresponding assertion.

Lemma 8.14.2. Any function φ ∈ �(Qn
p) can be represented in the form of a

finite sum

φ(x) =
∑

k∈J n
p 0,j∈Z,a∈I np

ck; ja�k; ja(x), x ∈ Qn
p, (8.14.3)

where ck; ja are constants; �k; ja(x) are elements of the Haar wavelet basis
(8.9.8), k = (k1, . . . , kn) ∈ J n

p 0, j ∈ Z, a ∈ In
p .
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It is clear that in Lemma 8.14.2 we can use one of the Haar wavelet bases
given by Theorems 8.9.2 and 8.9.4, instead of the wavelet basis �k; ja(x).

Using standard results from the book [213] or repeating the reasoning
of [149]–[151] almost word for word, we obtain the following assertion.

Proposition 8.14.3. Any distribution f ∈ �′(Qn
p) can be realized in the form

of an infinite sum of the form

f (x) =
∑

s∈J n
p;m,j∈Zn,a∈I np

ds; j,a�
(m)×
s; ja (x), x ∈ Qn

p, (8.14.4)

where ds; j,a are constants; and �
(m)×
s; ja (x) are elements of the non-Haar

wavelet basis (8.12.1); s = (s1, . . . , sn) ∈ J n
p;m; j = (j1, . . . , jn) ∈ Zn, |j | =

j1 + · · · + jn; a = (a1, . . . , an) ∈ I n
p ; m = (m1, . . . , mn), ml ≥ 1 is a fixed

positive integer, l = 1, 2, . . . , n.

Here any distribution f ∈ �′(Qn
p) is associated with the representation

(8.14.4), where the coefficients

ds; j,a
def= 〈

f,�
(m)×
s; ja

〉
, s ∈ J n

p;m, j ∈ Zn, a ∈ I n
p . (8.14.5)

Conversely, taking into account Lemma 8.14.1 and orthonormality of the
wavelet basis (8.12.1), any infinite sum (8.14.4) is associated with the dis-
tribution f ∈ �′(Qn

p) whose action on a test function φ ∈ �(Qn
p) is defined as

〈f, φ〉 =
∑

s∈J n
p;m,j∈Zn,a∈I np

ds; j,acs; j,a, (8.14.6)

where the sum is finite.
It is clear that in Proposition 8.14.3 instead of the basis (8.10.3) or its mul-

tidimensional generalization (8.12.1), we can use the bases (8.11.8), (8.11.2),
(8.11.3) and their multidimensional generalizations (8.12.7), or the bases given
by Theorems 8.9.2, 8.9.4.

In the paper [25], assertions of the type of Lemma 8.14.1 and Proposi-
tion 8.14.3 were stated for ultrametric Lizorkin spaces.
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Pseudo-differential operators on the p-adic
Lizorkin spaces

9.1. Introduction

For the p-adic analysis related to complex-valued functions which are defined
on Qp, the operation of differentiation is not defined. As a result, a large number
of p-adic models use pseudo-differential equations instead of differential equa-
tions. Thus, pseudo-differential operators (in particular, fractional operators)
play an important role in p-adic mathematical physics.

The p-adic multidimensional fractional operator Dα was introduced by
Taibleson [229] (see also [230]) in the space of distributions D′(Qn

p). The
spectral theory of the one-dimensional version of this fractional operator
was developed by Vladimirov in [238], in particular, explicit formulas for
the eigenfunctions of this operator were constructed (see also [241]). The
concept of pseudo-differential operators over the field Qn

p was introduced by
Vladimirov [237]. In [237] (see also [241]) Valdimirov constructed the spec-
tral theory of the Schrödinger-type operator Dα + V (x), which was further
developed by Kochubei in [153] and [154]. Explicit results in the theory of
p-adic Schrödinger-type operators with point interactions were obtained by
S. Kuzhel and S. Torba [169] (see Chapter 11), who carried further the previous
investigations by Kochubei [157]. In [157] and [158], Kochubei studied pseudo-
differential operators with symbols of the formA(ξ ) = |f (ξ1, . . . , ξn)|αp,α > 0,
where f (ξ1, . . . , ξn) is a quadratic form such that f (ξ1, . . . , ξn) �= 0 when
|ξ1|p + · · · |ξn|p �= 0. In [256] and [257], Zuniga-Galindo considered pseudo-
differential operators with symbols of the formA(ξ ) = |f (ξ1, . . . , ξn)|αp,α > 0,
where f (ξ1, . . . , ξn) is a non-constant polynomial. Some classes of p-adic
pseudo-differential operators were studied by Kozyrev in [162], [164] and
[165]. Pseudo-differential operators on general ultrametric spaces were studied
by Kozyrev [162], and Khrennikov and Kozyrev [132].

173
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In this chapter we study p-adic pseudo-differential operators on the Lizorkin
spaces of distributions (these results are based on [21], [22], [142], [143], [144]
and [225]).

A basic motivation for using Lizorkin spaces rather than the Bruhat–
Schwartz space of distributions D′(Qn

p) is due to the fact that the latter space
is not invariant under the fractional operator. Indeed, since the functions |ξj |αp
and |ξj |αj

p F [ϕ](ξ ), ξ ∈ Qn, are not locally constant on Qn
p, in general, one has

D
αj

xj ϕ(x) = F−1[|ξj |αj

p F [ϕ](ξ )](x) �∈ D(Qn
p)

for ϕ ∈ D(Qn
p). Thus, the operation D

αj

xj f is well defined only for some distri-
butions f ∈ D′(Qn

p). For example, in general, D−1 is not defined in the space
of test functions D(Qp) [241, IX.2]. This fact restricts applications of fractional
operators looked upon as acting in D′(Qn

p). On the other hand, as we will see
below, the Lizorkin spaces of distributions introduced in Chapter 7 are invari-
ant under fractional operators, and, consequently, they constitute “natural”
definition domains for them.

In Section 9.2 two types of multidimensional fractional operators on the
Lizorkin spaces of distributions are constructed. In Section 9.2.1, we introduce
the Vladimirov multidimensional fractional operator Dα

× on the space �′×(Qn
p)

as the direct product of one-dimensional Vladimirov operators for all α ∈ Cn.
In Section 9.2.2, we define the Taibleson multidimensional fractional operator
Dα on the Lizorkin space of distributions �′(Qn

p) for all α ∈ C. The latter
operator was introduced by Taibleson [229, §2], [230, III.4.] on the space
D′(Qn

p) for α ∈ C, α �= −n. The Lizorkin space �×(Qn
p) is invariant under

the Vladimirov fractional operator (Lemma 9.2.2), while the Lizorkin space
�(Qn

p) is invariant under the Taibleson fractional operator (Lemma 9.2.5).
These fractional operators form abelian groups on the corresponding Lizorkin
spaces (see Theorems 9.2.3, 9.2.6). In Section 9.2.3, by analogy with the “R-
case” [210], [211], two types of p-adic Laplacians are discussed. Such types
of p-adic Laplacians were introduced in [114].

In Section 9.3, a class of pseudo-differential operators (9.3.1) on the Lizorkin
spaces is introduced. In particular, this class includes the Taibleson fractional
operator (9.2.22), the Kochubei operators [157], [158], and the Zuniga-Galindo
operators [256], [257], which were mentioned above. The Lizorkin spaces are
invariant under pseudo-differential operators (9.3.1). The family of pseudo-
differential operators (9.3.1) with symbols A(ξ ) �= 0, ξ ∈ Qn

p \ {0}, forms an
abelian group.

In Section 9.4, a spectral theory of pseudo-differential operators is
developed. We recall that in [241, IX.4] the spectral theory of p-adic
pseudo-differential operators was constructed and, in particular, a basis of
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eigenfunctions with compact support was found for the p-adic fractional oper-
ator (9.2.3). Another example of a basis of eigenfunctions for the fractional
operator (9.2.3) was constructed in [156]. Later, in [163], the wavelet basis
(8.1.3) was constructed whose elements are eigenfunctions of the fractional
operator (9.2.3):

Dαθk; ja(x) = pα(1−j )θk; ja(x), x ∈ Qp, α > 0, (9.1.1)

where k = 1, 2, . . . p − 1, j ∈ Z, a ∈ Ip. It is typical that the elements of
the wavelet bases are eigenfunctions of p-adic pseudo-differential operators.
It turned out that under a suitable condition the compactly supported p-adic
wavelets constructed in Chapter 8 are eigenfunctions of the p-adic pseudo-
differential operators (9.3.1). Thus p-adic wavelet analysis is closely connected
with the spectral analysis of pseudo-differential operators. In contrast to the
p-adic case, it is not typical for real pseudo-differential operators to have
compactly supported eigenfunctions.

In Section 9.4.1, we derive the criteria for the multidimensional p-adic
pseudo-differential operators (9.3.1) to have the wavelet functions (8.12.1),
(8.12.4), (8.9.2), (8.9.4), (8.9.8), (8.9.12) as eigenfunctions. We also calcu-
late the corresponding eigenvalues. In Section 9.4.2, we prove that all the
wavelets mentioned above are eigenfunctions of the Taibleson fractional oper-
ator (9.2.22). In Section 9.4.3, we show that the p-adic pseudo-differential
operators can have compactly supported eigenfunctions which are not wavelets.

Thep-adic pseudo-differential operators studied here are important for some
applications [115]–[117], [157], [241] as discussed in the Chapters 10, 12. In
particular, fractional operators in the standard “R-case”, as well as in the p-adic
case, are intensively used in mathematical physics [82], [83] [210], [211].

9.2. p-adic multidimensional fractional operators

9.2.1. The Vladimirov operator

Let us introduce a distribution from the space D′(Qp)

fα(z) = |z|α−1
p

�p(α)
, α �= 0, 1 α ∈ C, z ∈ Qp, (9.2.1)

called the Riesz kernel [241, VIII.2.], where |z|α−1
p is a homogeneous distribu-

tion of degree πα(z) = |z|α−1
p defined by (6.2.2), the �-function �p(α) being

given by (6.2.6). The distribution fα(z) is meromorphic on the whole complex
plane α, and it has simple poles at the points α = 0, 1. Following [241, VIII,
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(2.20)], we define f0(·) as a distribution from D′(Qp):

f0(z)
def= lim

α→0
fα(z) = δ(z), z ∈ Qp, (9.2.2)

where the limit is understood in the weak sense.
The one-dimensional fractional operator Dα

x : ϕ(x) → Dα
x ϕ(x) is defined

on D(Qp) as a convolution operator:(
Dα

x ϕ
)

(x) = f−α(x) ∗ ϕ(x), x ∈ Qp, Reα �= −1. (9.2.3)

The operator Dα
x is called the operator of (fractional) differentiation of order

α with respect to x, for Reα > 0; the operator of (fractional) integration of
order α with respect to x, for Reα < 0, Reα �= −1; for α = 0, D0

xϕ(x) =
δ(x) ∗ ϕ(x) = ϕ(x) is the identity operator.

For Reα > 0, the relation (9.2.3) can be rewritten equivalently (see [241,
IX, (1.1)]) as(

Dα
x ϕ

)
(x) = pα − 1

1− p−α−1

∫
Qp

ϕ(x)− ϕ(ξ )

|x − ξ |α+1
p

dξ

=
∫

Qp

|ξ |αpF [ϕ](ξ )χp(−ξx) dξ, x ∈ Qp. (9.2.4)

If Reα < 0, Reα �= −1, the relation (9.2.3) implies (see [241, IX, (1.3),
(1.4)]) that(

Dα
x ϕ

)
(x) = 1− pα

1− p−α−1

∫
Qp

|x − ξ |−αp ϕ(ξ ) dξ

=



∫
Qp

|ξ |αj

p F [ϕ](ξ )χp(−ξx) dξ, Reα > −1,

∫
Qp

|ξ |αp
(
F [ϕ](ξ )χp(−ξx)− F [ϕ](0)

)
dξ, Reα < −1.

(9.2.5)

Following [241, IX, (2.3)], we define f1(·) as a distribution from �′(Qp):

f1(z)
def= lim

α→1
fα(z) = −p − 1

logp
log |z|p, z ∈ Qp, (9.2.6)

where the limit is understood in the weak sense.
According to Definitions 6.1 and 6.2, if α �= 1 the Riesz kernel fα(z) is a

homogeneous distribution of degree α − 1, and if α = 1 then the Riesz kernel
is an associated homogeneous distribution of degree 0 and order 1.
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It is well known [241, VIII, (2.20), (3.8), (3.9)] that

fα(z) ∗ fβ(z) = fα+β (z), α, β, α + β �= 1, (9.2.7)

in the sense of the space D′(Qp). Formulas (9.2.7), (9.2.6) imply that

fα(z) ∗ fβ(z) = fα+β (z), α, β ∈ C, (9.2.8)

in the sense of distributions from �′(Qp).
Letα = (α1, . . . , αn) ∈ Cn,αj ∈ C, j = 1, 2, . . . , and |α| = α1 + · · · + αn.

We denote by

fα(x) = fα1 (x1)× · · · × fαn
(xn), (9.2.9)

the multi-Riesz kernel, where the one-dimensional Riesz kernel fαj
(xj ), j =

1, . . . , n, is defined by (9.2.1), (9.2.2) and (9.2.6).
If αj �= 1, j = 1, 2, . . . then the Riesz kernel

fα(x) = |x1|α1−1
p

�p(α1)
× · · · × |xn|

αn−1
p

�p(αn)

is a homogeneous distribution of degree |α| − n (see Definition 6.1(b)). If
α1 = · · · = αk = 1, αk+1, . . . , αn �= 1 then

fα(x) = (−1)k
(p − 1)k

logk p
log |x1|p × · · · × log |xk|p

× |xk+1|αk+1−1
p

�p(αk+1)
× · · · × |xn|

αn−1
p

�p(αn)
. (9.2.10)

Thus, if among all α1, . . . , αn there are k pieces which are equal to 1 and n− k

pieces which are different from 1 then the Riesz kernel fα(x) is an associated
homogeneous distribution of degree |α| − n and order k, k = 1, . . . , n (see
Definition 6.2(b)).

For example, if n = 2 and α1 = α2 = 1 then we have f(1,1)(x1, x2) =
(p−1)2

log2 p
log |x1|p log |x2|p, x = (x1, x2) ∈ Q2

p and

f(1,1)(tx1, tx2) = (p − 1)2

log2 p

(
log |x1|p log |x2|p

+ (log |x1|p + log |x2|p) log |t |p + log2 |t |p
)
, t ∈ Q∗

p.

Lemma 9.2.1. The family of Riesz kernels {fα(x) : α ∈ Cn} form an abelian
group with respect to convolution (in the sense of the space of distributions
�′×(Qn

p)) which is isomorphic to the additive group Cn:

fα(x) ∗ fβ(x) = fα+β (x), α, β ∈ Cn; x ∈ Qn
p. (9.2.11)
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The proof of this lemma follows immediately from (9.2.9), (9.2.8).
We define the multidimensional Vladimirov operator Dα

× on the Lizorkin
space �×(Qn

p) by the convolution(
Dα
×φ

)
(x)

def= f−α(x) ∗ φ(x)

= 〈f−α1 (x1)× · · · × f−αn
(xn), φ(x − ξ )〉, x ∈ Qn

p, (9.2.12)

where φ ∈ �×(Qn
p), α = (α1, . . . , αn) ∈ Cn. Here Dα

× = Dα1
x1
× · · · ×Dαn

xn
,

where D
αj

xj = f−αj
(xj )∗, j = 1, 2, . . . , n.

Lemma 9.2.2. The Lizorkin space of the first kind �×(Qn
p) is invariant under

the Vladimirov fractional operator Dα
×. Moreover,

Dα
×(�×(Qn

p)) = �×(Qn
p).

Proof. Taking into account the formula (6.2.8)

F [fαj
(xj )](ξ ) = |ξj |−αj

p , j = 1, . . . , n (9.2.13)

and formulas (9.2.12) and (4.9.8), we see that

F [Dα
×φ](ξ ) = |ξ1|α1

p × · · · × |ξn|αn

p F [φ](ξ ), φ ∈ �×(Qn
p).

Since according to Chapter 7, Section 7.3.1, F [φ](ξ ) ∈ �×(Qn
p) and |ξ1|α1

p ×
· · · × |ξn|αn

p F [φ](ξ ) ∈ �×(Qn
p) for any α = (α1, . . . , αn) ∈ Cn, then Dα

×φ ∈
�×(Qn

p), i.e., Dα
×(�×(Qn

p)) ⊂ �×(Qn
p). Moreover, any function from �×(Qn

p)
can be represented as ψ(ξ ) = |ξ1|α1

p × · · · × |ξn|αn
p ψ1(ξ ), ψ1 ∈ �×(Qn

p). This
implies that Dα

×(�×(Qn
p)) = �×(Qn

p).

In view of (9.2.13) and (4.9.8), formula (9.2.12) can be rewritten as(
Dα
×φ

)
(x) = F−1[|ξ1|α1

p × · · · × |ξn|αn

p F [φ](ξ )
]
(x), φ ∈ �×(Qn

p). (9.2.14)

The operatorDα
× = f−α(x)∗ is called the operator of fractional partial differ-

entiation of order |α|, for αj > 0, j = 1, . . . , n; the operator of fractional par-
tial integration of order |α|, for αj < 0, j = 1, . . . , n; for α1 = · · · = αn = 0,
D0
× = δ(x)∗ is the identity operator.
According to (9.2.12) and (4.7.1), for a distribution f ∈ �′×(Qn

p) we define
the Vladimirov fractional operator Dα

×f , α ∈ Cn by the relation

〈Dα
×f, φ〉

def= 〈f,Dα
×φ〉, ∀φ ∈ �×(Qn

p). (9.2.15)

It follows from (9.2.15) and Lemma 9.2.2 that

Dα
×(�′×(Qn

p)) = �′×(Qn
p).
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Theorem 9.2.3. The family of operators {Dα
× : α ∈ Cn} on the space of dis-

tributions �′×(Qn
p) forms an n-parametric abelian group: if f ∈ �′×(Qn

p) then

Dα
×D

β
×f=Dβ

×Dα
×f = D

α+β
× f,

Dα
×D

−α
× f=f, α, β ∈ Cn.

(9.2.16)

This assertion follows from formulas (9.2.11), (9.2.14) and (9.2.15), and
Lemma 9.2.2.

Example 9.2.1. If αj > 0, j = 1, 2, . . . then the fractional integration formula
for the delta function holds:

D−α
× δ(x) = |x1|α1−1

p

�p(α1)
× · · · × |xn|

αn−1
p

�p(αn)
.

9.2.2. The Taibleson operator

Let us introduce the distribution from D′(Qn
p)

κα(x) = |x|α−np

�
(n)
p (α)

, α �= 0, n, x ∈ Qn
p, (9.2.17)

called the multidimensional Riesz kernel [229, §2], [230, III.4.], where the
function |x|p, x ∈ Qn

p is given by (1.10.1). The Riesz kernel has a removable
singularity at α = 0 and according to [229, §2], [230, III.4.], [241, VIII.2], we
have

〈κα(x), ϕ(x)〉 = gα

�
(n)
p (α)

+ 1− p−n

(1− p−α)�(n)
p (α)

ϕ(0)

= gα
1− p−α

1− pα−n +
1− p−n

1− pα−n ϕ(0), ϕ ∈ D(Qn
p),

where gα is an entire function in α. Passing to the limit α → 0 in the above
relation, we obtain

〈κ0(x), ϕ(x)〉 def= lim
α→0
〈κα(x), ϕ(x)〉 = ϕ(0), ∀ϕ ∈ D(Qn

p).

Thus we define κ0(·) as a distribution from D′(Qn
p):

κ0(x)
def= lim

α→0
κα(x) = δ(x), x ∈ Qn

p. (9.2.18)
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Now, using (6.2.4) and (9.2.17), and taking into account (7.3.3), we define
κn(·) as a distribution from the Lizorkin space of distributions �′(Qn

p):

〈κn, φ〉 def= lim
α→n

〈κα, φ〉 = lim
α→n

∫
Qn

p

|x|α−np

�
(n)
p (α)

φ(x) dnx

= − lim
β→0

(
1− p−n−β

) ∫
Qn

p

|x|βp − 1

pβ − 1
φ(x) dnx

= −1− p−n

logp

∫
Qn

p

log |x|pφ(x) dnx, ∀φ ∈ �(Qn
p),

where |α − n| ≤ 1. The passage to the limit under the integral sign is justified
by the Lebesgue-dominated convergence Theorem 3.2.4. Thus,

κn(x)
def= lim

α→n
κα(x) = −1− p−n

logp
log |x|p, x ∈ Qn

p. (9.2.19)

Consequently, the Riesz kernel κα(x) is a well-defined distribution from the
Lizorkin space �′(Qn

p) for all α ∈ C.
According to Definitions 6.1(b) and 6.2(b), if α �= n then κα(x) is a homo-

geneous distribution of degree α − n, and if α = n then κα(x) is an associated
homogeneous distribution of degree 0 and order 1.

Lemma 9.2.4. The family of Riesz kernels {κα(x) : α ∈ C} forms an abelian
group with respect to a convolution (in the sense of the space of distributions
�′(Qn

p)) which is isomorphic to the additive group of complex numbers C:

κα(x) ∗ κβ(x) = κα+β (x), α, β ∈ C; x ∈ Qn
p. (9.2.20)

Proof. With the help of (6.2.11), (9.2.17) and (9.2.18), we obtain the formula
[229, (**)], [230, III, (4.6)], [241, VIII, (4.9), (4.10)]:

κα(x) ∗ κβ(x) = κα+β (x), α, β, α + β �= n, (9.2.21)

in the sense of the space D′(Qn
p). Taking into account formula (9.2.19), it is

easy to see that (9.2.20) folds in the sense of the Lizorkin space �′(Qn
p).

We define the multidimensional Taibleson operatorDα on the Lizorkin space
�(Qn

p) as the convolution:(
Dαφ

)
(x)

def= κ−α(x) ∗ φ(x) = 〈κ−α(x), φ(x − ξ )〉, x ∈ Qn
p, (9.2.22)

where φ ∈ �(Qn
p), α ∈ C.

Lemma 9.2.5. The Lizorkin space of the second kind �(Qn
p) is invariant under

the Taibleson fractional operator Dα and Dα(�(Qn
p)) = �(Qn

p).
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Proof. The proof of Lemma 9.2.5 is carried out in the same way as the proof
of Lemma 9.2.2. From formula (6.2.11), F [κα(x)](ξ ) = |ξ |−αp . Consequently,
using (4.9.8), we have

F [Dαφ](ξ ) = |ξ |αpF [φ](ξ ), φ ∈ �(Qn
p).

According to Chapter 7, Section 7.3.2,F [φ](ξ ), |ξ |αpF [φ](ξ ) ∈ �(Qn
p), α ∈ C,

and, consequently, Dαφ ∈ �(Qn
p). That is Dα(�(Qn

p)) ⊂ �(Qn
p). Since any

function from �(Qn
p) can be represented as ψ(ξ ) = |ξ |αpψ1(ξ ), ψ1 ∈ �(Qn

p),
we have Dα(�(Qn

p)) = �(Qn
p).

In view of (6.2.11) and (4.9.8), formula (9.2.22) can be represented in the
form (

Dαφ
)
(x) = F−1

[|ξ |αpF [φ](ξ )
]
(x), φ ∈ �(Qn

p). (9.2.23)

According to (9.2.22) and (4.7.1), for f ∈ �′(Qn
p) we define the distribution

Dαf by the relation

〈Dαf, φ〉 def= 〈f,Dαφ〉, ∀φ ∈ �(Qn
p). (9.2.24)

According to (9.2.24) and Lemma 9.2.5, we have

Dα(�′(Qn
p)) = �′(Qn

p).

Theorem 9.2.6. The family of operators {Dα : α ∈ C} on the space of dis-
tributions �′(Qn

p) forms a one-parametric abelian group: if f ∈ �′(Qn
p) then

DαDβf=DβDαf = Dα+βf,

DαD−αf=f, α, β ∈ C.
(9.2.25)

This assertion follows from formulas (9.2.20), (9.2.22) and (9.2.24), and
Lemma 9.2.5.

Example 9.2.2. If α > 0 then the fractional integration formula for the delta
function holds:

D−αδ(x) = |x|α−np

�
(n)
p (α)

.

9.2.3. p-adic Laplacians

By analogy with the “R-case” [210], [211], and the p-adic case [114], [241,
X.1, Example 2], using the fractional operators we can introduce the p-adic
Laplacians.
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The Laplacian of the first kind is the operator

−�̂f (x)
def=

n∑
k=1

(
D2

xk
f

)
(x), f ∈ �′(Qn

p)

with the symbol−∑n
k=1 |ξj |2p, ξk ∈ Qp, k = 1, 2, . . . , n; the Laplacian of the

second kind is the operator

−�f (x)
def= (

D2f
)
(x), f ∈ �′(Qn

p).

with the symbol−|ξ |2p, ξ ∈ Qn
p. Moreover, we can define powers of the Lapla-

cian by the formula

(−�)α/2f (x)
def= (

Dαf
)
(x), f ∈ �′(Qn

p), α ∈ C.

9.3. A class of pseudo-differential operators

9.3.1. Pseudo-differential operators

Let us consider a class of pseudo-differential operators in the Lizorkin space
of test functions �(Qn

p)

(Aφ)(x) = F−1[
A(ξ )F [φ](ξ )

]
(x)

=
∫

Qn
p

∫
Qn

p

χp

(
(y − x) · ξ)

A(ξ )φ(y) dnξ dny, φ ∈ �(Qn
p), (9.3.1)

with symbols A(ξ ) ∈ E(Qn
p \ {0}).

This class includes as particular cases the Taibleson fractional operator
(A(ξ ) = |ξ |αp); the Kochubei operators with symbols of the form A(ξ ) =
|f (ξ1, . . . , ξn)|αp, α > 0, where f (ξ1, . . . , ξn) is a quadratic form such that
f (ξ1, . . . , ξn) �= 0 when |ξ1|p + · · · |ξn|p �= 0 (see [157], [158]); the Zuniga–
Galindo operators with symbols of the form A(ξ ) = |f (ξ1, . . . , ξn)|αp, α > 0,
where f (ξ1, . . . , ξn) is a non-constant polynomial (see [256], [257]).

We define a conjugate pseudo-differential operator AT on �(Qn
p) by

(AT φ)(x) = F−1[A(−ξ )F [φ](ξ )](x)

=
∫

Qn
p

χp(−x · ξ )A(−ξ )F [φ](ξ ) dnξ. (9.3.2)

Then the operator A in the Lizorkin space of distributions is defined in the
usual way: for f ∈ �′(Qn

p) we have

〈Af, φ〉 = 〈f,AT φ〉, ∀φ ∈ �(Qn
p). (9.3.3)
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Taking into account the formula (4.9.2), from the last relation we have

Af = F−1[AF [f ]], f ∈ �′(Qn
p). (9.3.4)

Lemma 9.3.1. The Lizorkin spaces of the second kind �(Qn
p) and �′(Qn

p) are
invariant under the operators (9.3.1).

Proof. From Chapter 7, Section 7.3.2, both functionsF [φ](ξ ) andA(ξ )F [φ](ξ )
belong to �(Qn

p), and, consequently, (Aφ)(·) ∈ �(Qn
p). Thus the pseudo-

differential operators (9.3.1) are well defined and the Lizorkin space �(Qn
p) is

invariant under them. Therefore, if f ∈ �′(Qn
p) then according to (9.3.4),

Af = F−1[AF [f ]] ∈ �′(Qn
p), (9.3.5)

i.e., the Lizorkin space of distributions �′(Qn
p) is invariant under the pseudo-

differential operators A.

Because of Lemma 9.3.1, definition (9.3.3) is correct.
IfA,B are pseudo-differential operators with symbolsA(ξ ),B(ξ ) ∈ E(Qn

p \
{0}), respectively, then the operator AB is well defined and represented by the
formula

(AB)f = F−1[AB F [f ]] ∈ �′(Qn
p).

If A(ξ ) �= 0, ξ ∈ Qn
p \ {0} then we define its inverse pseudo-differential oper-

ator by the formula

A−1f = F−1[A−1 F [f ]], f ∈ �′(Qn
p).

Proposition 9.3.2. The set of pseudo-differential operators (9.3.1) with sym-
bols A(ξ ) �= 0, ξ ∈ Qn

p \ {0} forms an abelian group.

If the symbol A(ξ ) of the operator A is an associated homogeneous function
then the operator A is called an associated homogeneous pseudo-differential
operator.

According to formula (9.2.23) and Definitions 6.1, 6.2, the operator Dα ,
α �= −n, is a homogeneous pseudo-differential operator of degree α with the
symbolA(ξ ) = |ξ |αp, andD−n is a associated homogeneous pseudo-differential
operator of degree −n and order 1 with the symbol A(ξ ) = P (|ξ |−np ) (see
(6.3.25)).
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9.4. Spectral theory of pseudo-differential operators

9.4.1. Spectral analysis as wavelet analysis

Here we will develop the spectral theory of pseudo-differential operators (9.3.1)
and derive criteria for them to have the wavelets constructed in Chapter 8 as
eigenfunctions. According to Chapter 8, these wavelets belong to the Lizorkin
space of test functions �(Qn

p), and the pseudo-differential operator (9.3.1) is
well defined on them.

Proposition 9.4.1. Let A be the pseudo-differential operator (9.3.1) with a
symbol A(ξ ) and 0 �= z ∈ Qn

p. Then the additive character χp(z · x) is an
eigenfunction of the operator A with the eigenvalue A(−z), i.e.,

Aχp(z · x) = A(−z)χp(z · x).

Proof. Since F [χp(z · x)] = δ(ξ + z), z �= 0, we have A(ξ )δ(ξ + z) =
A(−z)δ(ξ + z). Thus

Aχp(z · x) = F−1[A(ξ )F [χp(z · x)](ξ )](x)

= A(−z)F−1[δ(ξ + z)](x) = A(−z)χp(z · x).

This proposition is an analog of the corresponding statement for the one-
dimensional fractional operator [241, IX.1, Example 4].

First we consider the case of non-Haar wavelet functions.

Theorem 9.4.2. Let A be a pseudo-differential operator (9.3.1) with a
symbol A(ξ ) ∈ E(Qn

p \ {0}); j = (j1, . . . , jn) ∈ Zn; a ∈ I n
p ; s ∈ J n

p;m; m =
(m1, . . . , mn); let ml ≥ 1 be a fixed positive integer, l = 1, 2, . . . , n. Then
the n-dimensional non-Haar wavelet function (8.12.1)

�
(m)×
s; ja (x) = p−|j |/2χp

(
s · (p̂j x − a)

)
�

(|p̂j x − a|p
)
, x ∈ Qn

p,

is an eigenfunction of the operator A if and only if

A
(
p̂j (−s + η)

) = A
(− p̂j s

)
, ∀ η ∈ Zn

p. (9.4.1)

The corresponding eigenvalue is λ = A
(− p̂j s

)
, i.e.,

A�
(m)×
s; ja (x) = A(−p̂j s)�(m)×

s; ja (x).

Here the multi-dilatation is defined by (8.12.2), and I n
p , J n

p;m are the n-direct
products of the corresponding sets (8.3.1) and (8.10.1).



9.4. Spectral theory of pseudo-differential operators 185

Proof. Let condition (9.4.1) be satisfied. Then (9.3.1) and the above formula
(8.12.5) from Chapter 8 imply

A�
(m)×
s; ja (x) = F−1

[
A(ξ )F [�(m)×

s; ja ](ξ )
]
(x)

= p|j |/2F−1
[
A(ξ )χp

(
p̂−j a · ξ)

�
(|s + p̂−j ξ |p

)]
(x).

(9.4.2)

Making the change of variables ξ = p̂j (η − s) and using (4.8.10), we obtain

A�
(m)×
s; ja (x) = p−|j |/2

∫
Qn

p

χp

(− (p̂j x − a) · (η − s)
)
A(p̂j (η − s))�(|η|p) dnη

= p−|j |/2A(−p̂j s)χp

(
s · (p̂j x − a)

) ∫
Bn

0

χp(−(p̂j x − a) · η) dnη

= A(−p̂j s)�(m)
s; ja(x).

Consequently, A�
(m)×
s; ja (x) = λ�

(m)×
s; ja (x), where λ = A(−p̂j s).

Conversely, if A�
(m)×
s; ja (x) = λ�

(m)×
s; ja (x), λ ∈ C, taking the Fourier transform

of both left and right hand sides of this identity and using (9.3.1), (8.12.5) and
(9.4.2), we have(

A(ξ )− λ
)
χp

(
p̂−j a · ξ)

�
(|s + p̂−j ξ |p

) = 0, ξ ∈ Qn
p. (9.4.3)

If now s + p̂−j ξ = η, η ∈ Zn
p, then ξ = p̂j (−s + η). Since χp

(
p̂−j a · ξ) �= 0,

�
(|s + p̂−j ξ |p

) �= 0, it follows from (9.4.3) that λ = A
(
p̂j (−s + η)

)
for any

η ∈ Zn
p. Thus λ = A(−p̂j s), and, consequently, (9.4.1) holds.

The proof of the theorem is complete.

Corollary 9.4.3. Let A be a pseudo-differential operator (9.3.1) with a symbol
A(ξ ) ∈ E(Qn

p \ {0}). Then the n-dimensional wavelet function (8.12.4)

�×
k;ja(x) = p−|j |/2χp

(
p−1k · (p̂j x − a)

)
�

(|p̂j x − a|p
)
, x ∈ Qn

p,

is an eigenfunction of A if and only if

A
(
p̂j (−p−1k + η)

) = A
(− p̂j−I k

)
, ∀ η ∈ Zn

p,

where k ∈ J n
p , j ∈ Zn, a ∈ I n

p , I = (1, . . . , 1). The corresponding eigenvalue

is λ = A
(− p̂j−I j

)
, i.e.,

A�×
k;ja(x) = A(−p̂j−I k)�×

k;ja(x).

If the symbol A(ξ ) of a pseudo-differential operator A is a homogeneous
distribution of degree πβ , then Corollary 9.4.3 coincides with [21, Corollary 1].
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The representation (8.11.2) and Theorem 9.4.2 imply the following
statement.

Theorem 9.4.4. Let A be a pseudo-differential operator (9.3.1) with the sym-
bol A(ξ ) ∈ E(Qn

p \ {0}). Then the n-dimensional non-Haar wavelet function
(8.12.7)

�
(m), ν×
s; ja (x) = p−|j |/2ψ (m1), ν

s (pj1x1 − a1) · · ·ψ (mn), ν
s (pjnxn − an), x ∈ Qn

p,

is an eigenfunction of the operatorA if and only if condition (9.4.1) holds, where

ψ
(mjk

), ν
sjk

is defined by (8.11.2) and (8.11.3), j = (j1, . . . , jn) ∈ Zn; |j | = j1 +
· · · + jn; a = (a1, . . . , an) ∈ I n

p ; s = (s1, . . . , sn) ∈ J n
p;m; m = (m1, . . . , mn);

mk ≥ 1 is a fixed positive integer, k = 1, 2, . . . , n; ν = 1, 2, . . . . The corre-
sponding eigenvalue is λ = A(−p̂j s), i.e.,

A�
(m), ν×
s; ja (x) = A(−p̂j s)�(m), ν×

s; ja (x).

Now we consider the case of Haar wavelet functions.

Theorem 9.4.5. Let A be a pseudo-differential operator (9.3.1) with a symbol
A(ξ ) ∈ E(Qn

p \ {0}); let k ∈ J n
p 0, j ∈ Z, a ∈ I n

p , where J n
p 0 is defined by (8.9.6).

Then the n-dimensional Haar wavelet function (8.9.8)

�k; ja(x) = p−nj/2χp

(
p−1k · (pjx − a))

)
�

(|pjx − a|p
)
, x ∈ Qn

p,

is an eigenfunction of A if and only if

A
(
pj (−p−1k + η)

) = A
(− pj−1k

)
, ∀ η ∈ Zn

p, (9.4.4)

holds. The corresponding eigenvalue is λ = A
(− pj−1k

)
, i.e.,

A�k; ja(x) = A
(− pj−1k

)
�k; ja(x).

Proof. Let �k(x) = χp(p−1k · x)�(|x|p), x ∈ Qn
p, k = (k1, . . . , kn) ∈ J n

p 0.
Taking formulas (4.8.11), (1.10.2) and (4.9.3) into account, we obtain

F [�k(x)](ξ ) =
n∏

r=1

�
(|p−1kr + ξr |p

) = �
(|p−1k + ξ |p

)
, ξ ∈ Qn

p.

(9.4.5)

Since |p−1kr |p = p, then �
(|ξr + p−1kr |p

) �= 0 only if ξr = −p−1kr + ηr ,
where ηr ∈ Zp, r = 1, 2, . . . , n. Thus ξ = −p−1k + η, η ∈ Zn

p, k ∈ J n
p 0, and

|ξ |p = p. According to (8.9.8), (9.4.5) and (4.9.3),

F [�k; ja(x)](ξ ) = p−nj/2F [�k(pjx − a)](ξ )

= pnj/2χp

(
p−j a · ξ)

�
(|p−1k + p−j ξ |p

)
. (9.4.6)
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If the condition (9.4.4) holds, using (9.3.1) and (9.4.6), we obtain

A�k; ja(x) = F−1
[
A(ξ )F [�k; ja](ξ )

]
(x)

= pnj/2F−1[
A(ξ )χp

(
p−j a · ξ)

�
(|p−1k + p−j ξ |p

)]
(x). (9.4.7)

Making the change of variables ξ = pj (η − p−1k), we have A�k; ja(x) =
λ�k; ja(x), where λ = A(−pj−1k).

Conversely, if A�k; ja(x) = λ�k; ja(x), λ ∈ C, then applying the inverse
Fourier transform to the last equality and using formulas (9.4.6) and (9.4.7), we
obtain

(
A(ξ )− λ

)
�

(|p−1k + p−j ξ |p
) = 0, ξ ∈ Qn

p. If p−1k + p−j ξ = η, η ∈
Zn

p, then ξ = pj (−p−1k + η) and λ = A
(
pj (−p−1k + η)

)
for any η ∈ Zn

p. In
particular, λ = A(−pj−1j ), and consequently (9.4.4) holds.

Repeating the proof of Theorem 9.4.5 almost word for word, we obtain the
following assertions.

Theorem 9.4.6. Let A be a pseudo-differential operator (9.3.1) with a symbol
A ∈ E(Qn

2 \ {0}), e ⊂ {1, . . . , n}, e �= ∅, j ∈ Z, a ∈ I n
2 . Then the n-

dimensional Haar wavelet function (8.9.2)

�
(0)
e;ja(x) = 2−nj/2χ2

(
2−1ke · (2j x − a)

)
�

(|2j x − a|2
)
, x ∈ Qn

2,

is an eigenfunction of A if and only if

A
(
2j (−2−1ke + η)

) = A
(− 2j−1ke

)
, ∀ η ∈ Zn

2. (9.4.8)

The corresponding eigenvalue is λ = A
(− 2j−1ke

)
, i.e.,

A�
(0)
e;ja = A(−2j−1ke)�

(0)
e;ja.

Theorem 9.4.7. Let A be a pseudo-differential operator (9.3.1) with a symbol
A(ξ ) ∈ E(Qn

p \ {0}), s = (s1, . . . , sn), where sν ∈ N0, e ⊂ {1, . . . , n}, e �= ∅,

j ∈ Z, a ∈ I n
2 . Then the n-dimensional Haar wavelet function �

(s)
e;ja (given by

(8.9.4)) is an eigenfunction of A if and only if (9.4.8) holds. The corresponding
eigenvalue is λ = A

(− 2j−1ke
)
, i.e.,

A�
(s)
e;ja = A(−2j−1ke)�

(s)
e;ja.

Proof. To prove the above theorem, we repeat the proof of Theorem 9.4.5
almost word for word. In particular, using the representations (8.9.4) and (8.5.4),
we can see that if A�

(s)
e;ja = λ�

(s)
e;ja then

(
A(ξ )− λ

)
2nj/2

2s1−1∑
r1=0

· · ·
2sn−1∑
rn=0

α(ke)1
r1

· · ·α(ke)n
rn

×χ2

(
2−j

(
a +

( r1

2s1
(ke)1, . . . ,

rn

2sn
(ke)n

))
· ξ

)
�

(|2−1ke + 2−j ξ |2
) = 0,
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ξ ∈ Qn
2. If ξ = 2j (−2−1ke + η), η ∈ Zn

2, then as above we have

(
A

(
2j (−2−1ke + η)

)− λ
)
2nj/2

2s1−1∑
r1=0

· · ·
2sn−1∑
rn=0

α(ke)1
r1

· · ·α(ke)n
rn

×χ2

((
a +

( r1

2s1
(ke)1, . . . ,

rn

2sn
(ke)n

))
· (−2−1ke + η)

)
= 0,

η ∈ Zn
2. Here

2nj/2
2s1−1∑
r1=0

· · ·
2sn−1∑
rn=0

α(ke)1
r1

· · ·α(ke)n
rn

×χ2

((
a +

( r1

2s1
(ke)1, . . . ,

rn

2sn
(ke)n

))
· (−2−1ke + η)

)
�= 0,

because this term is the Fourier transform of the wavelet function �
(s)
e;ja . This

implies λ = A
(
2j (−2−1ke + η)

)
for any η ∈ Zn

2.

Let us consider the wavelet functions p−nj/2�
(µ)
e

(
pjx − a

)
, where e ⊂

{1, . . . , n}, e �= ∅, µ = (µ1, . . . , µn), µν = 1, 2, . . . , p − 1, ν = 1, 2, . . . , n;
j ∈ Z; a ∈ In

p (which are given by formulas (8.9.10) and (8.9.12)). Denote by
ke =

(
(ke)1, . . . , (ke)n

)
the vector whose coordinates are given by

(ke)ν =
{
µν, ν ∈ e,

0, ν �∈ e,
ν = 1, . . . , n. (9.4.9)

Using formulas (8.6.2) and (8.6.3) from Theorem 8.6.1 and repeating the
first part of the proof of Theorem 9.4.5 almost word for word, it is easy to prove
the following statement.

Theorem 9.4.8. Let A be a pseudo-differential operator (9.3.1) with a symbol
A(ξ ) ∈ E(Qn

p \ {0}) and let ke =
(
(ke)1, . . . , (ke)n

)
, where (ke)ν is defined by

(9.4.9). If

A
(
pj (−p−1ke + η)

) = A
(− pj−1ke

) = λ, ∀ ke, ∀ η ∈ Zn
p, (9.4.10)

then the n-dimensional Haar wavelet function p−nj/2�
(µ)
e

(
pjx − a

)
(given by

(8.9.10) and (8.9.12)) is an eigenfunction of A:

A
(
p−nj/2�(µ)

e

(
pjx − a

)) = λp−nj/2�(µ)
e

(
pjx − a

)
.
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9.4.2. Wavelets as eigenfunctions of the Taibleson
fractional operator

As was mentioned above, the Taibleson fractional operator Dα has the symbol
A(ξ ) = |ξ |αp.

The symbol A(ξ ) = |ξ |αp of a fractional operator satisfies the condition
(9.4.1):

A
(
p̂j (−s + η)

) = |p̂j (−s + η)|αp =
(

max
1≤r≤n

(
p−jr | − sr |p

))α

= A
(− p̂j s

) = pα max1≤r≤n{mr−jr }

for all η ∈ Zn
p; where s ∈ J n

p;m; j = (j1, . . . , jn) ∈ Zn; m = (m1, . . . , mn),
m1, . . . , mn ≥ 1 are fixed positive integers. Thus according to Theorem 9.4.2,
we have:

Corollary 9.4.9. The n-dimensional p-adic wavelet (8.12.1) is an eigenfunc-
tion of the Taibleson fractional operator (9.2.22):

Dα�
(m)×
s; ja (x) = pα max1≤r≤n{mr−jr }�(m)×

s; ja (x), x ∈ Qn
p, α ∈ C,

s ∈ J n
p;m, j ∈ Zn, a ∈ I n

p . (9.4.11)

Corollary 9.4.10. The n-dimensional p-adic wavelet (8.12.7) is an eigenfunc-
tion of the Taibleson fractional operator (9.2.22):

Dα�
(m), ν×
s; ja (x) = pα max1≤r≤n{mr−jr }�(m), ν×

s; ja (x), α ∈ C, x ∈ Qn
p,

s ∈ J n
p;m, j ∈ Zn, a ∈ I n

p , ν = 1, 2, . . . .

In particular, from Corollary 9.4.3, we have:

Corollary 9.4.11.

Dα�×
k; ja(x) = pα(1−min1≤r≤n jr )�×

k; ja(x), α ∈ C, x ∈ Qn
p,

k ∈ J n
p , j ∈ Zn, a ∈ I n

p (9.4.12)

It is easy to verify that the symbolA(ξ ) = |ξ |αp satisfies the condition (9.4.4).
Then from Theorem 9.4.5, we have:

Corollary 9.4.12. The n-dimensional Haar wavelet (8.9.8) is an eigenfunction
of the Taibleson fractional operator (9.2.22):

Dα�k; ja = pα(1−j )�k; ja(x), α ∈ C, x ∈ Qn
p,

j ∈ Z, a ∈ In
p , k = (k1, . . . , kn) ∈ J n

p 0. (9.4.13)

Corollary 9.4.13. Let e ⊂ {1, . . . , n}, e �= ∅, j ∈ Z, a ∈ In
2 . Then the n-

dimensional Haar wavelet function �
(0)
e;ja (given by (8.9.4)) is an eigenfunction
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of the Taibleson fractional operator (9.2.22):

Dα�
(0)
e;ja = 2α(1−j )�

(0)
e;ja, α ∈ C.

Proof. The symbol A(ξ ) = |ξ |α2 of the fractional operator Dα satisfies condi-
tion (9.4.8):

A
(
2j (−2−1ke + η)

) = ∣∣2j (−2−1ke + η)
∣∣α
2

= 2−jα
(

max
1≤ν≤n

∣∣− 2−1(ke)ν + ην
∣∣
2

)α
= 2α(1−j )

(
max

1≤ν≤n
∣∣2j (−2−1(ke)ν)

∣∣
2

)α = A(−2j−1ke)

for all η ∈ Zn
2, e ⊂ {1, . . . , n}, e �= ∅. Here we take into account that (ke)ν =

0, 1; ν = 1, 2, . . . , n; (ke)1 + · · · + (ke)n �= 0. Thus, by Theorem 9.4.6, �(0)
e;ja

is an eigenfunction and the corresponding eigenvalue is λ = 2α(1−j ).

Corollary 9.4.14. Let s = (s1, . . . , sn), where sν ∈ N0, e ⊂ {1, . . . , n}, e �= ∅,
j ∈ Z, a ∈ In

2 . Then the n-dimensional Haar wavelet function �
(s)
e;ja is an

eigenfunction of the Taibleson fractional operator (9.2.22):

Dα�
(s)
e;ja(x) = 2α(1−j )�

(s)
e;ja(x), α ∈ C.

Similarly, from Theorem 9.4.8, we have:

Corollary 9.4.15. The n-dimensional Haar wavelet (8.9.10), (8.9.12) is an
eigenfunction of the Taibleson fractional operator (9.2.22):

Dα
(
p−nj/2�(µ)

e

(
pjx − a

)) = pα(1−j )p−nj/2�(µ)
e

(
pjx − a

)
, α ∈ C.

9.4.3. Compactly supported eigenfunctions of pseudo-
differential operators

Now we consider the pseudo-differential operator (9.3.1) with a symbolA(ξ ) ∈
E(Qn

2) in the space of test functions D(Qn
p). In contrast to the above results, the

space D(Qn
p) is not invariant under this operator.

Theorem 9.4.16. Let A be a pseudo-differential operator (9.3.1) with a symbol
A(ξ ) ∈ E(Qn

p}). Then an element (8.13.4)

�ja(x) = p−nj/2�
(|pjx − a|p

)
, j ∈ Z, a ∈ I n

p , x ∈ Qn
p,

of Shannon–Kotelnikov basis is an eigenfunction of the pseudo-differential
operator (9.3.1) if and only if

A
(
pjξ

) = A(0), ∀ η ∈ Zn
p, (9.4.14)
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holds. The corresponding eigenvalue is λ = A(0), i.e.,

A�ja(x) = A(0)�ja(x).

Proof. In view of (4.8.11), (1.10.2) and (4.9.3), we have

F [�ja(x)](ξ ) = pnj/2χp

(
p−j a · ξ)

�
(|p−j ξ |p)

, ξ ∈ Qn
p. (9.4.15)

If condition (9.4.14) holds, using (9.3.1) and (9.4.15), we obtain

(A�ja)(x) = F−1[
A(ξ )F [�ja](ξ )

]
(x)

= pnj/2F−1
[
A(ξ )χp

(
p−j a · ξ)

�
(|p−j ξ |p)]

(x). (9.4.16)

Making the change of variables ξ = pjη, we calculate as in previous theorems

(A�ja)(x) = p−nj/2
∫
Qn

p

χp

(− (pjx − a) · η)
A(pjη)�(|η|p) dnη

= p−nj/2A(0)
∫
Bn

0

χp(−(pjx − a) · η) dnη = A(0)�ja(x).

Thus (A�ja)(x) = λ�ja(x), where λ = A(−pj−1k).
Conversely, if (A�ja)(x) = λ�ja(x), λ ∈ C, applying the inverse Fourier

transform to the last equality and using formulas (9.4.15) and (9.4.16), we obtain(
A(ξ )− λ

)
pnj/2χp

(
p−j a · ξ)

�
(|p−j ξ |p) = 0, ξ ∈ Qn

p. If p−j ξ = η, η ∈ Zn
p,

then ξ = pjη and λ = A
(
pjη

)
for any η ∈ Zn

p. In particular, λ = A(0), and
consequently (9.4.14) holds.

Corollary 9.4.17. Let A be a pseudo-differential operator (9.3.1) such that the
condition (9.4.14) holds. Then the space

V−j = span{�(pj · −a) : a ∈ I n
p }

(defined by (8.8.3)), where �(x) = �
(|x|p)

, x ∈ Qn
p, is a refinable function

for the Haar MRA (see Section 8.9), and the space Dj

N (Qn
p) (introduced in

Section 3.2) is invariant under the operator (9.3.1).

Proof. The relation AV−j ⊂ V−j follows from the definition of the space V−j .
Formulas (4.3.4) and (4.4.5) imply the inclusion Dj

N (Qn
p) ⊂ V−j .

As a particular case we consider the pseudo-differential operator Dα
m with

the symbol Am(ξ ) = |pm + ξ |αp, m ∈ Z, α ∈ C, ξ ∈ Qn
p:(

Dα
mϕ

)
(x) = F−1

[|pm + ξ |αpF [ϕ](ξ )
]
(x), ϕ ∈ D(Qn

p). (9.4.17)

Corollary 9.4.18. An element (8.13.4)

�ja(x) = �
(|pjx − a|p

)
, j ≥ m+ 1, a ∈ Ip,
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of Shannon–Kotelnikov basis is an eigenfunction of the operator Dα
m, Reα >

−1. The spaces Vj for j ≤ −m− 1 and the spaces Dj

N (Qn
p) for j ≥ m+ 1 are

invariant under the operator (9.4.17).

Proof. It is clear that if j ≥ m+ 1 we have for the symbol of the operator
(9.4.17):

Am(pjξ ) = |pm + pjξ |αp = |pm + pjξ |αp = Am(0),

i.e., the condition (9.4.14) holds. This fact and Theorem 9.4.16 imply the
statement.



10

Pseudo-differential equations

10.1. Introduction

In p-adic models pseudo-differential equations are intensively used. Stationary
and non-stationary p-adic Shcrödinger equation were studied by Vladimirov
and Volovich [243]. A p-adic stochastic equation was considered by Bikulov
and Volovich [55]. A p-adic Einstein equation and quantum p-adic grav-
ity were studied by Aref’eva, Dragovich, Frampton and Volovich [40], [41].
p-adic pseudo-differential equations are used to model basin-to-basin kinetics
by Avetisov, Bikulov, Kozyrev and Osipov [44], [45], [164]. In the papers by
Kozyrev [166] and Fischenko and Zelenov [93] ultrametric and p-adic nonlin-
ear equations were used to model turbulence. A wide class of p-adic pseudo-
differential equations was studied by Kochubei [157] (see also [159]). p-adic
pseudo-differential equations were also studied in [205], [256]. Khrennikov
and Kozyrev [133], [134] applied the wavelet analysis to study the Schrödinger
equation on ultrametric spaces.

In this chapter we study linear and nonlinear pseudo-differential equations
in the Lizorkin space of distributions of p-adics. Our results are based on the
papers [21], [23], [143].

In Section 10.2 a solution of the pseudo-differential equation Af = g,
g ∈ �′(Qn

p) is constructed. In Section 10.3 the Cauchy problems for linear evo-
lutionary pseudo-differential equations of the first order in t (10.3.1), (10.3.3),
(10.3.16), (10.3.17) are solved. By Theorem 10.3.4 and Corollary 10.3.5,
respectively, the sufficient condition for solutions of the Cauchy problems
(10.3.1) and (10.3.3) to stabilize as t →∞ are derived. The criterion of sta-
bilization for the solution of the homogeneous Cauchy problem (10.3.3) was
derived in [157, 4.3]. In Section 10.4 the Cauchy problems for the linear evo-
lutionary pseudo-differential equation of the second order in t (10.4.1) are

193
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solved. In Section 10.5 we solve the Cauchy problems for semi-linear evolu-
tionary pseudo-differential equations (10.5.1) and (10.5.10). In all evolutionary
pseudo-differential equations t ∈ R, x ∈ Qn

p. Equations (10.3.1) and (10.3.3)
are similar to classical parabolic equations. In particular, equation (10.3.3) is
the heat-type equation, and equations (10.3.17) and (10.5.10) are the linear and
non-linear Schrödinger-type equations, respectively.

Equations of such types are intensively used in applications (see, e.g., [43],
[44], [162], [157], [241]). In particular, in [44], the simplest p-adic pseudo-
differential heat-type equation ∂u(x,t)

∂t
+Dα

x u(x, t) = 0 was used in the models
of interbasin kinetics of macromolecules. Here t is time (a real parameter), while
the p-adic parameter x describes the hierarchy of basins. Thus, the results of
this section allow significant advance in the theory ofp-adic pseudo-differential
equations and can be used in applications.

To solve the Cauchy problems for p-adic evolutionary pseudo-differential
equations we develop the “variable separation method” (an analog of the
classical Fourier method) which is based on three important facts:

� for appropriate conditions wavelets constructed in Chapter 8 are eigenfunc-
tions of pseudo-differential operators (9.3.1) constructed in Chapter 9;

� the Lizorkin space of distributions �′(Qn
p) is a natural domain of definition

for pseudo-differential operators (9.3.1);
� any Lizorkin distribution can be realized as an infinite linear combination

(8.14.4) of wavelets (see Chapter 8, Section 8.14).

Taking into account the above reasoning, one can see that it is natural to
seek solutions of the Cauchy problems for evolutionary pseudo-differential
equations in the space �̃′(Qn

p × R+) of distributions f (x, t) such that f (·, t) ∈
�′(Qn

p) for any t ≥ 0. According to Lemma 8.14.1, Proposition 8.14.3, and
formula (8.14.6), for any distribution f ∈ �̃′(Qn

p × R+) and any test function
φ ∈ �(Qn

p) we have

〈f (·, t), φ(·, t)〉 =
∑

s∈J n
p;m,j∈Zn,a∈I np

〈
φ(·),�(m)×

s; ja (·)〉〈f (·, t),�(m)×
s; ja (·)〉, (10.1.1)

where the last sum is finite.

10.2. Simplest pseudo-differential equations

Let us consider the following simplest pseudo-differential equation:

Af = g, g ∈ �′(Qn
p), (10.2.1)
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where A is a pseudo-differential operator (9.3.1), �′(Qn
p) is the space

of Lizorkin distributions introduced in Chapter 7, and f is the desired
distribution.

Theorem 10.2.1. If the symbol of a pseudo-differential operator A is such that
A(ξ ) �= 0, ξ ∈ Qn

p \ {0} then equation (10.2.1) has the unique solution

f (x) = F−1
[F [g](ξ )

A(ξ )

]
(x) = (A−1g)(x) ∈ �′(Qn

p).

Proof. Applying the Fourier transform to the left-hand and right-hand
sides of the equation Af = g, in view of representation (9.3.5), we find
that A(ξ )F [f ](ξ ) = F [g](ξ ). Since according to Chapter 7, Section 7.3.2,
F [�′(Qn

p)] = � ′(Qn
p), F [� ′(Qn

p)] = �′(Qn
p), and A(ξ ) is a multiplier in

�(Qn
p), we have F [f ](ξ ) = A−1(ξ )F [g](ξ ) ∈ � ′(Qn

p). Thus

f (x) = F−1[A−1(ξ )F [g](ξ )](x) = (A−1g)(x) ∈ �′(Qn
p)

is a solution of the problem (10.2.1).
Now we study solutions of the homogeneous problem (10.2.2). Let f ∈

D′(Qn
p) and Af = 0, i.e., according to (9.3.3), 〈Af, φ〉 = 〈f,AT φ〉 = 0, for

all φ ∈ �(Qn
p). Since AT (�(Qn

p)) = �(Qn
p), we have 〈f, φ〉 = 0, for all φ ∈

�(Qn
p), and consequently f ∈ �⊥ (see Proposition 7.3.4). Thus the solutions

of the homogeneous problem (10.2.1) are indistinguishable as elements of the
space �′(Qn

p).

If f0(x) is a fundamental solution of the problem (10.2.1), i.e.,

Af0(x) = δ(x),

then

f0(x) = F−1
[
A(ξ )−1

]
(x).

Using Theorem 10.2.1 and (4.9.8), we can represent a solution of the equation
(10.2.1) as

f (x) = f0(x) ∗ g(x) ∈ �′(Qn
p).

Let PN (z) = ∑N
k=0 akz

k be a polynomial, where ak ∈ C are constants. Let
us consider the equation

PN

(
Dα

x

)
f = g, g ∈ �′(Qn

p), (10.2.2)

where
(
Dα

x

)k def= Dαk
x , α ∈ C and f is the desired distribution.
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Theorem 10.2.2. If PN (z) �= 0 for all z > 0 then equation (10.2.2) has the
unique solution

f (x) = F−1
[ F [g](ξ )

PN

(|ξ |αp)]
(x) ∈ �′(Qn

p). (10.2.3)

In particular, the unique solution of the equation

Dα
x f = g, g ∈ �′(Qn

p),

is given by the formula f = D−α
x g ∈ �′(Qn

p).

Proof. According to formulas (6.2.5)–(6.2.11) and (9.2.17)–(9.2.19),

F [κα(x)] = |ξ |−αp , α ∈ C

in �′(Qn
p). Consequently, applying the Fourier transform to the left-hand and

right-hand sides of relation (10.2.2), we obtain (10.2.3). Here we must take
into account the fact that 1

PN (|ξ |αp) is a multiplier in �(Qn
p). Thus (10.2.3) is the

solution of the problem (10.2.2).
In view of the proof of Theorem 10.2.1, the homogeneous problem (10.2.2)

has only a trivial solution.

In a similar way we can prove the following theorem.

Theorem 10.2.3. If PN (z) �= 0 for all z > 0 then the equation

PN

(
Dα
×

)
f = g, g ∈ �′×(Qn

p),

α ∈ Cn has the unique solution

f (x) = F−1
[ F [g](ξ )

PN

(|ξ1|α1
p · · · |ξn|αn

p

)]
(x) ∈ �′×(Qn

p).

In particular, the unique solution of the equation

Dα
×f = g, g ∈ �′×(Qn

p),

is given by the formula f = D−α
× g ∈ �′×(Qn

p).
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10.3. Linear evolutionary pseudo-differential equations of the
first order in time

Let us consider the Cauchy problem for the linear evolutionary pseudo-
differential equation of the first order in t{ ∂u(x,t)

∂t
+ Axu(x, t) = f (x, t), in Qn

p × (0, ∞),

u(x, t) = u0(x), in Qn
p × {t = 0},

(10.3.1)

where t ∈ R, u0 ∈ �′(Qn
p) and

Axu(x, t) = F−1
[
A(ξ )F [u(·, t)](ξ )

]
(x) (10.3.2)

is a pseudo-differential operator (9.3.1) (with respect to x) with symbolsA(ξ ) ∈
E(Qn

p \ {0}), u(x, t) ∈ �̃′(Qn
p × R+) is the desired distribution. In particular,

we will consider the Cauchy problem{ ∂u(x,t)
∂t

+Dα
x u(x, t) = f (x, t), in Qn

p × (0, ∞),

u(x, t) = u0(x), in Qn
p × {t = 0},

(10.3.3)

where Dα
x u(x, t) = F−1

[|ξ |αp F [u(·, t)](ξ )
]
(x) is the Taibleson fractional oper-

ator (9.2.23) with respect to x, α ∈ C.

Theorem 10.3.1. Suppose that f (x, t) is a continuous function in t for all
x ∈ Qn

p and f (x, t) ∈ �(Qn
p) for all t ≥ 0. Then the Cauchy problem (10.3.1)

has the unique solution

u(x, t) = F−1
[
e−A(ξ ) t

(
F [u0(·)](ξ )+

∫ t

0
e−A(ξ ) τ f̂ (ξ, τ ) dτ

)]
(x), (10.3.4)

where f̂ (ξ, t) = F [f ](ξ, t).

Proof. Since u(x, t) is a distribution such that u(x, t) ∈ �′(Qn
p) for any t ≥ 0,

the relation (10.3.1) is well defined. Applying the Fourier transform to (10.3.1),
we obtain the equation

∂F [u(·, t)](ξ )

∂t
+A(ξ )F [u(·, t)](ξ ) = f̂ (ξ, t),

where according Section 7.3.2, f̂ (ξ, t) = F [f ](ξ, t) ∈ �(Qn
p) for all t ≥ 0.

Solving this equation, we obtain

F [u(·, t)](ξ ) = e−A(ξ ) t
(
F [u(·, 0)](ξ )+

∫ t

0
e−A(ξ ) τ f̂ (ξ, τ ) dτ

)
.

Here because of our assumptions all terms are well defined. The last relation
implies (10.3.4).
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Theorem 10.3.2. Let a pseudo-differential operator Ax in (10.3.1) be such
that its symbol A(ξ ) satisfies condition (9.4.1),

A
(
p̂j (−s + η)

) = A
(− p̂j s

)
, ∀ η ∈ Zn

p,

for any j ∈ Zn, s ∈ J n
p;m. Let f ∈ �̃′(Qn

p × R+) and let f (x, t) be continuous
in t for all x ∈ Qn

p. Then the Cauchy problem (10.3.1) has in �̃′(Qn
p × R+) a

unique solution

u(x, t) =
∑

s∈J n
p;m,j∈Zn,a∈I np

(
e−A(−p̂j s)t

〈
u0,�

(m)×
s; ja

〉
+

∫ t

0
e−A(−p̂j s)(t−τ )

〈
f (·, τ ),�(m)×

s; ja (·)〉 dτ)
�

(m)×
s; ja (x), (10.3.5)

where �
(m)×
s; ja (x) are n-dimensional p-adic wavelets (8.12.1).

Proof. Since f ∈ �̃′(Qn
p × R+), according to the formula (8.14.4) from Propo-

sition 8.14.3, this distribution is represented as an infinite sum

f (x, t) =
∑

s∈J n
p;m,j∈Zn,a∈I np

ds; j,a(t)�(m)×
s; ja (x), x ∈ Qn

p, t ≥ 0, (10.3.6)

where due to (8.14.5)

ds; j,a(t) = 〈f (·, t),�(m)×
s; ja (·)〉, s ∈ J n

p;m, j ∈ Zn, a ∈ I n
p . (10.3.7)

Since we seek a solution u(x, t) of the Cauchy problem (10.3.1) in the class
�̃′(Qn

p × R+), in view of the above reasoning we will seek this solution in the
form of an infinite sum

u(x, t) =
∑

s∈J n
p;m,j∈Zn,a∈I np

�s; j,a(t)�(m)×
s; ja (x), (10.3.8)

where �s; j,a(t) are the desired functions, s ∈ J n
p;m, j ∈ Zn, a ∈ I n

p .
Substituting (10.3.8) into (10.3.1), from Theorem 9.4.2, we obtain∑
s∈J n

p;m,j∈Zn,a∈I np

(
�′s; j,a(t)+A(−p̂j s)�s; j,a(t)− ds; j,a(t)

)
�

(m)×
s; ja (x) = 0.

The last equation is understood in the weak sense, i.e.,∑
s∈J n

p;m,j∈Zn,a∈I np

〈(
�′s; j,a(t)+A(−p̂j s)�s; j,a(t)

− ds; j,a(t)
)
�

(m)×
s; ja (x), φ(x)

〉
= 0, (10.3.9)
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for all φ ∈ �(Qn
p). Since according to Lemma 8.14.1 any test function φ ∈

�(Qn
p) is represented in the form of a finite sum (8.14.1), the equality (10.3.9)

implies that

�′s; j,a(t)+A(−p̂j s)�s; j,a(t) = ds; j,a(t), ∀ s ∈ J n
p;m, j ∈ Zn, a ∈ I n

p ,

for all t ≥ 0. Solving this differential equation, we obtain

�s; j,a(t) = e−A(−p̂j s)t
(
�s; j,a(0)+

∫ t

0
eA(−p̂j s)τ ds; j,a(τ ) dτ

)
, (10.3.10)

s ∈ J n
p;m, j ∈ Zn, a ∈ I n

p .
By substituting (10.3.10) into (10.3.8) we find a solution of the Cauchy

problem (10.3.1) in the form

u(x, t) =
∑

s∈J n
p;m,j∈Zn,a∈I np

e−A(−p̂j s)t
(
�s; j,a(0)

+
∫ t

0
eA(−p̂j s)τ ds; j,a(τ ) dτ

)
�

(m)×
s; ja (x). (10.3.11)

Setting t = 0, we find

u0(x) =
∑

s∈J n
p;m,j∈Zn,a∈I np

�s; j,a(0)�(m)×
s; ja (x),

where u0 ∈ �′(Qn
p) and, according to (8.14.4), the coefficients �s; j,a(0) are

uniquely determined by (8.14.5) as

�s; j,a(0) = 〈
u0,�

(m)×
s; ja

〉
, s ∈ J n

p;m, j ∈ Zn, a ∈ I n
p . (10.3.12)

The relations (10.3.11), (10.3.12) and (10.3.7) imply (10.3.5). In view of
(10.1.1), the sum (10.3.5) is finite on any test function from the Lizorkin
space �(Qn

p).
The theorem is thus proved.

Theorem 10.3.2 and Corollary 9.4.9 imply the following assertion.

Corollary 10.3.3. Let f ∈ �̃′(Qn
p × R+) and let f (x, t) be continuous in t for

all x ∈ Qn
p. Then the Cauchy problem (10.3.3) has in �̃′(Qn

p × R+) a unique
solution

u(x, t) =
∑

s∈J n
p;m,j∈Zn,a∈I np

(
e−p

α max1≤r≤n{mr−jr }t 〈u0,�
(m)×
s; ja

〉
+

∫ t

0
e−p

α max1≤r≤n{mr−jr }(t−τ )
〈
f (·, τ ),�(m)×

s; ja (·)〉 dτ)
�

(m)×
s; ja (x),

(10.3.13)

where �
(m)×
s; ja (x) are n-dimensional p-adic wavelets (8.12.1).
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For the case of homogeneous Cauchy problems (10.3.1) and (10.3.3), when
f (x, t) = 0, the solutions (10.3.5) and (10.3.13) describe diffusion processes
in the space Qn

p.

Example 10.3.1. Now we consider the one-dimensional homogeneous Cauchy
problem (10.3.3) for the initial data

u0(x) = �(|x|p) =
{

1, |x|p ≤ 1,
0, |x|p > 1.

Since f (x, t) = 0, substituting (8.10.3), (8.10.10) and (8.10.11) into formula
(10.3.13), we obtain a solution of this Cauchy problem:

u(x, t) =
∑
s∈Jp;m

∞∑
j=m

p−j e−p
α(m−j )tχp

(
spjx

)
�

(|pjx|p
)
.

Theorem 10.3.4. Suppose that the symbol A(ξ ) of a pseudo-differential oper-
ator Ax in (10.3.1) satisfies the condition

A
(
p̂j (−s + η)

) = A
(−p̂j s

)
> 0, ∀ η ∈ Zn

p,

for any j ∈ Zn, s ∈ J n
p;m. Suppose that f ∈ �̃′(Qn

p × R+) and f (x, t) is con-
tinuous in t for all x ∈ Qn

p. Suppose also that, for any s ∈ J n
p;m, j ∈ Zn, a ∈ I n

p

lim
t→∞

〈
f (·, t),�(m)×

s; ja (·)〉 = cs; ja (= const). (10.3.14)

Then the solution (10.3.5) of the Cauchy problem (10.3.1) is stabilized as
t →∞:

lim
t→∞ u(x, t) = g(x)=

∑
s∈J n

p;m,j∈Zn,a∈I np

cs; ja

A
(−p̂j s

)�(m)×
s; ja (x)∈�′(Qn

p), (10.3.15)

for every x ∈ Qn
p.

Proof. Taking into account that sum (10.3.5) is finite on any test function
φ ∈ �(Qn

p) and using the L’Hospital rule, it is easy to find that (10.3.15) holds
for all φ ∈ �(Qn

p).

Corollary 10.3.5. Let f ∈ �̃′(Qn
p × R+) and let f (x, t) be continuous in t for

all x ∈ Qn
p. Suppose that (10.3.14) holds. Then the solution (10.3.13) of the

Cauchy problem (10.3.3) is stabilized as t →∞, i.e., (10.3.15) holds, where
A(−p̂j s) = pα max1≤r≤n{mr−jr }, α ∈ R.

(b) Now we consider the Cauchy problem{
i ∂u(x,t)

∂t
− Axu(x, t) = f (x, t), in Qn

p × (0, ∞),

u(x, t) = u0(x), in Qn
p × {t = 0},

(10.3.16)
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where u0 ∈ �′(Qn
p) and a pseudo-differential operator Ax is given by (10.3.2).

In particular, we have the Cauchy problem

{
i ∂u(x,t)

∂t
−Dα

x u(x, t) = f (x, t), in Qn
p × (0, ∞),

u(x, t) = u0(x), in Qn
p × {t = 0},

(10.3.17)

where Dα
x is the Taibleson fractional operator (9.2.23) with respect to x, α ∈ C.

Using the above results, we can construct a solution of the Cauchy problems
(10.3.16) and (10.3.17).

Theorem 10.3.6. Suppose that the symbol A(ξ ) of a pseudo-differential oper-
ator Ax in (10.3.16) satisfies condition (9.4.1)

A
(
p̂j (−s + η)

) = A
(− p̂j s

)
, ∀ η ∈ Zn

p,

for any j ∈ Zn, s ∈ J n
p;m. Let f ∈ �̃′(Qn

p × R+) and let f (x, t) be continuous
in t for all x ∈ Qn

p. Then the Cauchy problem (10.3.16) has in �̃′(Qn
p × R+) a

unique solution

u(x, t) =
∑

s∈J n
p;m,j∈Zn,a∈I np

(
e−iA(−p̂j s)t

〈
u0,�

(m)×
s; ja

〉
− i

∫ t

0
e−iA(−p̂j s)(t−τ )

〈
f (·, τ ),�(m)×

s; ja (·)〉 dτ)
�

(m)×
s; ja (x), (10.3.18)

where �
(m)×
s; ja (x) are n-dimensional p-adic wavelets (8.12.1).

Corollary 10.3.7. Let f ∈ �̃′(Qn
p × R+) and let f (x, t) be continuous in t for

all x ∈ Qn
p. Then the Cauchy problem (10.3.17) has in �̃′(Qn

p × R+) a unique
solution

u(x, t) =
∑

s∈J n
p;m,j∈Zn,a∈I np

(
e−ip

α max1≤r≤n{mr−jr }t 〈u0,�
(m)×
s; ja

〉
− i

∫ t

0
e−ip

α max1≤r≤n{mr−jr }(t−τ )
〈
f (·, τ ),�(m)×

s; ja (·)〉 dτ)
�

(m)×
s; ja (x),

(10.3.19)

where �
(m)×
s; ja (x) are n-dimensional p-adic wavelets (8.12.1).
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10.4. Linear evolutionary pseudo-differential equations of the
second order in time

Let us consider the Cauchy problem for a linear evolutionary pseudo-differential
equation of the second order in t{

∂2u
∂t2 + A1x

∂u
∂t
+ A2xu(x, t)+ u(x, t) = f (x, t), in Qn

p × (0,∞),

u(x, t) = u0(x), ∂u(x,t)
∂t

= u1(x), in Qn
p × {t = 0},

(10.4.1)

where t ∈ R, u0, u1(x) ∈ �′(Qn
p), pseudo-differential operators A1x and A2x

are given by (10.3.2) and their symbols A1(ξ ),A2(ξ ) ∈ E(Qn
p \ {0}), u(x, t) ∈

�̃′(Qn
p × R+) is the desired distribution.

Theorem 10.4.1. Suppose that the symbol Al(ξ ) of the pseudo-differential
operator Alx in (10.4.1) satisfies condition (9.4.1)

Al

(
p̂j (−s + η)

) = Al

(−p̂j s
)
, ∀ η ∈ Zn

p, l = 1, 2,

for any j ∈ Zn, s ∈ J n
p;m. Let f ∈ �̃′(Qn

p × R+) and let f (x, t) be continuous
in t for all x ∈ Qn

p. Then the Cauchy problem (10.4.1) has a unique solution

u(x, t) =
∑

s∈J n
p;m,j∈Zn,a∈I np

�s; j,a(t)�(m)×
s; ja (x) ∈ �̃′(Qn

p × R+), (10.4.2)

where �
(m)×
s; ja (x) are n-dimensional p-adic wavelets (8.12.1). Here, if

(a)
(
A1(−p̂j s)

)2 �= 4
(
A2(−p̂j s)+ 1

)
then

�s; j,a(t) = 1

k+ − k−

( ∫ t

0

(
ek+(t−τ ) − ek−(t−τ )

)
ds; j,a(τ ) dτ

+ (〈
u1,�

(m)×
s; ja

〉− k−
〈
u0,�

(m)×
s; ja

〉)
ek+t

− (〈
u1,�

(m)×
s; ja

〉− k+
〈
u0,�

(m)×
s; ja

〉)
ek−t

)
, (10.4.3)

where k± = −A1(−p̂j s)±
√

(A1(−p̂j s))2−4(A2(−p̂j s)+1)
2 ;

(b)
(
A1(−p̂j s)

)2 = 4
(
A2(−p̂j s)+ 1

)
then

�s; j,a(t) =
∫ t

0
ek(t−τ )(t − τ )ds; j,a(τ ) dτ

+ ekt
(〈
u0,�

(m)×
s; ja

〉+ (〈
u1,�

(m)×
s; ja

〉− k
〈
u0,�

(m)×
s; ja

〉))
, (10.4.4)
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where k = −A1(−p̂j s)
2 ; ds; j,a(t) are coefficients of the distribution f (x, t) in

representation (10.3.6); s ∈ J n
p;m, j ∈ Zn, a ∈ In

p .

Proof. Since f ∈ �̃′(Qn
p × R+), according to (8.14.3), this distribution is rep-

resented in the form (10.3.6). As in Theorem 10.3.2, we will seek a solution
of the Cauchy problem (10.4.1) in the form (10.3.8). Substituting (10.3.8) into
equation (10.4.1), from Theorem 10.2.3, we obtain∑

s∈J n
p;m,j∈Zn,a∈I np

(
�′′s; j,a(t)+A1(−p̂j s)�′s; j,a(t)

+ (
A2(−p̂j s)+ 1

)
�s; j,a(t)− ds; j,a(t)

)
�

(m)×
s; ja (x) = 0,

where ds; j,a(t) is given by (10.3.7). Next, similarly to the proof of
Theorem 10.3.2, the last relation implies that �s; j,a(t) satisfies the differential
equation

�′′s; j,a(t)+A1(−p̂j s)�′s; j,a(t)+ (
A2(−p̂j s)+ 1

)
�s; j,a(t) = ds; j,a(t),

(10.4.5)

for all t ≥ 0, s ∈ J n
p;m, j ∈ Zn, a ∈ I n

p . Since ds; j,a(t) is continuous, for given

�s; j,a(0) and d�s; j,a (0)
dt

the differential equation (10.4.5) has a unique solution.
This solution can be calculated explicitly.

The characteristic equation corresponding to the homogeneous differential
equation (10.4.5) is the following:

k2 + kA1(−p̂j s)+ (
A2(−p̂j s)+ 1

) = 0. (10.4.6)

(a) Let
(
A1(−p̂j s)

)2 �= 4
(
A2(−p̂j s)+ 1

)
. In this case, from (10.4.6) we

have k± = −A1(−p̂j s)±
√

(A1(−p̂j s))2−4(A2(−p̂j s)+1)
2 . Hence, according to the well-

known results from the theory of ordinary differential equations, a solution of
(10.4.5) is

�s; j,a(t) = 1

k+ − k−

( ∫ t

0

(
ek+(t−τ ) − ek−(t−τ )

)
ds; j,a(τ ) dτ + (

�′s; j,a(0)

− k−�s; j,a(0)
)
ek+t − (

�′s; j,a(0)− k+�s; j,a(0)
)
ek−t

)
.

(10.4.7)

(b) Let
(
A1(−p̂j s)

)2 = 4
(
A2(−p̂j s)+ 1

)
then from (10.4.6) we have

k = −A1(−p̂j s)
2 . Hence, according to the well-known results from the theory
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of ordinary differential equations, a solution of (10.4.5) is

�s; j,a(t) =
∫ t

0
ek(t−τ )(t − τ )ds; j,a(τ ) dτ

+ ekt
(
�s; j,a(0)+ (

�′s; j,a(0)− k�s; j,a(0)
)
t
)
. (10.4.8)

By substituting the solution (10.4.7) (or (10.4.8)) of the differential equation
(10.4.5) into (10.3.8) and taking into account formulas (10.3.7) and

�s; j,a(0) = 〈
u0,�

(m)×
s; ja

〉
, �′s; j,a(0) = 〈

u1,�
(m)×
s; ja

〉
,

s ∈ J n
p;m, j ∈ Zn, a ∈ I n

p , we find a unique solution of the Cauchy problem
(10.4.1) in the form (10.3.8), where the coefficients �s; j,a(t) are given by
(10.4.3) or (10.4.4).

In view of (10.1.1), the sum (10.4.2) is finite on any test function from the
Lizorkin space �(Qn

p).
The theorem is proved.

In particular, if A1x and A2x are fractional operators, Theorem 10.4.1 gives
a solution of the Cauchy problem{

∂2u
∂t2 +Dα1

x
∂u
∂t
+Dα2

x u(x, t)+ u(x, t) = f (x, t), in Qn
p × (0, ∞),

u(x, t) = u0(x), ∂u(x,t)
∂t

= u1(x), in Qn
p × {t = 0},

(10.4.9)

A particular case of the problem (10.4.9) was solved in the paper [63].

Remark 10.1. The variable separation method developed for solving the above
Cauchy problems can be used for solving the Cauchy problems for the linear
pseudo-differential equations of order m in t :

m∑
j=0

Ajx

∂ju(x, t)

∂tj
+ u(x, t) = f (x, t),

where pseudo-differential operatorsAjx are given by (10.3.2), j = 0, 1, . . . , m,
u(x, t) ∈ �̃′(Qn

p × R+) is the desired distribution. A particular case of the above
equation is the following:

m∑
j=0

D
αj

x

∂ju(x, t)

∂tj
+ u(x, t) = f (x, t),

where D
αj

x is the Taibleson fractional operator (9.2.23) with respect to x,
αj ∈ C, j = 0, 1, . . . , m.
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10.5. Semi-linear evolutionary pseudo-differential equations

(a) Consider the Cauchy problem for the semi-linear pseudo-differential
equation{ ∂u(x,t)

∂t
+ Axu(x, t)+ u(x, t)|u(x, t)|2k = 0, in Qn

p × (0, ∞),

u(x, t) = u0(x), in Qn
p × {t = 0},

(10.5.1)

where a pseudo-differential operator Ax is given by (10.3.2), k ∈ N, u(x, t) ∈
�̃′(Qn

p × R+) is the desired distribution.
According to Proposition 8.14.3, the distribution u(x, t) can be realized as

an infinite sum of the form

u(x, t) =
∑

s∈J n
p;m,j∈Zn,a∈I np

�s; j,a(t)�(m)×
s; ja (x), (10.5.2)

where �s; j,a(t) are the desired functions, �(m)×
s; ja (x) are elements of the wavelet

basis (8.12.1). We will solve the Cauchy problem in a particular class of
distributions u(x, t) such that in the representation (10.5.2)

p̂j ′−j a − a′ /∈ Zn
p, if jl < j ′l , l = 1, . . . , n. (10.5.3)

In view of (8.10.5), in this case all the sets {x ∈ Qn
p : |p̂j x − a|p ≤ 1}, {x ∈

Qn
p : |p̂j ′x − a′|p ≤ 1} are disjoint.

Theorem 10.5.1. Let a pseudo-differential operator Ax in (10.5.1) be such
that its symbol A(ξ ) satisfies condition (9.4.1)

A
(
p̂j (−s + η)

) = A
(−p̂j s

)
, ∀ η ∈ Zn

p,

for any j ∈ Zn, s ∈ J n
p;m. Then in the above-mentioned class of distributions

(10.5.2) and (10.5.3) the Cauchy problem (10.5.1) has the unique solution

u(x, t)

=
∑
s∈Jnp;m,

j∈Zn,

a∈Inp

(
ReA

(−p̂j s
)

ReA
(− p̂j s

)+ |〈u0,�
(m)×
s; ja 〉|2kp−k|j |

(
1− e−2kReA(−p̂j s)t

))1/2k

×〈u0,�
(m)×
s; ja 〉e−A(−p̂j s)t�

(m)×
s; ja (x), (10.5.4)

for t ≥ 0, where �
(m)×
s; ja (x) are n-dimensional p-adic wavelets (8.12.1). More-

over, this formula is applicable for the case A ≡ 0.
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Proof. Since |χp

(
s · (pjx − a)

)| = 1, taking into account formulas (10.5.2),
(10.5.3), (8.12.1), we obtain a formal series

|u(x, t)|2 =
∑

s∈J n
p;m,j∈Zn,a∈I np

|�s; j,a(t)|2p−|j |�(|p̂j x − a|p
)

and

u(x, t)|u(x, t)|2k
=

∑
s∈J n

p;m,j∈Zn,a∈I np
|�s; j,a(t)|2k�s; j,a(t)p−k|j |�(m)×

s; ja (x) ∈ �̃′(Qn
p × R+),

(10.5.5)

where the indexes in the above sums satisfy the condition (10.5.3).
Substituting (10.5.5) and (10.5.2) into (10.5.1), in view of of Theorem 9.4.2,

we find that ∑
j∈Z,k∈J n

p 0,a∈I np

(
�′s; j,a(t)+ A

(−p̂j s
)
�s; j,a(t)

+p−k|j ||�s; j,a(t)|2k�s; j,a(t)
)
�

(m)×
s; ja (x) = 0, (10.5.6)

where the latter equation is understood in the weak sense. Since, according to
Lemma 8.14.1, any test function φ ∈ �(Qn

p) is represented in the form of a
finite sum (8.14.1), the equality (10.5.6) implies that

�′s; j,a(t)+A
(−p̂j s

)
�s; j,a(t)+ p−k|j ||�s; j,a(t)|2k�s; j,a(t) = 0,

(10.5.7)
for all s ∈ J n

p;m, j ∈ Zn, a ∈ I n
p , and for all t ≥ 0.

Substituting �s; j,a(t)=Rs; j,a(t)eiαs; j,a (t) and A(−p̂j s) = ReA(−p̂j s)+
iImA(−p̂j s) into (10.5.7), we obtain the system of differential equations

R′s; j,a(t)+ ReA
(−p̂j s

)
Rs; j,a(t)+ p−k|j |R2k+1

s; j,a (t) = 0,

α′s; j,a(t)+ ImA
(−p̂j s

) = 0,

s ∈ J n
p;m, j ∈ Zn, a ∈ I n

p , t ≥ 0. Integrating the last system, we find αs; j,a(t) =
−ImA(−p̂j s)t + αs; j,a(0) and

R2k
s; j,a(t)

ReA
(−p̂j s

)+ p−k|j |R2k
s; j,a(t)

= Es; j,ae
−2kReA(−p̂j s)t ,

i.e.,

�s; j,a(t) =
(

Es; j,aReA
(−p̂j s

)
1− Es; j,ap−k|j |e−2kReA(−p̂j s)t

)1/2k

e−A(−p̂j s)t eiαs; j,a (0),

(10.5.8)
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Substituting (10.5.8) into (10.5.2), we find a solution of the problem (10.5.1)

u(x, t) =
∑
s∈Jnp;m,

j∈Zn,

a∈Inp

(
Es; j,aReA

(−p̂j s
)

1− Es; j,ap−k|j |e−2kReA(−p̂j s)t

)1/2k

× e−A(−p̂j s)t eiαs; j,a (0)�
(m)×
s; ja (x), (10.5.9)

x ∈ Qn
p, t ≥ 0. Setting in (10.5.9) t = 0, we obtain that

u0(x) =
∑

s∈J n
p;m,j∈Zn,a∈I np

(
Es; j,aReA

(−p̂j s
)

1− Es; j,ap−k|j |

)1/2k

eiαs; j,a (0)�
(m)×
s; ja (x),

where u0 ∈ �′(Qn
p). Hence, according to (8.14.4) , the coefficients Es; j,a are

uniquely determined by (8.14.5) as(
Es; j,aReA

(−p̂j s
)

1− Es; j,ap−k|j |

)1/2k

eiαs; j,a (0) = 〈u0,�
(m)×
s; ja 〉.

The latter equation implies that

Es; j,a =
∣∣〈u0(x),�(m)×

s; ja

〉∣∣2k

ReA
(−p̂j s

)+ p−k|j ||〈u0,�
(m)×
s; ja 〉|2k

.

SubstitutingEs; j,a into (10.5.9), we obtain (10.5.4). In view of formula (10.1.1),
the sum (10.5.4) is finite on any test function from the Lizorkin space �(Qn

p).
Now by passing to the limit as A→ 0 in formula (10.5.4), one can easily

see that this formula (10.5.4) is applicable for the case A ≡ 0.
The theorem is thus proved.

(b) Now we consider the Cauchy problem{
i ∂u(x,t)

∂t
− Axu(x, t)+ u(x, t)|u(x, t)|2k = 0, in Qn

p × (0, ∞),

u(x, t) = u0(x), in Qn
p × {t = 0},

(10.5.10)

where a pseudo-differential operator Ax is given by (10.3.2), k ∈ N, u(x, t) ∈
�̃′(Qn

p × R+) is the desired distribution.

Theorem 10.5.2. Let a pseudo-differential operator Ax in equation (10.5.10)
be such that its symbol A(ξ ) satisfies the condition (9.4.1):

A
(
p̂j (−s + η)

) = A
(−p̂j s

)
, ∀ η ∈ Zn

p,

for any j ∈ Zn, s ∈ J n
p;m. Then in the above-mentioned class of distributions
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(10.5.2), (10.5.3) the Cauchy problem (10.5.10) has a unique solution

u(x, t) =
∑

s∈J n
p;m,j∈Zn,a∈I np

e
ip−k|j |

|〈u0 ,�(m)×
s; ja 〉|2k

2kImA(−p̂j s)
(e2kImA(−p̂j s)t−1)

×〈
u0,�

(m)×
s; ja

〉
e−iA(−p̂j s)t�

(m)×
s; ja (x), (10.5.11)

for t ≥ 0, where �
(m)×
s; ja (x) are n-dimensional p-adic wavelets (8.12.1). More-

over, the passage to the limit in (10.5.11) as ImA→ 0 gives exactly solution
for the case ImA = 0.

Proof. We will seek a solution of the problem in the form (10.5.2) and (10.5.3).
Substituting (10.5.5) and (10.5.2) into (10.5.10), in view of Theorem 9.4.2, we
find that

i�′s;j,a(t)−A
(−p̂j s

)
�s;j,a(t)+ p−k|j ||�s;j,a(t)|2k�s;j,a(t) = 0, (10.5.12)

s ∈ J n
p;m, j ∈ Zn, a ∈ I n

p , t ≥ 0. Setting A
(−p̂j s

) = ReA
(−p̂j s

)+
iImA

(−p̂j s
)
, and �s;j,a(t) = Rs;j,a(t)eiαs;j,a (t) in (10.5.12), we obtain

R′s;j,a(t)− ImA
(−p̂j s

)
Rs;j,a(t) = 0,

α′s;j,a(t)+ ReA
(−p̂j s

)− p−k|j |R2k
s;j,a(t) = 0,

s ∈ J n
p;m, j ∈ Zn, a ∈ I n

p . Solving this system, we find

Rs; j,a(t) = Rs; j,a(0)eImA(−p̂j s)t ,

αs; j,a(t) = −ReA(−p̂j s)t + p−k|j |
R2k

s; j,a (0)

2kImA(−p̂j s)
e2kImA(−p̂j s)t + αs; j,a(0),

and

�s;j,a(t) = Rs;j,a(0)eiαs;j,a (0)e−iA(−p̂j s)t

× e
ip−k|j |

R2k
s;j,a (0)

2kImA(−p̂j s)
e2kImA(−p̂j s)t

, (10.5.13)

s ∈ J n
p;m, j ∈ Zn, a ∈ I n

p . We have

�s;j,a(0) = 〈
u0,�

(m)×
s;ja

〉 = Rs;j,a(0)e
i

(
αs;j,a (0)+p−k|j | R2k

s;j,a (0)

2kImA(−p̂j s)

)
.

The last relation, (10.5.13) and (10.5.2) imply (10.5.11).

A particular solution of the problem (10.5.10) for Ax = Dα
x and k = 1 was

first obtained by S. V. Kozyrev.
According to (10.5.4) and (10.5.11), if the initial data u0(x) of the problem

(10.5.1) or (10.5.10) have a support in the ball Bn
N ⊂ Qn

p, then the support of a
solution u(x, t) with respect to x belongs to this ball for all t > 0. This effect of
localization of a solution for p-adic Schrödinger equation was first described
in [132].
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A p-adic Schrödinger-type operator with
point interactions

11.1. Introduction

In this chapter a p-adic Schrödinger-type operator Dα + VY is studied, where
Dα (α > 0) is the operator of fractional differentiation (which was studied
in Chapter 9) and VY =

∑n
i,j=1 bij 〈δxj , ·〉δxi (bij ∈ C) is a singular potential

containing the Dirac delta functions δx concentrated on a set of points Y =
{x1, . . . , xn} of the field of p-adic numbers Qp. It is shown that such a problem
is well-posed for α > 1/2 and the singular perturbation VY is form-bounded
for α > 1. In the latter case, the spectral analysis of η-self-adjoint operator
realizations of Dα + VY in L2(Qp) is carried out.

The results of this chapter are based on the papers by S. Albeverio, S. Kuzhel,
S. Torba [31] and S. Kuzhel and S. Torba [169] (see also [102, Example 5.6])
and continue the investigation of p-adic Schrödinger-type operators with point
interactions started by A. Kochubei [157]. We recall that the concept of a p-adic
Schrödinger-type operator was first introduced and studied by V. S. Vladimirov
and I. V. Volovich [241].

In “usual” mathematical physics Schrödinger operators with point interac-
tions are well-studied; they are used in quantum mechanics to obtain Hamil-
tonians describing realistic physical systems having the important property of
being exactly solvable, i.e., such that all eigenfunctions, spectrum, and scatter-
ing matrix can be calculated [9], [27].

Since we deal with the mapping Qp → C, i.e., complex-valued functions
defined on Qp are considered, the operation of differentiation is not defined and
the operator of fractional differentiation Dα of order α (α > 0) takes over the
role of differentiation [157], [243], [241]. In particular,p-adic Schrödinger-type
operators with potentials V (x) : Qp → C are defined as Dα + V (x).

One of the remarkable features of the p-adic theory of distribution is that
any distribution f ∈ D′(Qp) with point support suppf = {x} coincides with

209
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the Dirac delta function at the point x multiplied by a constant c ∈ C, i.e.,
f = cδx . For this reason, it is natural to consider the expressionDα + VY where
the singular potential VY =

∑n
i,j=1 bij 〈, δxj , ·〉δxi (bij ∈ C) contains the Dirac

delta functions δx concentrated on points xr of the set Y = {x1, . . . , xn} ⊂ Qp

as a p-adic analogue of the Schrödinger operator with point interactions. Since
Dα is a p-adic pseudo-differential operator the expression Dα + VY gives an
example of pseudo-differential operators with point interactions. In the “usual”
(Archimedean) theory, expressions of this (and more general) type are studied
in [28].

Obviously, the domain of definition D(Dα) of the unperturbed operator Dα

need not contain functions continuous on Qp and, in general, it may happen
that the singular potential VY is not well-defined on D(Dα).

In Section 11.2, we discuss the problem of characterizing D(Dα) and study-
ing in detail the solutions of the equation Dα − λI = δx .

In Sections 11.3–11.9, we deal with the spectral analysis of operator
realizations of Dα + VY (α > 1) in L2(Qp). We do not restrict ourselves
only to the self-adjoint case and consider also η-self-adjoint operators. The
investigation of such operators is motivated by the intensive development
of pseudo-Hermitian (PT -symmetric) quantum mechanics in the last few
years [48], [100], [190], [231], [255].

Among the self-adjoint extensions of the symmetric operatorAsym associated
with Dα + VY (α > 1), we pay special attention to the Friedrichs extension AF .
Since AF is the “hard” extension of Asym (see [37] for the terminology) and the
singular potentialVY is form-bounded, the hypothesis that the discrete spectrum
of AF depends on the geometrical structure of Y looks likely. In this way we
discuss the connection between the minimal distance pγmin between elements
of Y and an infinite sequence of points of the discrete spectrum (type-1 part of
the discrete spectrum).

We will use the following notation: D(A) and kerA denote the domain and
the null-space of a linear operator A, respectively. A �X denotes the restriction
of A onto a set X.

11.2. The equation Dα − λI = δx

As mentioned above, the operator of differentiation is not defined in L2(Qp),
and it is replaced by the operator of fractional differentiation Dα , α > 0 (9.2.4).
It is easy to see that Dαf is well defined for all f ∈ D(Qp), but the element
Dαf need not necessarily belong to D(Qp) (since the function |ξ |αp is not
locally constant); however Dαf ∈ L2(Qp) [157]. Since D(Qp) is not invariant
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with respect to Dα we cannot define Dα on the whole space D′(Qp). For a
distribution f ∈ D′(Qp) the operator Dα is well defined only if the right-hand
side of (9.2.4) exists. To overcome this obstacle, we need to consider this
operator in the Lizorkin spaces instead of D(Qp) (see Chapter 9).

In what follows we will consider Dα , α > 0, as an unbounded operator in
L2(Qp). In this case, the domain of definition D(Dα) consists of the functions
f ∈ L2(Qp) such that |ξ |αpF [f ](ξ ) ∈ L2(Qp). Since Dα is unitarily equivalent
to the operator of multiplication by |ξ |αp, this operator is positive self-adjoint in
L2(Qp) and its spectrum consists of eigenvalues λm = pαm (m ∈ Z) of infinite
multiplicity and with accumulation point λ = 0.

According to Kozyrev’s paper [163], the orthonormal p-adic wavelet basis
in L2(Qp) (8.1.3),

θk; ja(x) = p−j/2χp

(
p−1k(pjx − a)

)
�

(|pjx − a|p
)
, x ∈ Qp, (11.2.1)

coincides with the set of eigenfunctions of Dα , and according to (9.1.1),

Dαθk; ja(x) = pα(1−j )θk; ja(x), x ∈ Qp, α > 0, (11.2.2)

where k = 1, 2, . . . p − 1, j ∈ Z, a ∈ Ip = Qp/Zp, and �(t) is the character-
istic function (4.2.2) of the segment [0, 1] (for details, see Section 9.4).

In view of (11.2.2) the Kozyrev p-adic wavelet basis (11.2.1) does not
depend on the choice of α and it provides a convenient framework for the
investigation of Dα . In particular, analyzing the expansion of any element
u ∈ D(Dα) with respect to (11.2.1), it is not hard to establish the uniform con-
vergence of the corresponding series for α > 1/2. This fact and the property of
eigenfunctions θk; ja(x) to be continuous on Qp imply the following statement.

Proposition 11.2.1. ([168]) The domain D(Dα) consists of functions which
are continuous on Qp if and only if α > 1/2.

Let us consider the equation

(Dα − λI )h = δxr , λ ∈ C, xr ∈ Qp, α > 0, (11.2.3)

where Dα : L2(Qp) → D′(Qp) is understood in the distribution sense.
It follows from [157, Lemma 3.7] that equation (11.2.3) has no solutions

belonging to L2(Qp) for α ≤ 1/2.

Theorem 11.2.2. The following statements are valid:
1. If α > 1/2, then (11.2.3) has a unique solution h = hr,λ ∈ L2(Qp) if and

only if λ �= pαm, where m runs Z ∪ {−∞}.
2. If α > 1 and λ �= pαm (∀m ∈ Z ∪ {−∞}), then hr,λ ∈ D(Dα/2).
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Proof. First of all we note that any function u ∈ D(Dα) can be expanded in
a uniformly convergent series with respect to the complex-conjugate p-adic
wavelet basis

{θk; ja(x) : k = 1, 2, . . . p − 1; j ∈ Z; a ∈ Ip}.

This means (since {θk; ja} are continuous functions on Qp) that

u(xr ) =
∞∑

j=−∞

p−1∑
k=1

∑
a∈Ip

(u, θk; ja)θk; ja(xr ) for xr ∈ Qp,

where (f, g) = ∫
Qp

f (x)g(x)dx is the scalar product in L2(Qp).

Obviously, θk; ja(xr ) �= 0 ⇐⇒ |pjxr − a|p ≤ 1. Here a ∈ Ip and hence
|a|p > 1 for a �= 0. It follows from the strong triangle inequality that |pjxr −
a|p ≤ 1 ⇐⇒ a = {pjxr}p. But then, recalling (11.2.1), we obtain

θk; ja(xr ) =
{

0, a �= {pjxr}p,
p−j/2χp

(− p−1k(pjxr − a)
)
, a = {pjxr}p

(11.2.4)

Therefore,

〈δxr , u〉 = u(xr )

=
∞∑

j=−∞

p−1∑
k=1

p−j/2χp

(− p−1k(pjxr − {pjxr}p)
)(
u, θk; j{pj xr }p

)
=

∞∑
j=−∞

p−1∑
k=1

p−j/2χp

(− p−1k(pjxr − {pjxr}p)
)〈θk; j{pj xr }p , u〉.

(11.2.5)

Since D(Qp) ⊂ D(Dα) the equality (11.2.5) yields that

δxr =
∞∑

j=−∞

p−1∑
k=1

p−j/2χp

(− p−1k(pjxr − {pjxr}p)
)
θk; j{pj xr }p , (11.2.6)

where the series converges in D′(Qp).
Suppose that a function h ∈ L2(Qp) is represented as a convergent series in

L2(Qp):

h(x) =
∞∑

j=−∞

p−1∑
k=1

∑
a∈Ip

cjkaθk; ja(x).
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Applying the operator Dα − λI termwise, we get the series

(Dα − λI )h =
∞∑

j=−∞

p−1∑
k=1

∑
a∈Ip

cjka
(
pα(1−j ) − λ

)
θk; ja, (11.2.7)

converging in D′(Qp) (since DαD(Qp) ⊂ L2(Qp)). Since (11.2.6) and (11.2.7)
are the right and left hand sides of the identity (11.2.3), the comparison of these
formulas gives

cjka =
{

0, a �= {pjxr}p
p−j/2χp

(
−p−1k(pj xr−{pj xr }p)

)
pα(1−j )−λ , a = {pjxr}p

Thus

hr,λ(x) =
∞∑

j=−∞

p−1∑
k=1

p−j/2χp

(− p−1k(pjxr − {pjxr}p)
)

pα(1−j ) − λ
θk; j{pj xr }p (x)

(11.2.8)
is the unique solution of (11.2.3).

Since the functions θk; j{pj xr }p (x) in (11.2.8) are elements of the orthonormal
basis (11.2.1) in L2(Qp), the function hr,λ(x) belongs to L2(Qp) if and only if

(p − 1)
∞∑

j=−∞

p−j(
pα(1−j ) − λ

)2 <∞.

This inequality holds if and only if λ �= pαm (∀m ∈ Z ∪ {−∞}). Assertion 1 is
proved.

Let α > 1. Applying the operator Dα/2 to the function (11.2.8) and taking
(11.2.1) and (11.2.2) into account, we obtain

Dα/2hr,λ

=
∞∑
j=1

p−1∑
k=1

p−j/2χp

(− p−1k(pjxr − {pjxr}p)
)

pα(1−j ) − λ
p

α
2 (1−j )θk; j{pj xr }p (x)

+
0∑

j=−∞

p−1∑
k=1

p−j/2χp

(− p−1k(pjxr − {pjxr}p)
)

pα(1−j ) − λ
p

α
2 (1−j )θk; j{pj xr }p (x)

It is easy to see that hr,λ ∈ D(Dα/2) if and only if the above series converge in
L2(Qp). If these series converge then their sum coincides with Dα/2hr . For the
general term of the first series we have∣∣∣p−j/2p

α
2 (1−j )χp

(− p−1k(pjxr − {pjxr}p)
)

pα(1−j ) − λ

∣∣∣2
≤ Cp−(α+1)j , j ≥ 1
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(since λ �= pαm, ∀m ∈ Z ∪ {−∞}) which implies its convergence in L2(Qp)
for α > 1. Similarly, the general term of the second series can be estimated
from above by Cp(α−1)j (j ≤ 0), which implies its convergence in L2(Qp) for
α > 1.

Theorem 11.2.2 is thus proved.

Let us study the solutions hr,λ(x) of (11.2.3) in more detail for α > 1. To do
this we consider the family of functions Mpγ (λ) (γ ∈ Z ∪ {−∞}) represented
by the series

Mpγ (λ) = p − 1

p

−γ∑
N=−∞

pN

pαN − λ
− p−γ

pα(1−γ ) − λ
, (11.2.9)

Mp−∞ (λ)
def= M0(λ) = p − 1

p

∞∑
N=−∞

pN

pαN − λ
, γ ∈ Z. (11.2.10)

Obviously, M0(λ) is differentiable for λ ∈ C \ {pαN : ∀N ∈ Z ∪ {−∞}}
and M ′

0(λ) = p−1
p

∑∞
N=−∞

pN

(pαN−λ)2 .

Proposition 11.2.3. Let α > 1 and λ �= pαN (∀N ∈ Z ∪ {−∞}). Then

hr,λ(x) =
{
M0(λ) if x = xr

Mpγ (λ) if |x − xr |p = pγ
, ‖hr,λ‖2 = M ′

0(λ).

Proof. If α > 1 and λ �= pαN (∀N ∈ Z ∪ {−∞}), then hr,λ ∈ D(Dα/2), where
α/2 > 1/2, and hence the series (11.2.8) point-wise converges to hr,λ(x).

Employing (11.2.1) and (11.2.10), we immediately deduce from (11.2.8)
that hr,λ(xr ) = M0(λ), ‖hr,λ‖2 = M ′

0(λ), and

hr,λ(x) =
∞∑

N=−∞

p−1∑
k=1

p−Nχp(pN−1k(x − xr ))

pα(1−N) − λ
·�(

∣∣pNx − {pNxr}p
∣∣
p

)

(11.2.11)

for x �= xr .
The expression (11.2.11) can be simplified with the use of the following

arguments: 1. It follows from the strong triangle inequality and the definitions
(1.6.4) of {·}p and �(·) that �(

∣∣pNx − {pNxr}p
∣∣
p

) = �(|pN (x − xr )|p) and

�(
∣∣pNx − {pNxr}p

∣∣
p

) = 0 ⇔ |pN (x − xr )|p > 1 ⇔ |x − xr |p > pN.

If x �= xr , then |x − xr |p = pγ for some γ ∈ Z. Therefore, the terms of
(11.2.11) with indexes N < γ are equal to zero.
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2. Since |pN−1k(x − xr )|p = |pN−1|p|k|p|x − xr |p = pγ+1−N the frac-
tional part {pN−1k(x − xr )}p is equal to zero for N ≥ γ + 1. Hence,
χp(pN−1k(x − xr )) ≡ 1 where N ≥ γ + 1.

3. Set for brevity y = pN−1(x − xr ) and consider the case where N = γ .
Then |y|p = p and hence {y}p = p−1y0, where y0 ∈ {1, . . . , p − 1} is the
first term in the canonical presentation of a p-adic number y (see (1.6.2)).
Since p is a prime number, it is easy to verify that the set of numbers
{ky}p (k = 1 . . . p − 1) coincides with the set p−1k (k = 1 . . . p − 1) mod-
ulo p. This means that

p−1∑
k=1

χp(pγ−1k(x − xr )) =
p−1∑
k=1

χp(ky) =
p−1∑
k=1

exp

(
k

2πi

p

)
= −1

(the latter equality holds because
∑p

k=1 exp kiω = 0 for ω = 2π
p

).
Statements 1–3 allow us to rewrite (11.2.11) as follows:

hk,λ(x) = (p − 1)
∞∑

N=γ+1

p−N

pα(1−N) − λ
− p−γ

pα(1−γ ) − λ
= Mpγ (λ).

Proposition 11.2.3 is proved.

By Proposition 11.2.3, hr,λ(x) is a “radial” function which takes exactly one
value Mpγ (λ) for all points x of the sphere Sγ (xr ) = {x ∈ Qp : |x − xr |p =
pγ }. Such a property of the solution hr,λ(x) of equation (11.2.3) is related
to the property of the distribution δ to be homogeneous of degree |x|−1

p (see
Definition 6.1 and Theorem 6.2.1).

In conclusion, we single out the properties of the functions Mpγ (λ) and
M0(λ) which will be useful for the spectral analysis in the next sections.

Lemma 11.2.4. Let α > 1 and let Mpγ (λ) and M0(λ) be defined by (11.2.9)
and (11.2.10). Then:

1. The function M0(λ) is continuous and monotonically increasing on
each interval (−∞, 0), (pαN, pα(N+1)) (∀N ∈ Z). Furthermore, M0(λ) maps
(−∞, 0) onto (0,∞) and maps (pαN, pα(N+1)) onto (−∞,∞).

2. The function Mpγ (λ) is continuous and monotonically increasing
(decreasing) on (−∞, 0) (on (pα(1−γ ),∞)). Furthermore, Mpγ (λ) maps
(−∞, 0) onto (0,∞) and maps (pα(1−γ ),∞) onto (0,∞).

The proof of Lemma 11.2.4 is quite elementary and is based on a sim-
ple analysis of the series (11.2.9) and (11.2.10). In particular, rewriting the
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definition of Mpγ (λ) as

Mpγ (λ) =
−γ∑

N=−∞

pN

pαN − λ
−

−γ+1∑
N=−∞

pN−1

pαN − λ

=
−γ∑

N=−∞

pN

pαN − λ
−

−γ∑
N=−∞

pN

pα(N+1) − λ

=
−γ∑

N=−∞

pN (pα(N+1) − pαN )

(pαN − λ)(pα(N+1) − λ)

we easily establish assertion 2.
In the following sections we are going to study finite rank point perturbations

of Dα determined by the expression

Dα + VY , VY =
n∑

i,j=1

bij 〈δxj , ·〉δxi , (11.2.12)

where bij ∈ C, Y = {x1, . . . , xn}.
Since δxj �∈ L2(Qp) expression (11.2.12) does not determine an operator

in L2(Qp). Moreover, in contrast to the standard theory of point interactions
[9], the potential VY is not defined on the domain of definition D(Dα) of the
unperturbed operator Dα for α ≤ 1/2 (Proposition 11.2.1). For this reason we
will assume α > 1/2.

11.3. Definition of operator realizations of Dα + V in L2(Qp)

Let H2 ⊂ H1 ⊂ L2(Qp) ⊂ H−1 ⊂ H−2 be the standard scale of Hilbert spaces
(A-scale) associated with the positive self-adjoint operator A = Dα in L2(Qp).
Here Hs = D(As/2), s = 1, 2 with the norm ‖u‖s = ‖(Dα + I )s/2u‖ and H−s
is the completion of L2(Qp) with respect to the norm ‖u‖−s . Naturally, Hs and
H−s are dual, and the inner product in L2(Qp) is extended to the pairing

〈φ, u〉 = ((Dα + I )s/2u, (Dα + I )−s/2φ), u ∈ Hs , φ ∈ H−s

(for details, see [27]).
By virtue of Proposition 11.2.3, the solutions hr,λ of (11.2.3) satisfy the

relation hr,λ = hr,λ. Taking this into account and using (11.2.5) and (11.2.8)
we get

〈δxr , u〉 = u(xr ) = ((Dα − λI )u, hr,λ)L2(Qp), (11.3.1)
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u ∈ D(Dα), xr ∈ Qp, for any complex λ �= pαm (∀m ∈ Z ∪ {−∞}). Hence,
δxr ∈ H−2.

In order to give a meaning to (11.2.12) as an operator acting in L2(Qp), we
consider the positive symmetric operator Asym defined by

Asym = Dα �D,
D = {u ∈ D(Dα) : u(x1) = . . . = u(xn) = 0}, (11.3.2)

where α > 1/2.
It follows from (11.3.1) that Asym is a closed densely defined symmetric

operator in L2(Qp) and the linear span of {hr,λ}nr=1 coincides with ker(A∗sym −
λI ). It is convenient to present the domain of the adjoint D(A∗sym) as D(A∗sym) =
D(Dα)+. H, where H = ker(A∗sym + I ). Then

A∗symf = A∗sym(u+ h) = Dαu− h, ∀f = u+ h ∈ D(A∗sym) (11.3.3)

(u ∈ D(Dα), h ∈ H).
In the additive singular perturbation theory, the algorithm of the determi-

nation of operator realizations of Dα + VY is well known [27] and is based
on the construction of some extension (regularization) Areg := Dα + VY reg of
(11.2.12) onto the domain D(A∗sym) = D(Dα)+. H.

The L2(Qp) part

Ã = Areg �D(Ã),

D(Ã) = {f ∈ D(A∗sym) : Aregf ∈ L2(Qp)} (11.3.4)

of the regularization Areg is called the operator realization of Dα + VY in
L2(Qp).

Since the action of Dα on elements of H is defined by (11.2.3) the regular-
ization Areg depends on the definition of VY reg.

If α > 1, Theorem 11.2.2 gives that δxr ∈ H−1. Hence, the singular potential
VY =

∑n
i,j=1 bij 〈δxj , ·〉δxi is form bounded [9]. In this case, the set D(A∗sym) ⊂

H1 consists of continuous functions on Qp (in view of Proposition 11.2.1 and
Theorem 11.2.2) and the δxr are uniquely determined on elements f ∈ D(A∗sym)
by the formula (cf. (11.3.1))

〈δxr , f 〉 = ((Dα + I )1/2f, (Dα + I )1/2hr,−1)L2(Qp) = f (xr ). (11.3.5)

Thus the regularization AY reg is uniquely defined for α > 1 and formula
(11.3.4) provides a unique operator realization of (11.2.12) in L2(Qp) corre-
sponding to a fixed singular potential VY .
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If 1/2 < α ≤ 1, then the delta functions δxr form an H−1-independent system
(since the linear span of {δxr }n1 does not intersect with H−1) and VY reg is not
uniquely defined on D(A∗sym) (see [169] for a detailed discussion of this part).

11.4. Description of operator realizations

Let η be an invertible bounded self-adjoint operator in L2(Qp).
An operator A is called η-self-adjoint in L2(Qp) if A∗ = ηAη−1, where

A∗ denotes the adjoint of A [46]. Obviously, self-adjoint operators are η-
self-adjoint ones for η = I . In that case we will use the simpler terminology
“self-adjoint” instead of “I -self-adjoint”.

Our goal is to describe η-self-adjoint operator realizations of Dα + VY in
L2(Qp) for α > 1.

Since the solutions hr
def= hr,−1 (1 ≤ r ≤ n) of (11.2.3) form a basis of

H any function f ∈ D(A∗sym) = D(Dα)+. H admits a decomposition f = u+∑n
r=1 crhr (u ∈ D(Dα), cr ∈ C). Using such a presentation we define the linear

mappings �i : D(A∗sym) → Cn (i = 0, 1):

�0f =

 f (x1)
...

f (xn)

 , �1f = −

 c1
...
cn

 , (11.4.1)

for all f = u+∑n
k=1 ckhk ∈ D(A∗sym).

In what follows we assume that

Dαη = ηDα and η : H→ H. (11.4.2)

By the second relation in (11.4.2), the action of η on elements of H can be
described by the matrix Y = ‖yij‖ni,j=1 where entries yij are determined by the
relations ηhj =

∑n
i=1 yijhi (1 ≤ j ≤ n). In general, the basis {hi}ni=1 of H is

not orthogonal and the matrix Y is not Hermitian (Y �= YT
).

Theorem 11.4.1. ([169]) Let α > 1 and let Ã be the operator realization of
Dα + VY defined by (11.3.4). Then Ã coincides with the operator

AB = A∗sym �D(AB),

D(AB) = {f ∈ D(A∗sym) : B�0f = �1f }, (11.4.3)

where B = ‖bij‖ni,j=1 is the coefficient matrix of the potential VY .
The operator AB is self-adjoint if and only if the matrix B is Hermitian.
If η satisfies (11.4.2), then AB is η-self-adjoint if and only if the matrix YB

is Hermitian.
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Example 1. P-self-adjoint realizations.
Let Y = {x1, x2}, where x2 = −x1, and let η = P be the space parity

operator Pf (x) = f (−x) in L2(Qp). It follows from Proposition 11.2.3 that
Ph1 = h2 and Ph2 = h1. Hence, the corresponding matrix Y has the form

Y =
(

0 1
1 0

)
and P satisfies (11.4.2).

By Theorem 11.4.1 the formula (11.4.3) determines P-self-adjoint realiza-
tions AB of Dα + VY if and only if the entries bij of the matrix B = ‖bij‖2

i,j=1

satisfy the relations b12, b21 ∈ R, b11 = b22.
Under such conditions imposed on bij the corresponding singular poten-

tial VY is not symmetric in the standard sense (except for the case bij ∈ R,
b11 = b22, b12 = b21) but satisfies the condition of P-symmetry PV ∗Y = VYP ,
where the adjoint V ∗Y is determined by the relation 〈VYu, v〉 = 〈u, V ∗Y v〉
(u, v ∈ D(Dα)). Assuming formally that T VY = V ∗Y T , where T is the com-
plex conjugation operator T f (x) = f (x), we can rewrite the condition of
P-symmetry as follows: PT VY = VYPT . This means that the expression
Dα + VY is PT -symmetric (since PT Dα = DαPT ). Thus the P-self-adjoint
operators AB described above are operator realizations of the PT -symmetric
expression Dα + VY in L2(Qp).

11.5. Spectral properties

As a rule, the spectral properties of finite rank perturbations are described
in terms of a Nevanlinna function (Krein–Langer Q-function) appearing as
a parameter in a Krein-type resolvent formula relating the resolvents of per-
turbed and unperturbed operators [27], [74], [201]. The choice of a resol-
vent formula has to be motivated by simple links with the parameters of the
perturbations.

Denote by L and LY the closed subspaces of L2(Qp) spanned by the p-
adic wavelets θk; ja(x) (k = 1, 2, . . . , p − 1, j ∈ Z) with a �= {pNxi}p (∀xi ∈
Y ) and a = {pNxi}p (∃xi ∈ Y ), respectively (see (11.2.1)). Obviously, L⊕
LY = L2(Qp). The relations (11.2.2), (11.2.4), and (11.3.2) imply that the
subspaces L and LY reduce the operators Dα and Asym. Furthermore Asym =
Dα �L ⊕Asym �LY

.
Let AB be the operator realization of Dα + V defined by (11.4.3). Then

AB = Dα �L ⊕AB �LY
. Therefore, the spectrum of AB consists of eigenvalues

λ = pαN (∀N ∈ Z) of infinite multiplicity and with accumulation point λ = 0.
To describe eigenvalues of finite multiplicity we consider the matrix

M(λ) =
∥∥∥M|xi−xj |p (λ)

∥∥∥n

i,j=1
, ∀λ ∈ C \ {pαN : ∀N ∈ Z ∪ {−∞}},

(11.5.1)
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where the functions M|xi−xj |p (λ) (|xi − xj |p = pγ (xi ,xj )) are defined by (11.2.9)
and (11.2.10).

Theorem 11.5.1. Let the matrix B in (11.4.3) be invertible. Then a point
λ ∈ C \ {pαN : ∀N ∈ Z ∪ {−∞}} is an eigenvalue of finite multiplicity of AB
if and only if det[M(λ)+ B−1] = 0. In this case, the (geometric) multiplicity
of λ is n− r , where r is the rank of M(λ)+ B−1.

If det[M(λ)+ B−1] �= 0, thenλ ∈ ρ(AB) and the corresponding Krein resol-
vent formula has the form

(AB − λI )−1 = (Dα − λI )−1 − (h1,λ, . . . , hn,λ)[M(λ)

+B−1]−1

 (·, h1,λ)
...

(·, hn,λ)

 . (11.5.2)

Proof. It is easy to see from (11.2.8) that hr,λ = u+ hr,−1, where u ∈ D(Dα).
This relation and (11.4.1) give

�1hr,λ = (0, . . . , −1︸︷︷︸
r th

, . . . , 0)T . (11.5.3)

On the other hand, in view of Proposition 11.2.3 and (11.4.1),

�0hr,λ = (M|xr−x1|p (λ), . . . ,M0(λ)︸ ︷︷ ︸
r th

, . . . ,M|xr−xn|p (λ))T . (11.5.4)

It is clear that λ is an eigenvalue of finite multiplicity of AB if and only if λ �=
pαN (∀N ∈ Z ∪ {−∞}) and there exists a nontrivial element fλ ∈ ker(A∗sym −
λI ) ∩D(AB). Representing fλ as fλ =

∑n
r=1 crhr,λ, using (11.5.1), (11.5.3)

and (11.5.4), and keeping in mind that D(AB) = ker(�0 − B−1�1), we rewrite
the latter condition as follows: [M(λ)+ B−1](c1, . . . , cn)T = 0. Therefore, λ
is an eigenvalue if and only if this matrix equation has a nontrivial solution.
Obviously, the (geometric) multiplicity of λ is n− r , where r is the rank of
M(λ)+ B−1.

The resolvent formula (11.5.2) can be established by a direct verification
with the help of (11.3.1), (11.5.3), and (11.5.4). Theorem 11.5.1 is proved.

Remark. It is easy to see that the triple (Cn,−�1, �0), where �i are defined
by (11.4.1), is a boundary value space (BVS) of Asym and the matrix M(λ)
is the corresponding Weyl–Titchmarsh function of Asym [75]. From this point
of view, Theorem 11.5.1 is a direct consequence of the general BVS theory.
However, we prefer not to employ the general constructions in cases where the
required results can be established in a more direct way.
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11.6. The case of η-self-adjoint operator realizations

One of the principal motivations for the study of η-self-adjoint operators in
framework of quantum mechanics is the observation that some of them have
real spectrum (like self-adjoint operators) and, therefore, they can be used as
an alternative to standard Hamiltonians to explain experimental data [189].

Since an arbitrary η-self-adjoint operator A is self-adjoint with respect to the

indefinite metric [f, g]
def= (ηf, g)(f, g ∈ L2(Qp)), one can attempt to develop

a consistent quantum theory for η-self-adjoint Hamiltonians with real spectrum.
However, in this case, we encounter the difficulty of dealing with the Hilbert
space L2(Qp) equipped with the indefinite metric [·, ·]. One of the natural
ways of overcoming this problem consists of constructing a certain physical
symmetry C for A (see, e.g., [48], [49], [190]).

By analogy with [48], we will say that an η-self-adjoint operator A acting in
L2(Qp) possesses the property of C-symmetry if there exists a bounded linear
operator C in L2(Qp) such that the following conditions are satisfied:

(i) AC = CA;
(ii) C2 = I ;

(iii) the sesquilinear form (f, g)C
def= [Cf, g] (∀f, g ∈ L2(Qp)) determines

an inner product in L2(Qp) that is equivalent to the initial one.
The existence of a C-symmetry for an η-self-adjoint operator A ensures

unitarity of the dynamics generated by A in the norm ‖ · ‖2
C = (·, ·)C .

In ordinary quantum theory, it is crucial that any state vector can be expressed
as a linear combination of the eigenstates of the Hamiltonian. For this reason,
it is natural to assume that every physically acceptable η-self-adjoint operator
must admit an unconditional basis composed of its eigenvectors or at least of
its root vectors (see [231] for a detailed discussion of this point).

Theorem 11.6.1. Let AB be the η-self-adjoint operator realization of Dα + V

defined by (11.4.3). Then the following statements are equivalent:
(i) AB possesses the property of C-symmetry;
(ii) the spectrum σ (AB) is real and there exists a Riesz basis of L2(Qp)

composed of the eigenfunctions of AB.

Proof. It is known that the property of C-symmetry for η-self-adjoint operators
is equivalent to their similarity to self-adjoint ones ([29], [190]). Hence, if AB
possesses C-symmetry, then there exists an invertible bounded operator Z such
that

AB = ZHZ−1, (11.6.1)
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where H is a self-adjoint operator in L2(Qp). So the spectrum of AB lies on
the real axis. Furthermore, it follows from Theorem 11.5.1 that σ (AB) has no
more than a countable set of points of condensation. Obviously, this property
holds for the spectrum of the self-adjoint operator H . Using Lemma 4.2.7 in
[46], we immediately derive the existence of an orthonormal basis of L2(Qp)
composed of the eigenfunctions of H . To complete the proof of the implication
(i) ⇒ (ii) it is sufficient to use (11.6.1).

Let us verify that (ii) ⇒ (i). Indeed, if {fi}∞1 is a Riesz basis composed of the
eigenfunctions of AB (i.e., ABfi = λifi, λi ∈ R), then fi = Zei , where {ei}∞1
is an orthonormal basis of L2(Qp) and Z is an invertible bounded operator. This
means that (11.6.1) holds for a self-adjoint operator H defined by the relations
Hei = λiei . Theorem 11.6.1 is proved.

The next statement is a direct consequence of Theorem 11.6.1.

Corollary 11.6.2. An arbitrary self-adjoint operator realizationAB ofDα + V

possesses a complete set of eigenfunctions in L2(Qp). �

In conclusion we note that the spectral properties of η-self-adjoint operators
can have rather unexpected features. In particular, the standard one-dimensional
Schrödinger operator with a certain kind of PT -symmetric zero-range poten-
tials gives examples of P-self-adjoint operators in L2(R) whose spectra coin-
cide with C [30].

11.7. The Friedrichs extension

Let AF be the Friedrichs extension of the symmetric operator Asym defined by
(11.3.2). The standard arguments of the extension theory lead to the conclusion
(for details, see [169]) that AF = Dα when 1/2 < α ≤ 1 and

AF = A∗sym �D(AF ),

D(AF ) = {f (x) ∈ D(A∗sym) : f (x1) = . . . = f (xn) = 0}
when α > 1. In the latter case, D(AF ) = ker�0 and the operator AF can
formally be described by (11.4.3) with B = ∞.

Obviously, the essential spectrum ofAF consists of the eigenvalues λ = pαN

(N ∈ Z) of infinite multiplicity, and with accumulation point λ = 0.
Letα > 1. Repeating step by step the proof of Theorem 11.5.1 and taking the

relation D(AF ) = ker�0 into account, we conclude that the discrete spectrum
σdis(AF ) coincides with the set of solutions λ of the equation detM(λ) = 0.
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The obtained relation allows us to establish some connections between
σdis(AF ) and the geometrical characteristics of the set Y . To illustrate this fact
we consider the two points case Y = {x1, x2}.

Indeed, λ ∈ σdis(AF ) ⇐⇒

0 = det
∥∥∥M|xi−xj |p (λ)

∥∥∥2

i,j=1
= (M0(λ)−Mpγ (λ))(M0(λ)+Mpγ (λ)),

where pγ = |x1 − x2|p. Therefore, the discrete spectrum is determined by the
equations M0(λ)−Mpγ (λ) = 0 and M0(λ)+Mpγ (λ) = 0.

In view of (11.2.9) and (11.2.10),

M0(λ)−Mpγ (λ) = p − 1

p

∞∑
N=−γ+2

pN

pαN − λ
+ p1−γ

pα(1−γ ) − λ
. (11.7.1)

A simple analysis of (11.7.1) shows that the function M0(λ)−
Mpγ (λ) is monotonically increasing on the intervals (−∞, pα(1−γ )) and
(pαN, pα(N+1)), ∀N ≥ −γ + 1, and it maps (−∞, pα(1−γ )) onto (0,∞) and
maps (pαN, pα(N+1)) onto (−∞,∞). This means that the set of solutions of
M0(λ)−Mpγ (λ) = 0 coincides with the infinite series of numbers λ = λ−N ,
N ≥ −γ + 1, each of which is situated in the interval (pαN, pα(N+1)). We will
call the series of numbers {λ−N }∞N=−γ+1 the type-1 part of the discrete spectrum
of AF . So the type-1 part σ−dis of σdis(AF ) consists of solutions of the equation
M0(λ)−Mpγ (λ) = 0.

By virtue of (11.2.9) and (11.2.10),

M0(λ)+Mpγ (λ) = 2
p − 1

p

−γ∑
N=−∞

pN

pαN − λ

+ p − 2

p

p1−γ

pα(1−γ ) − λ
+ p − 1

p

∞∑
N=−γ+2

pN

pαN − λ
.

Analyzing this relation, it is easy to see that there exists exactly one solution
λ = λ+N of M0(λ)+Mpγ (λ) = 0 lying inside an interval (pαN, pα(N+1)) ∀N ∈
Z. We will call the infinite series of numbers {λ+N }∞−∞ the type-2 part σ+dis of the
discrete spectrum σdis(AF ).

Obviously, σ−dis ∪ σ+dis = σdis(AF ). Let N ≥ −γ + 1 and let λ±N ∈ σ±dis be
the corresponding discrete spectrum points in (pαN, pα(N+1)). It follows from
Lemma 11.2.4 that λ+N < λ−N . Therefore, σ−dis ∩ σ+dis = ∅.

Thus the discrete spectrum σdis(AF ) consists of an infinite series of
eigenvalues of multiplicity one, which are disposed as follows: an interval
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(pαN, pα(N+1)) contains exactly one eigenvalue λ+N if N < −γ (type-2 only)
and exactly two eigenvalues λ+N < λ−N if N ≥ −γ + 1 (type-1 and type-2).

The obtained description shows that the type-1 part σ−dis of σdis(AF ) uniquely
determines the distance |x1 − x2|p.

In the general case Y = {x1, . . . , xn}, the discrete spectrum σdis(AF )
also contains the type-1 part. Indeed, denote by pγmin the minimal dis-
tance between the points of Y . Without loss of generality we may assume
that |x1 − x2|p = pγmin . Then, by the strong triangle inequality, |xj − x1|p =
|xj − x2|p = pγj ≥ pγmin for any point xj ∈ Y (j �= 1, 2). This means that the
first two rows (columns) of the matrix M(λ) (see (11.5.1)) differ from each
other by the first two terms only. Subtracting the second row from the first, we
get

detM(λ) = (M0(λ)−Mpγmin (λ))

×

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 −1 0 . . . 0
Mpγmin (λ) M0(λ) Mpγ3 (λ) . . . Mpγn (λ)

Mpγ3 (λ) Mpγ3 (λ)
. . .

...
...

. . .

Mpγn (λ) Mpγn (λ)
. . .

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Thus the type-1 part σ−dis of the discrete spectrum always exists and it char-
acterizes the minimal distance pγmin between elements of Y .

11.8. Two points interaction

11.8.1. Invariance with respect to the change of points
of interaction

Let Y = {x1, x2} and let the symmetric potential VY =
∑2

i,j=1 bij 〈δxj , ·〉δxi be
invariant under the change x1 ↔ x2. This means that bij ∈ R and b11 = b22,
b12 = b21. In this case, the inverse B−1 of the coefficient matrix B has the

form B−1 =
(
a b

b a

)
, where a = b11/�, b = −b12/�, and � = b2

11 − b2
12 �=

0. (We omit the case b11 = b12 = b21 = b22.)
The operator AB is self-adjoint in L2(Qp) and (by Theorem 11.5.1)

λ ∈ σdis(AB) ⇐⇒ (M0(λ)−Mpγ (λ)+ a − b)(M0(λ)+Mpγ (λ)+ a + b)

= 0,
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where pγ = |x1 − x2|p. Thus, the description of σdis(AB) is similar to the
description of σdis(AF ) and we can define some analogs of the type-1

σ−dis(AB)
def= {λ ∈ R \ σ (Dα) : M0(λ)−Mpγ (λ)+ a − b = 0}

and the type-2

σ+dis(AB)
def= {λ ∈ R \ σ (Dα) : M0(λ)+Mpγ (λ)+ a + b = 0}

parts of the discrete spectrum σdis(AB).
By analogy with the Friedrichs extension case (see formula (11.7.1)),

σ−dis(AB) contains an infinite series of eigenvalues λ−N lying in the intervals
(pαN, pα(N+1)) ∀N ≥ −γ + 1. However, in contrast to the Friedrichs case, the
interval (−∞, pα(−γ+1)) contains an additional (unique) point λ− ∈ σ−dis(AB) if
and only if

0 < b − a and b − a �= [M0(λ)−Mpγ (λ)]|λ=pαm, −∞ ≤ m ≤ −γ ,
where the difference [M0(λ)−Mpγ (λ)]|λ=pαm is determined by for-
mula (11.7.1). In particular, λ− < 0 ⇐⇒ 0 < b − a < M0(0)−Mpγ (0) =
p(1−α)(−γ+1).

The type-2 part σ+dis(AB) contains an infinite series of eigenvalues λ+N lying
in the intervals (pαN, pα(N+1)) ∀N ∈ Z covering the positive semi-axis. An
additional (unique) negative point λ+ ∈ σ+dis(AB) arises ⇐⇒ b + a < 0.

Obviously σ−dis(AB) ∪ σ+dis(AB) = σdis(AB) but σ−dis(AB) and σ+dis(AB) need
not be disjoint.

11.8.2. Examples of P-self-adjoint realizations

Consider the case Y = {x1, x2} where x2 = −x1 and let AB be the P-self-
adjoint realizations of Dα + VY described in Example 1 in Section 11.4. We
restrict ourselves to the case where the inverse B−1 of the coefficient matrix B
has the form B−1 =

(−ia b

−b ia

)
(a, b ∈ R).

The operator AB is P-self-adjoint in L2(Qp) and λ is an eigenvalue of finite
multiplicity of AB if and only if

(M0(λ)−Mpγ (λ))(M0(λ)+Mpγ (λ))+ a2 + b2 = 0 (pγ = |2x1|p).

Using the properties of M0(λ)−Mpγ (λ) and M0(λ)+Mpγ (λ) presented in
Section 11.7, it is easy to describe the real eigenvalues of AB. Precisely:

(i) The negative semi-axis R− = (−∞, 0) belongs to ρ(AB).
(ii) If N < −γ , then the interval (pαN, pα(N+1)) contains an eigenvalue

λN of AB such that pαN < λN < λ+N , where λ+N is the corresponding type-2
discrete spectrum point of the Friedrichs extension AF .
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(iii) If N ≥ −γ + 1, then eigenvalues of AB may appear only in the sub-
interval (λ+N, λ

−
N ) ⊂ (pαN, pα(N+1)), where λ−N is the type-1 point of σdis(AF ).

The existence of such eigenvalues in (λ+N, λ
−
N ) can be guaranteed by the decreas-

ing of a and b (for fixed N ≥ −γ + 1).

11.9. One point interaction

Without loss of generality we will assume x1 = 0. Then the general expression
(11.2.12) takes the form Dα + b〈δ0, ·〉δ0 (b ∈ R ∪∞) and the corresponding
self-adjoint operator realizations Ab in L2(Qp) are defined by the formula

Abf = Ab(u+ βh1,−1) = Dαu− βh1,−1, (11.9.1)

where the parameter β = β(u, b) ∈ C is uniquely determined by the relation
bu(0) = −β(

1+ bM0(−1)
)
. The operators Ab are self-adjoint extensions of

the symmetric operator Asym = Dα �D,D = {u ∈ D(Dα) : u(0) = 0}.
In our case, the subspace LY (which is defined in Section 11.5) is the closed

linear span of θk; j0(x) (j ∈ Z, k = 1, . . . , p − 1) and Ab = Dα �L ⊕Ab �LY
.

The operator Ab �LY
is a self-adjoint extension of Asym �LY

and the points
pα(1−j ) are eigenvalues of multiplicity p − 2 of the symmetric operator
Asym �LY

. The orthonormal basis {θ̃k; j0(x)}p−2
k=1 of the corresponding subspace

ker(Asym �LY
−pα(1−j )I ) can be chosen as follows:

θ̃k; j0(x) =
(

k

k + 1

)1/2
(
θk+1; j0(x)− 1

k

k∑
i=1

θi; j0(x)

)
. (11.9.2)

The decomposition Ab = Dα �L ⊕Ab �LY
, Lemma 11.2.4, and Theorem

11.5.1 allow us to describe in detail the spectral properties of Ab (b �= 0).
Precisely:

(i) The operator Ab is positive ⇐⇒ b > 0. Otherwise (b < 0), the unique
solution of the equation M0(λ) = −1/b on the semi-axis (−∞, 0) gives a
negative eigenvalue λ−b of multiplicity one. The corresponding normalized
eigenfunction has the form

φ−b (x) = h1,λ−b (x)√
M ′

0(λ−b )

= 1√
M ′

0(λ−b )

∞∑
m=−∞

p−1∑
k=1

p−m/2

pα(1−m) − λ−b
θk;m0(x). (11.9.3)



11.9. One point interaction 227

(ii) The positive part of the discrete spectrum of Ab consists of an infinite
series of points λjb of multiplicity one, each of which is the unique solution
of M0(λ) = −1/b in the interval (pαj , pα(j+1)) (j ∈ Z). The corresponding
normalized eigenfunction is (cf. (11.9.3))

φjb(x) = 1√
M ′

0(λjb)

∞∑
m=−∞

p−1∑
k=1

p−m/2

pα(1−m) − λjb

θk;m0(x). (11.9.4)

(iii) The points pα(1−j ) are eigenvalues of infinite multiplicity of Ab. The
orthonormal basis of the corresponding subspace ker(Ab − pα(1−j )I ) can be
chosen as follows:

θk; ja(x) (1 ≤ k ≤ p − 1, a �= 0), θ̃k; j0 (1 ≤ k ≤ p − 2),

where θk; ja(x) and θ̃k; j0 are defined by (11.2.1) and (11.9.2), respectively.
(iv) The coefficient b of the singular perturbation b 〈δ0, · 〉δ0 is uniquely

recovered by any point of the discrete spectrum and

σdis(Ab1 ) ∩ σdis(Ab2 ) = ∅ (b1 �= b2);
⋃
b∈R

σdis(Ab) = R \ σ (Dα).

Combining properties (i)–(iii) with Corollary 11.6.2 we immediately estab-
lish the following statement.

Proposition 11.9.1. The set of eigenfunctions of Ab

θk; ja(x) (j ∈ Z, 1 ≤ k ≤ p − 1, a �= 0),
θ̃k; j0(x) (j ∈ Z, 1 ≤ k ≤ p − 2),
φjb(x) (j ∈ Z),
φ−b (x) (for the case b < 0 only)

(11.9.5)

forms an orthonormal basis of L2(Qp). �

The Krein spectral shift ξb(λ) = 1
π

arg
(
1+ bM0(λ+ i0)

)
is easily

calculated

ξb(λ) =
{

0 if λ ∈ (−∞, λ−)
⋃ [ ⋃∞

−∞
(
λjb, p

α(j+1)
)]

1 if λ ∈ (λ−, 0)
⋃ [ ⋃∞

−∞
(
pαj , λjb

)]
(the interval (λ−, 0) is omitted for b > 0). Therefore [227], the difference of

the spectral projectors Pλ(Ab)− Pλ(Dα) (Pλ
def= P(−∞,λ)) is trace class and

Tr[Pλ(Ab)− Pλ(Dα)] = 0 for all λ ∈ ker ξb(λ).
Let us consider the transformation of dilation Uf (x) = p−1/2f (px). Obvi-

ously, U is an unitary operator in L2(Qp) and the p-adic wavelet basis (11.2.1)
{θk; ja(x) : k = 1, 2, . . . , p − 1; j ∈ Z; a ∈ Ip} is invariant with respect to the
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dilation

Uθk; ja(x) = θk; j+1a(x). (11.9.6)

Furthermore, in view of (11.2.2)

UmDα = pαmDαUm, m ∈ Z. (11.9.7)

In this sense the operator Dα is pαm-homogeneous with respect to the one
parameter family U = {Um}m∈Z of unitary operators [27], [103].

Proposition 11.9.2. Among the self-adjoint operators Ab described by (11.9.1)
there are only two pαm-homogeneous operators with respect to the family U.
One of them, A0 = Dα , is the Krein–von Neumann extension of Asym; the other
one coincides with the Friedrichs extension A∞ = AF .

An orthonormal basis of L2(Qp) composed of the eigenfunctions of Ab and
invariant with respect to the dilation U exists if and only if b = 0 or b = ∞.

Proof. The first part of the proposition is a direct consequence of
[103, Section 4.4].

The p-adic wavelet basis {θk; ja(x)} is an example of an orthonormal basis
composed of the eigenfunctions of A0 and invariant with respect to U .

Let us show that the orthonormal basis of eigenfunctions of A∞ defined
by (11.9.5) is also invariant with respect to U . Indeed, relations (11.9.2) and
(11.9.6) yield Uθ̃k; j0(x) = θ̃k; j+10(x).

It follows from (11.2.10) that

pα−1M0(pαλ) = M0(λ). (11.9.8)

Using (11.9.8) and recalling that λj∞ is the solution of M0(λ) = 0 in the
interval (pαj , pα(j+1)), we derive the recurrence relation λ(j+1)∞ = pαλj∞.
The obtained relation and formulas (11.9.4) and (11.9.6) imply Uφj∞(x) =
φ(j−1)∞(x). Hence, the basis (11.9.5) is invariant with respect to U for b = ∞.

Let M be an arbitrary orthonormal basis composed of the eigenfunctions of
Ab (b ∈ R \ {0}). Since λjb ∈ (pαj , pα(j+1)) is an eigenvalue ofAb of multiplic-
ity one, the corresponding eigenfunction φjb(x) belongs to M. Assuming that
M is invariant with respect to U , we get AbUφjb = µUφjb, where µ ∈ σ (Ab).
To find µ we note that the pαm-homogeneity of A0 and A∞ with respect to
U implies that Asym and A∗sym also are pαm-homogeneous with respect to U .
Therefore,

λjbUφjb = UAbφjb = UA∗symφjb

= pαA∗symUφjb = pαAbUφjb = pαµUφjb.
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Thus µ = p−αλjb. Obviously, µ ∈ (pα(j−1), pαj ) and µ is the solution of
M0(λ) = −1/b (sinceµ is an eigenvalue of Ab). Employing (11.9.8) for λ = µ,
we arrive at the contradiction

−1/b = M0(µ) = pα−1M0(pαµ) = pα−1M0(λNb) = −pα−1/b

which completes the proof of Proposition 11.9.2.



12

Distributional asymptotics and p-adic
Tauberian theorems

12.1. Introduction

Tauberian theorems is a generic name used to indicate results connecting the
asymptotic behavior of a function (distribution) at zero with the asymptotic
behavior of its Fourier, Laplace or other integral transforms at infinity; the
inverse theorems are usually called abelian. In the real setting Tauberian the-
orems have numerous applications, in particular, in mathematical physics (for
example, see Drozzinov and Zavyalov [80], [81], Korevaar [160], Nikolić-
Despotović, Pilipović [191], Vladimirov, Drozzinov and Zavyalov [240],
Yakymiv [248] and the references cited therein). Multidimensional Tauberian
theorems for distributions are treated in the fundamental book [240]. Some of
them are connected with the fractional operator. In [240], as a rule, theorems
of this type are proved for distributions whose supports belong to a cone in
Rn (semi-axis for n = 1). This is related to the fact that such distributions
form a convolution algebra. In this case the kernel of the fractional operator
is a distribution whose support belongs to the cone in Rn or a semi-axis for
n = 1 [240, §2.8.]

p-adic analogs of Tauberian theorems do not seem to have been discussed
so far except for [140], [141], [21]. In this chapter, we present a first study of
them based on the above papers.

In the beginning, in Sections 12.2 and 12.3, we introduce the notion of the
p-adic distributional asymptotics [140], [141]. In Section 12.2, the definition
of distributional (stabilized) asymptotic estimate at infinity is introduced. In
Section 12.3, we extend the notion of regular variation introduced by I. Kara-
mata [110] and studied by Seneta [216] to the p-adic case. Next we introduce
the definitions of quasi-asymptotics at infinity and at zero adapted to the case of
p-adic distributions (for the corresponding real case definition see [80], [240]).

230
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In Sections 12.4 and 12.5, using definitions and results of Sections 12.2
and 12.3, multidimensionalp-adic Tauberian type theorems (Theorems 12.4.4–
12.4.7, and Theorems 12.5.1–12.5.6, Corollary 12.5.2) for p-adic distributions
are proved. Theorem 12.5.1 and Corollary 12.5.2 are related to the Fourier
transform and hold for distributions belonging to D′(Qn

p). Theorems 12.5.3–
12.5.5 are related to fractional operators and hold for distributions belonging
to the Lizorkin spaces �′×(Qn

p) and �′(Qn
p). Theorem 12.5.6 is related to the

pseudo-differential operator (9.3.1) in the Lizorkin space �′(Qn
p). Taking into

account the fact that the kernels of fractional operators are defined on the whole
space Qn

p (by virtue of the p-adic field nature), the Tauberian theorems proved
here are not direct analogs of the Tauberian theorems for the usual generalized
functions discussed in [240].

12.2. Distributional asymptotics

Let us recall the usual (in a real case) definition of the distribution asymptotic
estimate at infinity. According to [57, 6.1], we say that a distribution f ∈ D(Rn)
has the distribution asymptotic estimate at infinity g if there exist constants R

and C such that the following relation holds:

|〈f, ϕ〉| ≤ C

∫
Rn

|g(x)||ϕ(x)| dnx, ∀ ϕ ∈ D(Rn \ {x : |x| > R}).

Now we adapt this definition for the p-adic case. In contrast to the above def-
inition our adaptation allows us to obtain the estimate for the Fourier transform
(see Theorem 12.4.6 below).

Definition 12.1. We say that a distribution f ∈ D′(Qn
p) has the distributional

(stabilized) asymptotic estimate g ∈ D′(Qn
p) at infinity if there exists a ball

Bn
γ = {x : |x|p ≤ pγ } such that

〈f, ϕ〉 = 〈g, ϕ〉, ∀ ϕ ∈ D(Qn
p \ Bn

γ ). (12.2.1)

We shall write it as follows

f (x)
D′≈ g(x), |x|p →∞.

12.3. p-adic distributional quasi-asymptotics

We recall some facts from our papers [140], [141], where we introduced the
notion of quasi-asymptotics [80], [240] adapted to the p-adic case.
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Definition 12.2. ([140], [141]) A continuous complex-valued function ρ(z) on
the multiplicative group Q×

p such that for any z ∈ Q×
p the limit

lim
|t |p→∞

ρ(tz)

ρ(t)
= C(z)

exists is called an automodel (or regular varying) function, where the conver-
gence is uniform with respect to z for any compact K ⊂ Q×

p .

It is easy to see that the function C(z) is continuous and satisfies the func-
tional equation

C(ab) = C(a)C(b), a, b ∈ Q×
p .

According to Lemma 2.3.7, the solution of this equation is a multiplicative
character πα of the field Qp defined by (2.3.12) and (2.3.13), i.e.,

C(z) = |z|α−1
p π1(z), z ∈ Q×

p , α ∈ C. (12.3.1)

In this case we say that the automodel function ρ has degree πα . In particular,
if πα(z) = |z|α−1

p we say that the automodel function has degree α − 1.
If an automodel function ρ(t), t ∈ Q×

p , has degree πα then the automodel

function |t |βpρ(t) has degree πα(t)π−β0 (t) = π1(t)|t |α+βp , where π0(t) = |t |−1
p .

For example, the functions |t |α−1
p π1(t) and |t |α−1

p π1(t) logm
p |t |p constitute

an automodel of degree πα .

Definition 12.3. ([140], [141]) Let f ∈ D′(Qn
p). If there exists an automodel

function ρ(t), t ∈ Q×
p , of degree πα such that

f (tx)

ρ(t)
→ g(x) �≡ 0, |t |p →∞, in D′(Qn

p)

then we say that the distribution f has the quasi-asymptotics g of degree πα at
infinity with respect to ρ(t), and write

f (x)
D′∼ g(x), |x|p →∞ (

ρ(t)
)
.

If for any α we have

f (tx)

|t |αp
→ 0, |t |p →∞, in D′(Qn

p),

then we say that the distribution f has a quasi-asymptotics of degree −∞ at

infinity and write f (x)
D′∼ 0, |x|p →∞.

Since |t |p →∞ if and only if |xt |p = max1≤j≤n |txj |p →∞ for any x �=
0 ∈ Qn

p, our definition is natural.
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Lemma 12.3.1. ([140], [141]) Let f ∈ D′(Qn
p). If f (x)

D′∼ g(x) �≡ 0, as |x|p →
∞ with respect to the automodel function ρ(t) of degree πα , then g is a
homogeneous distribution of degree πα (with respect to Definition 6.1 (b)).

Proof. This lemma is proved by repeating the corresponding assertion from the
book [240] practically word for word. Let a ∈ Q×

p . In view of Definition 12.2
and (12.3.1), we obtain

〈g(a·), ϕ(·)〉 = lim
|t |p→∞

〈f (ta·)
ρ(t)

, ϕ(·)
〉

= πα(a) lim
|t |p→∞

〈f (ta·)
ρ(ta)

, ϕ(·)
〉
= πα(a)〈g, ϕ〉,

for all a ∈ Q×
p , ϕ ∈ D(Qn

p). Thus g(ax) = πα(a)g(x) for all a ∈ Q×
p .

For n = 1, it follows from Theorem 6.2.1 (describing all one-dimensional
homogeneous distributions) and Lemma 12.3.1 that if f ∈ D′(Qp) has the
quasi-asymptotics of degree πα at infinity then

f (x)
D′∼ g(x) =

{
Cπα(x), πα �= π0 = |x|−1

p ,

Cδ(x), πα = π0 = |x|−1
p ,

|x|p →∞, (12.3.2)

where C is a constant, and the distribution πα is defined by (6.2.2).

Definition 12.4. ([140], [141]) Let f ∈ D′(Qn
p). If there exists an automodel

function ρ(t), t ∈ Q×
p of degree πα such that

f
(
x
t

)
ρ(t)

→ g(x) �≡ 0, |t |p →∞, in D′(Qn
p),

then we say that the distribution f has the quasi-asymptotics g of degree
(
πα

)−1

at zero with respect to ρ(t), and write

f (x)
D′∼ g(x), |x|p → 0

(
ρ(t)

)
.

If for any α we have

f
(
x
t

)
|t |αp

→ 0, |t |p →∞, in D′(Qn
p),

then we say that the distribution f has a quasi-asymptotics of degree −∞ at

zero, and write f (x)
D′∼ 0, |x|p → 0.
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Example 12.3.1. Let fm ∈ D′(Qp), m ∈ N, be a quasi-associated homoge-
neous distribution of degree πα(x) and order m defined by (6.3.2) and (6.3.5).
In view of Definition 6.2, we have the asymptotic formulas:

fm(tx) = π1(t)|t |α−1
p fm(x)

+
m∑

j=1

π1(t)|t |α−1
p logj

p |t |pfm−j (x), |t |p →∞,

fm

(x

t

)
= π−1

1 (t)|t |−α+1
p fm(x)

+
m∑

j=1

(−1)jπ−1
1 (t)|t |−α+1

p logj
p |t |pfm−j (x), |t |p →∞.

Here the coefficients of the leading term of both asymptotics are homogeneous
distributions f0 and (−1)mf0 of degree πα defined by the relation given in
Definition 6.2. For the real case, this type of distributional asymptotics is
studied in [87].

According to the latter relations and Definitions 12.3 and 12.4, we can easily
see that

fm(x)
D′∼ f0(x), |x|p →∞ (|t |α−1

p π1(t) logm
p |t |p

)
,

fm(x)
D′∼ (−1)mf0(x), |x|p → 0

(|t |−α+1
p π−1

1 (t) logm
p |t |p

)
.

Example 12.3.2. Consider the quasi-associated homogeneous distribution
P

(|x|−1
p

) ∈ D′(Qp) of degree πα(x) = |x|−1
p and order 1 defined by (6.3.5).

Since

P
(|tx|−1

p

) = |t |−1
p P

(|x|−1
p

)+ |t |−1
p logp |t |p

(
1− p−1

)
δ(x),

for all t ∈ Q×
p , x ∈ Qp, using the latter relation, Definition 12.3, and setting

ρ(t) = |t |−1
p logp |t |p, we obtain

lim
|t |p→∞

〈 P
(|t · |−1

p

)
|t |−1

p logp |t |p
, ϕ(·)

〉
= (

1− p−1
)〈δ, ϕ〉, ∀ ϕ ∈ D(Qp).

Thus the distribution P
(|x|−1

p

)
has a quasi-asymptotics δ(x) of degree−1, i.e.,

P
(|x|−1

p

) D′∼ (
1− p−1)

δ(x), |x|p →∞ (|t |−1
p logp |t |p

)
.

12.4. Tauberian theorems with respect to asymptotics

We intend to prove Tauberian type theorems with respect to asymptotics.
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It is known that in the general case ifϕ ∈ D(Qp) then the functionD
αj

x ϕ(x) ∈
E(Qp) is not compactly supported. Thus the operation D

αj

x f (x), f ∈ D′(Qp),
is well defined only if the convolution f−αj

(x) ∗ f (x) exists (α �= −1) [241,
IX]. Moreover, from (9.2.4) and (9.2.5) it is easy to see that(

Dα
x ϕ

)
(x) = O

(|x|−αj−1
p

)
, x ∈ Qp, |x|p →∞. (12.4.1)

This estimate is the direct consequence of the fact that the functions |ξ |αp and
|ξ |αpF [ϕ](ξ ) are not locally constant in a zero neighborhood.

Since for α > −1 we have |ξ |αpF [ϕ](ξ )χp(−ξx) = O
(|ξ |αp)

, |ξ |p → 0, in
view of (12.4.1), we can see that on the background of these properties of the
fractional operator is a prototype of a p-adic analog of the Tauberian type
theorem (see Lemmas 12.4.1, 12.4.2, and Theorems 12.4.4–12.4.7).

The above mentioned situation with the fractional operator is reflected by
the following lemmas.

Lemma 12.4.1. Let ϕ ∈ Dl
N (Qp) and ψ(t) = F

[|x|αpϕ(x)
]
(t), Reα > −1.

Then

ψ(t) =
 ∈ D−N−l (Qp), |t |p ≤ p−l ,

ϕ(0)�p(α + 1) 1
|t |α+1

p
, |t |p > p−l ,

(12.4.2)

where �p(α) is given by formula (6.2.6).

Proof. Since Re α > −1 the integral ψ(t) converges absolutely. We rewrite it
as the sum ψ(t) = ψ1(t)+ ψ2(t), where

ψ1(t) = ∫
Bl
χp(tx)|x|αpϕ(x) dx,

ψ2(t) = ∫
Qp\Bl

χp(tx)|x|αpϕ(x) dx.
(12.4.3)

If x ∈ Qp \ Bl the function |x|αp has a parameter of constancy larger than or
equal to l, i.e., |x|αpϕ(x) ∈ Dl

N . Hence according to (4.8.5),

ψ2(t) = F
[|x|αp(1−�l(x))ϕ(x)

]
(t) ∈ D−N−l , (12.4.4)

i.e. ψ2(t) = 0 if |t |p > p−l .
Since ϕ ∈ Dl

N (Qp), the function ψ1 can be rewritten as

ψ1(t) =
∫
Bl

χp(tx)|x|αp ϕ(x) dx = ϕ(0)
∫
Bl

χp(tx)|x|αp dx.
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Next, according to [241, VII.2, Example 9] and (6.2.6), for Re α > −1 we have

F
[|x|αp�l(x)

]
(t) =

∫
Bl

χp(tx)|x|αp dx

= 1− p−1

1− p−(α+1)
pl(α+1)�−l(t)+ �p(α + 1)

|t |α+1
p

(
1−�−l(t)

)
.

(12.4.5)

To complete the proof of the lemma, it remains to use (12.4.3)–(12.4.5).

Lemma 12.4.2. Let ϕ ∈ Dl
N (Qp), ψ(t) = F

[|x|αp logm
p |x|pϕ(x)

]
(t), Re α >

−1, m = 1, 2, . . . . Then

ψ(t) =


∈ D−N−l (Qp), |t |p ≤ p−l ,

ϕ(0)
∑m

k=0 C
k
m logm−k

p e
dm−k�p(α+1)

dαm−k
logk

p |t |p
|t |α+1

p
, |t |p > p−l .

(12.4.6)

Proof. Since Re α > 0, by differentiating the identity (12.4.5) with respect
to α, we derive the following identity:

F
[|x|αp logm

p |x|p�l(x)
]
(t)

=
∫
Bl

χp(tx)|x|αp logm
p |x|p dx

= (
1− p−1

)
logm

p e
dm

dαm

(
pl(α+1)

1− p−(α+1)

)
�−l(t)

+ (
1−�−l(t)

) m∑
k=0

Ck
m logm−k

p e
dm−k�p(α + 1)

dαm−k
logk

p |t |p
|t |α+1

p

, (12.4.7)

where Ck
m are binomial coefficients and �p(α) is given by formula (6.2.6).

Next, repeating the constructions of Lemma 12.4.1 practically word for
word, we obtain the proof of Lemma 12.4.2.

Thus, the functions ψ in Lemmas 12.4.1 and 12.4.2 are not compactly
supported. These lemmas are a direct consequence of the fact that |x|αp is not a
locally constant function in a zero neighborhood.

The simplest Tauberian theorem is the following:

Corollary 12.4.3. If ϕ ∈ D(Qp), Re α > −1, then

ψ(x) = F
[|ξ |αp logm

p |x|pϕ(ξ )
]
(x)

= O
(|x|−α−1

p logm
p |x|p

)
, |x|p →∞, x, ξ ∈ Qp.

Using Lemma 12.4.1, we can prove the following Tauberian type theorems.
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Theorem 12.4.4. Let f : U → Qp be a locally analytic function (see
Definition 2.2) (where U ⊂ Qn

p is a convex open subset containing 0) such
that f (ξ ) = ξ

m1
1 · · · ξmn

n f0(ξ ), f0(0) �= 0 for ξ in some neighborhood of zero,
and f (ξ ) �= 0, ξ ∈ U \ {0}. Then we have for the Fourier transform of |f (ξ )|p
the relation

g(x) =
∫
U

χp(xξ )|f (ξ )|p dξ = O
(|x1|−m1−1

p · · · |xn|−mn−1
p

)
, |x|p →∞.

Proof. Let us cover the ball Bn(0) by a finite union of disjoint balls Bn
ρ (ξ(j ))

with centers at points ξ(j ) ∈ Bn(0) such that

|f0(ξ )|p = |f0(ξ(j ))|p = prj , ξ ∈ Bn
ρ (ξj )

(see the proof of Theorem 3.4.1). Thus |f0(ξ )|p is a locally constant function
on Bn(0). It follows from the same argument that |f (ξ )|p is a locally constant
function on U \ Bn(0). Consequently, applying Corollary 12.4.3, we obtain the
proof of the theorem.

Corollary 12.4.5. Let f : U → Qp be a locally analytic function on a con-
vex open subset U ⊂ Qp containing 0 such that f (k)(0) = 0, k = 0, 1, . . . , m,
f (m+1)(0) �= 0, f (ξ ) �= 0, ξ ∈ U \ {0}. Then we have the following relation for
the Fourier transform of |f (ξ )|p:

g(x) =
∫
U

χp(xξ )|f (ξ )|p dξ = O
(|x|−m−1

p

)
, |x|p →∞.

Proof. It is sufficient to realize that under the assumption of the corollary there
is a ball B(0) such that f (ξ ) = ξmf0(ξ ), where f0(ξ ) �= 0, for any ξ ∈ B(0).
Then the statement follows from Theorem 12.4.4.

Theorem 12.4.6. Let f ∈ D′(Qn
p) and

f
D′≈

n∏
j=1

|xj |−(αj+1)
p log

mj

p |xj |p, |x|p →∞, (12.4.8)

(see Definition 12.1), where Reαj > −1, mj ∈ N0, j = 1, . . . , n. Then g(ξ ) =
F

[
f (x)

]
(ξ ) ∈ E(Qn

p \ {0}) and

g(ξ ) = O
(

1+
n∏

j=1

(
1+

mj∑
s=0

|ξj |αj

p logs
p |ξj |p

))
, |ξ |p → 0. (12.4.9)

Proof. In view of relation (12.4.8), there exists a ball Bn
γ such that

〈f, ϕ〉 =
∫

Qn
p\Bn

γ

n∏
j=1

|xj |−(αj+1)
p log

mj

p |xj |pϕ(x) dnx, (12.4.10)

for all ϕ ∈ D(Qn
p \ Bn

γ ).
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Let N ≥ γ . According to Theorem 4.4.5 on “piecewise sewing”, f = f1 +
f2, where f1 = �N (x)f , f2 = (1−�N (x))f . Consequently,

〈F [f ], ϕ〉 =
〈(
�N (x)+ (1−�N (x)

)
f, F [ϕ]

〉
=

〈
f (x),�N (x)

∫
χp(xξ )ϕ(ξ ) dnξ

〉
+

〈
f (x),

(
1−�N (x)

) ∫
χp(xξ )ϕ(ξ ) dnξ

〉
=

∫ (〈
f1(x),�N (x)χp(xξ )

〉
+

〈
f2(x),

(
1−�N (x)

)
χp(xξ )

〉)
ϕ(ξ ) dnξ,

for all ϕ ∈ D(Qn
p). Thus,

F [f ] =
〈
f1(x),�N (x)χp(xξ )

〉
+

〈
f2(x),

(
1−�N (x)

)
χp(xξ )

〉
.

Since the distribution f1 = �N (x)f has a compact support in Bn
N , according

to Theorem 4.9.3, its Fourier transform

g1(ξ ) = F
[
f1(x)

]
(ξ ) = 〈f1(x),�N (x)χp(xξ )〉 ∈ E(Qn

p)

is a locally constant function with a parameter of constancy larger than or equal
to −N .

Let g2(ξ ) =
〈
f2(x),

(
1−�N (x)

)
χp(xξ )

〉
. Since

(
1−�N (x)

)
χp(xξ ) is a

test function having the support on Qn
p \ Bn

N , using (12.4.10), we obtain

g2(ξ ) =
∫

Qn
p\Bn

N

n∏
j=1

|xj |−(αj+1)
p log

mj

p |xj |pχp(xξ ) dnx.

It is easy to calculate, by (12.4.5), that

F
[|xj |−(αj+1)

p

(
1−�N (xj )

)]
(ξj )

=
∫

Qp\BN

|xj |−(αj+1)
p χp(xj ξj ) dxj

= 1− p−(αj+1)

1− pαj

(
|ξj |αj

p − 1− p−1

1− p−(αj+1) p
−Nαj

)
�−N (ξj ), (12.4.11)
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for j = 1, . . . , n. By differentiation of (12.4.11) with respect to αj we obtain
the relation

F
[|xj |−(αj+1)

p log
mj

p |xj |p
(
1−�N (xj )

)]
(ξj )

=
∫

Qp\BN

|xj |−(αj+1)
p log

mj

p |xj |pχp(xj ξj ) dxj

=
( mj∑

s=0

Cs
mj
Amj−s(αj )|ξj |αj

p logs
p |ξj |p

− (1− p−1)B(αj )
)
�−N (ξj ), (12.4.12)

where Cs
mj

are the binomial coefficients,

As(αj ) = logm−s
p e

ds

dαs
j

(
1− p−(αj+1)

1− pαj

)
,

B(αj ) = logm
p e

dm

dαm
j

(
p−Nαj

1− p−(αj+1)

)
,

and s = 0, 1, . . . , mj , j = 1, . . . , n.
Since g1(ξ ) is a locally constant function, g1(ξ ) = g1(0) for all ξ ∈ Bn

−N .
Next, with the help of formulas (12.4.11) and (12.4.12), we obtain

|g(ξ )| = |g1(ξ )+ g2(ξ )| = |g1(0)+ g2(ξ )|

≤ C
(

1+
n∏

j=1

(
1+

mj∑
s=0

|ξj |αj

p logs
p |ξj |p

))
,

for all ξ ∈ Bn
−N \ {0}, −N ≤ −γ , i.e., (12.4.9) holds. The proof of the theorem

is complete.

Theorem 12.4.7. Consider the following properties:
(i) f ∈ D′(Qp);

(ii) f
D′≈ |x|−(α+1)

p , |x|p →∞, Reα > −1, i.e., there exists a ball Bγ such
that 〈f, ϕ〉 = ∫ |x|−(α+1)

p ϕ(x) dx, for all ϕ ∈ D(Qn
p \ Bn

γ );

(iii) 〈f,�γ 〉 = − 1−p−1

1−pα p
−γα .

For them to hold it is necessary and sufficient that

g(ξ ) = F
[
f (x)

]
(ξ ) =

{ ∈ E(Qp), ξ ∈ Qp \ B−γ ,
1−p−(α+1)

1−pα |ξ |αp, ξ ∈ B−γ .

To prove this assertion, it suffices to repeat the proof of Theorem 12.4.6
almost word for word. Moreover, we must take into account formula (12.4.11)
and the fact that g1(0) = 〈f (x),�γ (x)〉 (see [241, IX, Lemma 1]).
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12.5. Tauberian theorems with respect to quasi-asymptotics

Now we prove some Tauberian theorems with respect to the distributional
quasi-asymptotics introduced in Section 12.3.

Theorem 12.5.1. ([141]) A distribution f ∈ D′(Qn
p) has a quasi-asymptotics

of degree πα at infinity with respect to the automodel function ρ(t), t ∈ Q×
p ,

i.e.,

f (x)
D′∼ g(x), |x|p →∞ (

ρ(t)
)
,

if and only if its Fourier transform has a quasi-asymptotics at zero of degree
π−1
α πn

0 = π−1
α+n with respect to the automodel function |t |npρ(t), i.e.,

F [f (x)](ξ )
D′∼ F [g(x)](ξ ), |ξ |p → 0

(|t |npρ(t)
)
.

Proof. Let us prove the necessity. Let f (x)
D′∼ g(x), |x|p →∞ (

ρ(t)
)
, i.e.,

lim
|t |p→∞

〈f (tx)

ρ(t)
, ϕ(x)

〉
= 〈g(·), ϕ(·)〉, ∀ ϕ ∈ D(Qn

p), (12.5.1)

where ρ(t) is an automodel function of degree πα . In view of formula (4.9.3),
F [f (x)]( ξ

t
) = |t |npF [f (tx)](ξ ), x, ξ ∈ Qn

p, t ∈ Q×
p , we have

〈
F [f (x)]

(ξ

t

)
, ϕ(ξ )

〉
= |t |np

〈
F [f (tx)](ξ ), ϕ(ξ )

〉 = |t |np〈
f (tx), F [ϕ(ξ )](x)

〉
,

ϕ ∈ D(Qn
p). Hence, taking into account relation (12.5.1), we obtain

lim
|t |p→∞

〈F [f (x)]( ξ
t
)

|t |npρ(t)
, ϕ(ξ )

〉
= lim

|t |p→∞

〈f (tx)

ρ(t)
, F [ϕ(ξ )](x)

〉
= 〈

g(x), F [ϕ(ξ )](x)
〉 = 〈

F [g(x)](ξ ), ϕ(ξ )
〉
,

for all ϕ ∈ D(Qn
p), i.e., the distribution F [f (x)](ξ ) has the quasi-asymptotics

F [g(x)](ξ ) of degree π−1
α+n at zero with respect to |t |npρ(t).

The sufficiency can be proved similarly.

For n = 1 Theorem 12.5.1, Lemma 12.3.1, and formula (9.2.13) imply the
following corollary.
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Corollary 12.5.2. A distributionf ∈ D′(Qp) has a quasi-asymptotics of degree
πα(x) at infinity, i.e.,

f (x)
D′∼ g(x) =

{
C|x|α−1

p π1(x), πα �= π0 = |x|−1
p ,

Cδ(x), πα = π0 = |x|−1
p ,

|x|p →∞,

(12.5.2)

if and only if its Fourier transform F [f ] has a quasi-asymptotics of degree
π−1
α+1(ξ ) at zero, i.e.,

F [f (x)](ξ )
D′∼ F [g(x)](ξ )

=
{
C�p(πα)|ξ |−αp π−1

1 (ξ ), πα �= π0 = |x|−1
p ,

C, πα = π0 = |x|−1
p ,

|ξ |p → 0,

where the distribution πα(x) = |x|α−1
p π1(x) is given by (6.2.2).

Theorem 12.5.3. Let f ∈ �′×(Qn
p). Then

f (x)
�′×∼ g(x), |x|p →∞ (

ρ(t)
)
,

if and only if

D
β
×f (x)

�′×∼ D
β
×g(x), |x|p →∞ (|t ||−β|p ρ(t)

)
,

where β = (β1, . . . , βn) ∈ Cn, |β| = β1 + · · · + βn.

Proof. 1. Let βj �= −1, j = 1, 2, . . . . In this case the Riesz kernel f−β(x) is
a homogeneous distribution of degree |− β| − n. According to Lemma 9.2.2
and formulas (9.2.9), (9.2.12) and (9.2.15), we have〈(

D
β
×f

)
(tx), φ(x)

〉 = 〈(
f ∗ f−β

)
(tx), φ(x)

〉
= |t |−np

〈
f (x),

〈
f−β (y), φ

(x + y

t

)〉〉
= |t |np

〈
f (tx),

〈
f−β(ty), φ(x + y)

〉〉
= |t ||−β|p

〈
f (tx),

〈
f−β(y), φ(x + y)

〉〉
= |t ||−β|p

〈
f (tx),

(
D

β
×φ

)
(x)

〉
,

for all φ ∈ �×(Qn
p). Thus

〈 (
D

β
×f

)
(tx)

|t ||−β|p ρ(t)
, φ(x)

〉
=

〈f (tx)

ρ(t)
,
(
D

β
×φ

)
(x)

〉
.
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Next, passing to the limit in the above relation, as |t |p →∞, we obtain

lim
|t |p→∞

〈 (
D

β
×f

)
(tx)

|t ||−β|p ρ(t)
, φ(x)

〉
= lim
|t |p→∞

〈f (tx)

ρ(t)
,
(
D

β
×φ

)
(x)

〉
.

Thus lim|t |p→∞
(Dβ

×f )(tx)

|t ||−β|p ρ(t)
= D

β
×g(x) in �′×(Qn

p) if and only if

lim
|t |p→∞

f (tx)

ρ(t)
= g(x)

in �′×(Qn
p). Thus this case of the theorem is proved.

2. Consider the case where among numbers β1, . . . , βn there are k numbers
equal to−1 and n− k numbers �= −1. In this case the Riesz kernel f−β(x) is a
quasi-associated homogeneous distribution of degree | − β| − n and order k,
k = 1, . . . , n. Let β1 = · · · = βk = −1, βk+1, . . . , βn �= −1. Then according
to (9.2.10),

f−β(ty)

= |t ||−β|−np (−1)k
(p − 1)k

logk p
(log |y1|p + log |t |p)

× · · · × (log |yk|p + log |t |p)× |yk+1|−βk+1−1
p

�p(−βk+1)
× · · · × |yn|

−βn−1
p

�p(−βn)

= |t ||−β|−np f−β (y)

+ |t ||−β|−np (−1)k
(p − 1)k

logk p

|yk+1|−βk+1−1
p

�p(−βk+1)
× · · · × |yn|

−βn−1
p

�p(−βn)

×
((

log |y2|p × · · · × log |yk|p + · · · + log |y1|p × · · · × log |yk−1|p
)

× log |t |p + · · · +
(

log |y1|p + · · · + log |yk|p
)

logk−1 |t |p + logk |t |p
)
.

(12.5.3)

It is easy to verify that since the Lizorkin space �×(Qn
p) has the characteri-

zation (7.3.1), we have〈
f−β (ty), φ(x + y)

〉 = |t ||−β|−np

〈
f−β(y), φ(x + y)

〉
= |t ||−β|−np

(
D

β
×φ

)
(x), φ ∈ �×(Qn

p). (12.5.4)

For example, taking (7.3.1) into account, we obtain〈
×k

j=2 log |xj − yj |p ××n
i=k+1|xi − yi |−βi−1

p ,

∫
Qp

φ(y1, y2, . . . , yn) dy1

〉
= 0,
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for all φ ∈ �×(Qn
p). In a similar way, we can prove that all terms in (12.5.3),

with the exception of |t ||−β|−np f−β (y), do not give any contribution to the
functional 〈f−β(ty), φ(x + y)〉, where β1 = · · · = βk = −1, βk+1, . . . , βn �=
−1. Thus repeating the above calculations almost word for word and using
(12.5.4), we prove this case of the theorem.

Theorem 12.5.4. Let f ∈ �′(Qn
p). Then

f (x)
�′∼ g(x), |x|p →∞ (

ρ(t)
)
,

if and only if

Dβf (x)
�′∼ Dβg(x), |x|p →∞ (|t |−βp ρ(t)

)
,

where β ∈ C.

Proof. Let β �= −n, j = 1, 2, . . . . Since the Riesz kernel κ−β(x) is a homoge-
neous distribution of degree −β − n, according to Lemma 9.2.5 and formulas
(9.2.17), (9.2.22) and (9.2.24), we have〈(

Dβf
)
(tx), φ(x)

〉 = 〈
(f ∗ κ−β

)
(tx), φ(x)

〉
= |t |−np

〈
f (x),

〈
κ−β(y), φ

(x + y

t

)〉〉
= |t |np

〈
f (tx),

〈
κ−β(ty), φ(x + y)

〉〉
= |t |−βp

〈
f (tx),

〈
κ−β(y), φ(x + y)

〉〉
,

= |t |−βp

〈
f (tx),

(
Dβφ

)
(x)

〉
,

for all φ ∈ �(Qn
p).

Passing to the limit in the above relation, as |t |p →∞, we obtain

lim
|t |p→∞

〈 (
Dβf

)
(tx)

|t |−βp ρ(t)
, φ(x)

〉
= lim
|t |p→∞

〈f (tx)

ρ(t)
,
(
Dβφ

)
(x)

〉
.

Thus this case of the theorem is proved.
Let β = −n. In this case the Riesz kernel κn(x) is an associated homoge-

neous distribution of degree 0 and order 1. According to (9.2.19), we have

κn(ty) = −1− p−n

logp
log |y|p − 1− p−n

logp
log |t |p.

In view of (7.3.3),〈
κn(ty), φ(x + y)

〉 = 〈
κn(y), φ(x + y)

〉
− 1− p−n

logp
log |t |p

〈
1, φ(x + y)

〉 = (
D−nφ

)
(x), φ ∈ �(Qn

p).
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Thus repeating the above calculations almost word for word and using the latter
relation, we prove this case of the theorem.

Theorem 12.5.5. A distribution f ∈ �′(Qp) has a quasi asymptotics at infinity
with respect to an automodel function ρ of degree πα if and only if there exists
a positive integer N > −α + 1 such that

lim
|x|p→∞

D−Nf (x)

|x|Np ρ(x)
= C �= 0,

i.e., the (fractional) primitive D−Nf (x) of order N has an asymptotics at
infinity of degree πα+N (understood in the usual sense), where C ia a constant.

Proof. By setting β = −N , N > −α + 1 in Theorem 12.5.3, we obtain that
relation (12.5.2) holds if and only if

D−Nf (x)
�′∼ D−Ng(x) = C

{
D−N(|x|α−1

p π1(x)
)
, πα �= π0,

D−N(
δ(x)

)
, πα = π0,

(12.5.5)

as |x|p →∞ (|t |Np ρ(t)
)
, where π0 = |x|−1

p .
If πα �= π0 = |x|−1

p , with the help of formulas (6.2.9), (6.2.10) and (9.2.8),
we find that

D−Ng(x) = C
|x|N−1

p

�p(N )
∗ (|x|α−1

p π1(x)
)

= C
�p(πα)

�p(πα+N )
|x|α+N−1

p π1(x), (12.5.6)

where the �-functions are given by (6.2.7) and (6.2.6). If πα = π0 = |x|−1
p then

D−Ng(x) = C
|x|N−1

p

�p(N )
∗ δ(x) = C

|x|N−1
p

�p(N )
. (12.5.7)

Formulas (12.5.5), (12.5.6) and (12.5.7) imply that

lim
|t |p→∞

〈 (
D−Nf

)
(tx)

|t |Np ρ(t)
, φ(x)

〉
= C

�p(πα)

�p(πα+N )

〈|x|α+N−1
p π1(x), φ(x)

〉
,
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for all φ ∈ �(Qp). Since α +N − 1 > 0, we have

lim
|t |p→∞

(
D−Nf

)
(tx)

|t |Np ρ(t)
= C

�p(πα)

�p(πα+N )
|x|α+N−1

p π1(x). (12.5.8)

By using Definition 12.2 and formula (12.3.1), relation (12.5.8) can be
rewritten in the form

A = C
�p(πα)

�p(πα+N )
= lim
|t |p→∞

(
D−Nf

)
(tx)

|t |Np ρ(t)|x|α+N−1
p π1(x)

= lim
|tx|p→∞

(
D−Nf

)
(tx)

|tx|Np ρ(tx)
lim

|t |p→∞
ρ(tx)

|x|α−1
p π1(x)ρ(t)

= lim
|y|p→∞

(
D−Nf

)
(y)

|y|Np ρ(y)
.

Theorem 12.5.6. Let A(ξ ) ∈ E(Qn
p \ {0}) be the symbol of a homogeneous

pseudo-differential operator A of degree πβ , which is given by (9.3.1) and
f ∈ �′(Qn

p). Then

f (x)
�′∼ g(x), |x|p →∞ (

ρ(t)
)

if and only if

(Af )(x)
�′∼ (Ag)(x), |x|p →∞ (

π−1
β (t)ρ(t)

)
.

Proof. According to Lemma 9.3.1, the Lizorkin space �(Qn
p) is invariant under

the pseudo-differential operator A. Consequently, due to formulas (9.3.5),
(9.3.2), and (4.9.3), (6.2.1), we have〈(

Af
)
(tx), φ(x)

〉 = |t |−np

〈
f (x), AT φ

(x

t

)〉
= |t |−np

〈
f (x), F−1

[
A(−ξ )F [φ

(x

t

)
](ξ )

]
(x)

〉
= 1

πβ(t)

〈
f (x), F−1[

A(−tξ )F [φ(x)](tξ )
]
(x)

〉
= |t |−np

πβ(t)

〈
f (x), F−1[

A(−ξ )F [φ(x)](ξ )
](x

t

)〉
= 1

πβ(t)

〈
f (tx), F−1[

A(−ξ )F [φ(x)](ξ )
]
(x)

〉
,

for all φ ∈ �(Qn
p).
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Passing to the limit in the above relation, as |t |p →∞, we obtain

lim
|t |p→∞

〈 (Af )(tx)

π−1
β (t)ρ(t)

, φ(x)
〉
= lim
|t |p→∞

〈f (tx)

ρ(t)
,
(
AT φ

)
(x)

〉
,

i.e., in view of (9.3.2),

lim
|t |p→∞

(Af )(tx)

π−1
β (t)ρ(t)

= Ag(x) in �′(Qn
p)

if and only if lim|t |p→∞
f (tx)
ρ(t) = g(x) in�′(Qn

p). Thus the theorem is proved.
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Asymptotics of the p-adic singular
Fourier integrals

13.1. Introduction

We recall that in the usual real setting one studies the important class of
oscillatory (sometimes also called oscillating) integrals∫

Rn

eitf (x)ϕ(x) dnx.

Such integrals often arise in applied and mathematical physics. The classical
problem related to oscillatory integrals is to investigate their asymptotic behav-
ior when the parameter t tends to infinity [42], [92], [106, 7.8]. In the p-adic
setting oscillatory integrals are studied in [107], [104], [258].

The Fourier integrals are particular cases of oscillatory integrals. There are
many problems where solutions are obtained as Fourier integrals which cannot
be evaluated exactly. Nevertheless, these solutions are no less important because
it is often possible to study the asymptotic behavior of such integrals [109, 9].
The problem of the asymptotic behavior of singular Fourier integrals is related
to the well-known Erdélyi lemma (see [84], [85]). In the one-dimensional case
this lemma describes the asymptotics of the Fourier transform of functions
f (x) defined on R and having singularities of the type

xα−1
± logm x±ϕ(x), m = 0, 1, 2, . . . , Re α > 0, x ∈ R,

where ϕ(x) is sufficiently smooth [92, Ch.III, §1]. Here xα−1
± logm x± belongs to

the class of quasi-associated homogeneous distributions from D′(R) described
in Chapter 6. There are multidimensional generalizations of this lemma [92,
Ch.III], [42, Ch.II, §7], [252].

The latter problem has not been studied so far for the p-adic case.
In this chapter we shall perform such a study. These results are based
on [145]. In Section 13.2, for comparison, results on asymptotics of singular

247



248 Asymptotics of the p-adic singular Fourier integrals

Fourier integrals for the real case are quoted. Next, in Sections 13.4 and 13.5,
we prove Theorems 13.4.1, 13.4.2 and 13.5.1 which describe the asymptotic
behavior of the simplest p-adic singular Fourier integrals

Jπα,m;ϕ(t) = 〈
fπα ;m(x)χp(xt), ϕ(x)

〉
, |t |p →∞, (13.1.1)

where fπα ;m(x) ∈ D′(Qp) is a quasi-associated homogeneous distribution of
degree πα(x) = |x|α−1

p π1(x) and order m (the class of p-adic quasi-associated
homogeneous distributions from D′(Qp) was studied above in Chapter 6),
πα(x), π1(x), and χp(x) are multiplicative, resp. normed multiplicative, resp.
additive characters of the field Qp of p-adic numbers. ϕ(x) ∈ D(Qp) is a test
function, m = 0, 1, 2, . . . , α ∈ C. In Section 13.6, by Corollary 13.6.1 a p-
adic version of the well-known Erdélyi lemma is given. This lemma is a direct
consequence of Theorems 13.4.1 and 13.5.1 for the case Re α > 0. To prove
Theorems 13.4.1, 13.4.2 and 13.5.1, a new technique of constructing p-adic
weak asymptotics is developed.

The asymptotic relations (13.4.1)–(13.4.4) are p-adic analogs of relations
(13.2.1), (13.2.2) for the corresponding real case. However, the p-adic asymp-
totic relations (13.4.1)–(13.4.4), (13.4.15)–(13.4.18), and (13.5.1)–(13.5.4), in
contrast to the real case (13.2.1), (13.2.2), have a specific stabilization prop-
erty. Namely, these relations are exact equalities for sufficiently big |t |p > s(ϕ),
where s(ϕ) is the stabilization parameter (see Definition 13.3 and Remark 13.1).
The stabilization parameter s(ϕ) depends on the parameter of constancy of the
function ϕ (see (4.3.1)) and the rank of the character π1(x) (see (2.3.14)).
Asymptotics of this type will be called stable asymptotical expansions (see
Definitions 13.1–13.3 below). This p-adic phenomenon is quite different from
asymptotic properties in the real setting. This unexpected property of stabiliza-
tion of thep-adic asymptotics also arises in another context (see Theorem 14.6.1
in Chapter 14 and Propositions C.1–C.9 in Appendix C), where some weak
asymptotics are calculated.

The asymptotic stabilization property is similar to another p-adic phe-
nomenon which is described by Proposition 2.2.1: if limn→∞ xn = x, xn, x ∈
Qp, |x|p �= 0, then the sequence of norms {|xn|p : n ∈ N} must stabilize for
sufficiently large n. It may well be that stabilization is a typical property of
p-adic asymptotics.

Theorems which give asymptotic expansions of singular Fourier integrals
are the abelian-type theorems (see [240]). Indeed, according to (13.1.1), we
study the asymptotic behavior of the singular Fourier integrals

Jπα,m;ϕ(t) = F [g(x)](t),
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where the functions

g(x) = |x|α−1
p logm

p |x|pπ1(x)ϕ(x)

admit the estimate g(x) = O(|x|α−1
p logm

p |x|p), |x|p → 0. If α �= 0, according
to Theorems 13.4.1 and 13.5.1, we have

Jπα,m;ϕ(t) = O
(
|t |−αp logm

p |t |p
)
, |t |p →∞.

This statement on the connection between the asymptotic behavior of g(x) and
Jπα,m;ϕ(t) is a typical abelian-type theorem.

Since the asymptotic relations for the Fourier transform of associated homo-
geneous distributions from D′(R) have many applications (see, for exam-
ple, [61], [226], [252]), we hope that their p-adic versions may also be useful
in p-adic mathematical physics.

13.2. Asymptotics of singular Fourier integrals
for the real case

As was mentioned in Section 13.1, asymptotic relations for the Fourier trans-
form of distributions from D′(R),

(x ± i0)α−1 logm(x ± i0)ϕ(x), m = 0, 1, 2 . . . , α ∈ C,

where ϕ ∈ D(R) and (x ± i0)α−1 logm(x ± i0) are associated homogeneous
distributions of degree α − 1 and order m, have many applications (see, for
example, [61], [226], [252]). These asymptotics were constructed in [60],
[61], [58] (see also [92, Ch.III,§1.6.,§8]). In particular, in these papers the
following asymptotic relations were derived:

(x ± i0)α−1 logm(x ± i0)eitx

≈ δ(x)2π
m∑

k=0

dm−k

dαm−k
( e±i

π(α−1)
2

�(−α + 1)

) logk |t |
|t |α , t →∓∞, (13.2.1)

(x ± i0)α−1 logm(x ± i0)eitx = o(|t |−N ), t →±∞, (13.2.2)

for any N ∈ N, where α �∈ N. Some particular cases of these formulas were
studied in [109, 9]. In [200, Appendix 0] (see also [109, 9.1.]), the Riemann–
Lebesgue type lemma for the case of distributions was proved.
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13.3. p-adic distributional asymptotic expansions

Let us introduce a definition of a distributional asymptotics [59] adapted to the
case of Qn

p.

Definition 13.1. A sequence ψk(t) of continuous complex-valued functions on
the multiplicative group Q×

p is called an asymptotic sequence, as |t |p →∞, if

ψk+1(t) = o(ψk(t)), |t |p →∞

for all k = 1, 2, . . . .

Definition 13.2. Let f (·, t) ∈ D′(Qn
p) be a distribution depending on t as a

parameter, and Ck ∈ D′(Qn
p) be distributions, k = 1, 2, . . . . We say that the

relation

f (x, t) ≈
∞∑
k=1

Ck(x)ψk(t), |t |p →∞, x ∈ Qn
p, (13.3.1)

is an asymptotic expansion of the distributionf (x, t), as |t |p →∞, with respect
to an asymptotic sequence {ψk(t)} if

〈f (·, t), ϕ(·)〉 ≈
∞∑
k=1

〈Ck(·), ϕ(·)〉ψk(t), |t |p →∞, ∀ϕ ∈ D(Qn
p).

(13.3.2)

This means that for any test function ϕ ∈ D(Qn
p) and for any N we have

〈f (·, t), ϕ(·)〉 −
N∑
k=1

〈Ck(·), ϕ(·)〉ψk(t) = o(ψN (t)), |t |p →∞.

Definition 13.3. Suppose that a distribution f (·, t) ∈ D′(Qn
p) depending on t as

a parameter has the asymptotic expansion (13.3.1). If for any test function ϕ ∈
D(Qn

p) there exists a number s(ϕ) depending on ϕ such that for all |t |p > s(ϕ)
the relation (13.3.2) is an exact equality, we say that the asymptotic expansion
(13.3.1) is stable and write

f (x, t) =
∞∑
k=1

Ck(x)ψk(t), |t |p →∞. (13.3.3)

The number s(ϕ) is called the stabilization parameter of the asymptotic expan-
sion (13.3.1).
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13.4. Asymptotics of singular Fourier integrals (π1(x) ≡ 1)

13.4.1. The case fπα ;m(x) = |x|α−1
p logm

p |x|p,
α �= 0,m = 0, 1, 2, . . .

Theorem 13.4.1. Let ϕ ∈ Dl
N (Qp). Then the functional Jπα,m;ϕ(t) has the fol-

lowing asymptotic behavior:
(a) If α �= 0, m = 0 then

Jπα,0;ϕ(t) =
〈
|x|α−1

p χp(xt), ϕ(x)
〉

= ϕ(0)
�p(α)

|t |αp
, |t |p > p−l , (13.4.1)

where the �-function �p(α) is given by (6.2.6), i.e., in the weak sense

|x|α−1
p χp(xt) = δ(x)

�p(α)

|t |αp
, |t |p →∞. (13.4.2)

(b) If α �= 0, m = 1, 2, . . . then

Jπα,m;ϕ(t) =
〈
|x|α−1

p logm
p |x|pχp(xt), ϕ(x)

〉
= ϕ(0)

m∑
k=0

Ck
m logk

p e
dk�p(α)

dαk

logm−k
p |t |p
|t |αp

, |t |p > p−l , (13.4.3)

i.e., in the weak sense

|x|α−1
p logm

p |x|pχp(xt)

= δ(x)
m∑

k=0

Ck
m logk

p e
dk�p(α)

dαk

logm−k
p |t |p
|t |αp

, |t |p →∞, (13.4.4)

with respect to the asymptotic sequence

{|t |−αp logm−k
p |t |p : k = 0, 1, . . . , m}.

Thus for any ϕ ∈ D(Qp), the relations (13.4.1) and (13.4.3) are exact equali-
ties for sufficiently large |t |p > p−l , i.e., these asymptotic expansions are stable
with the stabilization parameter s(ϕ) = p−l .

Proof. 1. Let Re α > 0. In this case |x|α−1
p logm

p |x|pϕ(x) ∈ L1(Qp), and the
integral

Jπα,m;ϕ(t) = 〈|x|α−1
p logm

p |x|pχp(xt), ϕ(x)
〉

=
∫

Qp

|x|α−1
p logm

p |x|pχp(xt)ϕ(x) dx
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converges absolutely. Hence, according to the Riemann–Lebesgue
Theorem 5.2.1, Jπα,m;ϕ(t) → 0, as |t |p →∞. More precisely, since ϕ(x) ∈
Dl

N (Qp) then, in view of Lemmas 12.4.1 and 12.4.2,

Jπα,m;ϕ(t) = ϕ(0)

|t |αp

m∑
k=0

Ck
m logk

p e
dk�p(α)

dαk
logm−k

p |t |p, ∀ |t |p > p−l .

(13.4.5)

Thus relations (13.4.1)–(13.4.4) hold.
2. Let Reα < 0. In this case we define the functional Jπα,m;ϕ(t) by an analytic

continuation with respect to α. According to (6.2.2), (6.2.3), (6.3.2) and (6.3.3):

Jπα,m;ϕ(t) = 〈|x|α−1
p logm

p |x|pχp(xt), ϕ(x)
〉

=
∫
B0

|x|α−1
p logm

p |x|pχp(xt)
(
ϕ(x)− ϕ(0)

)
dx

+
∫

Qp\B0

|x|α−1
p logm

p |x|pχp(xt)ϕ(x) dx

+ϕ(0)
∫
B0

|x|α−1
p logm

p |x|pχp(xt) dx, (13.4.6)

for all ϕ ∈ D(Qp), where the latter integral in (13.4.6) is defined by means of
an analytic continuation with respect to α.

Since ϕ ∈ Dl
N (Qp), it is natural to rewrite the functional (13.4.6) as the

following sum:

Jπα,m;ϕ(t) = J 1
πα,m;ϕ(t)+ J 2

πα,m;ϕ(t)+ ϕ(0)J 0
πα,m

(t), (13.4.7)

where

J 1
πα,m;ϕ(t) =

∫
Bl

|x|α−1
p logm

p |x|pχp(xt)
(
ϕ(x)− ϕ(0)

)
dx, (13.4.8)

J 2
πα,m;ϕ(t) =

∫
Qp\Bl

|x|α−1
p logm

p |x|pχp(xt)ϕ(x) dx, (13.4.9)

J 0
πα,m

(t) =
∫
Bl

|x|α−1
p logm

p |x|pχp(xt) dx. (13.4.10)

The integral (13.4.10) is defined by means of an analytic continuation with
respect to α.
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For Re α > 0 and m = 0, according to (12.4.5), the integral (13.4.10) is
equal to

J 0
πα,0(t) = F

[|x|α−1
p �l(x)

]
(t) =

∫
Bl

χp(tx)|x|α−1
p dx

= 1− p−1

1− p−α
pαl�−l(t)+ �p(α)

|t |αp
(
1−�−l(t)

)
. (13.4.11)

For any α �= αj = 2πi
lnp

j , j ∈ Z, we define J 0
πα,0

(t) by means of an analytic
continuation with respect to α.

Differentiating relation (13.4.11) with respect to α, we obtain

J 0
πα,m

(t) = F
[|x|α−1

p logm
p |x|p�l(x)

]
(t)

=
∫
Bl

χp(tx)|x|α−1
p logm

p |x|p dx = logm
p e

dm

dαm
J 0
πα,0(t)

= �−l(t)
(
1− p−1

) dm

dαm

( pαl

1− p−α
)

logm
p e

+ (
1−�−l(t)

) 1

|t |αp

m∑
k=0

Ck
m logk

p e
dk�p(α)

dαk
logm−k

p |t |p. (13.4.12)

We point out that by using formulas (3.3.1)–(3.3.4), the relation (13.4.12) can
be derived explicitly.

According to (13.4.12), we have

J 0
πα,m

(t) = 1

|t |αp

m∑
k=0

Ck
m

dk�p(α)

dαk
logm−k

p |t |p, |t |p > p−l . (13.4.13)

Since ϕ ∈ Dl
N (Qp), it is clear that the following relations hold:

|x|α−1
p logm

p |x|p
(
ϕ(x)− ϕ(0)

)
�l(x) = 0,

|x|α−1
p logm

p |x|pϕ(x)
(
1−�l(x)

) ∈ Dl
N (Qp).

Thus taking Fourier transforms, according to (4.8.5), we have

J 1
πα,m;ϕ(t) =

∫
Bl

|x|α−1
p logm

p |x|pχp(xt)
(
ϕ(x)− ϕ(0)

)
dx = 0,

J 2
πα,m;ϕ(t) =

∫
Qp\Bl

|x|α−1
p logm

p |x|pχp(xt)ϕ(x) dx = 0,
(13.4.14)

for all |t |p > p−l . Thus for Re α < 0 relations (13.4.7), (13.4.14) and (13.4.13)
imply (13.4.1)–(13.4.4).
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13.4.2. The case fπ0;m(x) = P
(

logm
p |x|p
|x|p

)
,m = 0, 1, 2, . . .

Theorem 13.4.2. (a) If α = 0, m = 0 then

Jπ0,0;ϕ(t) =
〈
P

( 1

|x|p
)
χp(xt), ϕ(x)

〉
= ϕ(0)

(
− 1

p
−

(
1− 1

p

)
logp

( |t |p
p−l

))
, |t |p > p−l , (13.4.15)

i.e., in the weak sense

P
( 1

|x|p
)
χp(xt) = δ(x)

(
− 1

p
−

(
1− 1

p

)
logp

( |t |p
p−l

))
, |t |p →∞.

(13.4.16)

(b) If α = 0, m = 1, 2, . . . then

Jπ0,m;ϕ(t) =
〈
P

( logm
p |x|p
|x|p

)
χp(xt), ϕ(x)

〉
= ϕ(0)

{
1

p
(−1)m+1(logp |t |p − 1)m

+
(

1− 1

p

) 1

m+ 1

(
(−1)m+1

(
logm+1

p |t |p − logm+1
p p−l

)
− (−1)mC1

m+1B1
(

logm
p |t |p − logm

p p−l
)

+
m∑

r=2

(−1)m+1−rCr
m+1Br

× (
logm+1−r

p |t |p − logm+1−r
p p−l

))}
, |t |p > p−l ,

(13.4.17)

where the Bernoulli numbers Br , r = 0, 1, . . . , m, are defined by the relation
(B.1), i.e., in the weak sense,

P
( logm

p |x|p
|x|p

)
χp(xt)

= δ(x)

{
− 1

p

(− logp |t |p + 1
)m

+
(

1− 1

p

) 1

m+ 1

(
(−1)m+1

(
logm+1

p |t |p − logm+1
p p−l

)
− (−1)mC1

m+1B1
(

logm
p |t |p − logm

p p−l
)
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+
m∑

r=2

(−1)m+1−rCr
m+1Br

× (
logm+1−r

p |t |p − logm+1−r
p p−l

))}
, |t |p →∞, (13.4.18)

with respect to the asymptotic sequence

{logm+1−k
p |t |p : k = 0, 1, . . . , m+ 1}.

Thus for any ϕ ∈ D(Qp), relations (13.4.15) and (13.4.17) are exact equali-
ties for sufficiently large |t |p > p−l , i.e., these asymptotic expansions are stable
with the stabilization parameter s(ϕ) = p−l .

Proof. Let α = 0, and m = 0, 1, 2, . . . . According to (6.3.5), we have

Jπ0,m;ϕ(t) =
〈
P

( logm
p |x|p
|x|p

)
χp(xt), ϕ(x)

〉
=

∫
B0

logm
p |x|p
|x|p χp(xt)

(
ϕ(x)− ϕ(0)

)
dx

+
∫

Qp\B0

logm
p |x|p
|x|p χp(xt)ϕ(x) dx, (13.4.19)

for all ϕ ∈ D(Qp).
Since ϕ ∈ Dl

N (Qp), it is natural to rewrite the functional Jπ0,m;ϕ(t) as a sum
of integrals:

Jπ0,m;ϕ(t) = J 1
π0,m;ϕ(t)+ J 2

π0,m;ϕ(t)+ ϕ(0)J 0
π0,m

(t), (13.4.20)

where

J 1
π0,m;ϕ(t) =

∫
Bl

logm
p |x|p
|x|p χp(xt)

(
ϕ(x)− ϕ(0)

)
dx, (13.4.21)

J 2
π0,m;ϕ(t) =

∫
Qp\Bl

logm
p |x|p
|x|p χp(xt)ϕ(x) dx, (13.4.22)

J 0
π0,m

(t) =
∫
Bl

logm
p |x|p
|x|p

(
χp(xt)− 1

)
dx. (13.4.23)

Since ϕ ∈ Dl
N (Qp), it is clear that

logm
p |x|p
|x|p

(
ϕ(x)− ϕ(0)

)
�l(x) = 0,

logm
p |x|p
|x|p ϕ(x)

(
1−�l(x)

) ∈ Dl
N (Qp).
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Thus as above, according to (4.8.5), for (13.4.21) and (13.4.22) we have

J 1
π0,m;ϕ(t) = J 2

π0,m;ϕ(t) = 0, ∀ |t |p > p−l . (13.4.24)

Let us calculate the integral (13.4.23). Suppose that |t |p = pM , M > −l.
We start with the case m = 0. Taking into account that−M + 1 ≤ l, accord-

ing to formulas (3.3.1)–(3.3.4), we have

J 0
π0,0(t) =

∫
Bl

χp(xt)− 1

|x|p dx =
l∑

γ=−∞
p−γ

∫
Sγ

(
χp(xt)− 1

)
dx

= −p−(−M+1)p−M+1−1 −
l∑

γ=−M+1

p−γ
(

1− 1

p

)
pγ

= − 1

p
−

(
1− 1

p

)
(l +M) = − 1

p
−

(
1− 1

p

)
logp

( |t |p
p−l

)
.

(13.4.25)

The relations (13.4.24) and (13.4.25) imply that

Jπ0,0;ϕ(t) = ϕ(0)

(
− 1

p
−

(
1− 1

p

)
logp

( |t |p
p−l

))
, |t |p > p−l . (13.4.26)

Note that the latter relation can also be proved if we use the representation
of the functional (13.4.19) in the form of the convolution (4.7.1) Jπ0,m;ϕ(t) =
F

[
P

(
1
|x|p

)]
(t) ∗ F [

ϕ(x)
]
(t), and the formula form of Example 6.4.1:

F
[(

1− p−1)
logp |x|p

]
(t) = −P

( 1

|t |p
)
− p−1δ(t).

In the case m = 1, 2, . . . , for |t |p = pM , M > −l, using formulas (3.3.1)–
(3.3.4), we obtain

J 0
π0,m

(t) =
∫
Bl

logm
p |x|p
|x|p

(
χp(xt)− 1

)
dx =

l∑
γ=−∞

p−γ γ m

∫
Sγ

(
χp(xt)− 1

)
dx

= −p−(−M+1)(−M + 1)mp−M+1−1 −
l∑

γ=−M+1

p−γ γ m
(

1− 1

p

)
pγ

= − 1

p
(−M + 1)m −

(
1− 1

p

) l∑
γ=−M+1

γ m. (13.4.27)



13.4. Asymptotics of singular Fourier integrals (π1(x) ≡ 1) 257

Next, using equality (B.2) from Appendix B and formula (B.3), the relation
(13.4.27) can easily be transformed into the form

J 0
π0,m

(t) = − 1

p
(−M + 1)m −

(
1− 1

p

)(
Sm(l)− Sm(−M)

)
= − 1

p
(−M + 1)m +

(
1− 1

p

) 1

m+ 1

(
(−M)m+1 − lm+1

−C1
m+1B1

(
(−M)m − lm

)+ m∑
r=2

Cr
m+1Br

(
(−M)m+1−r − lm+1−r))

= − 1

p
(−1)m(logp |t |p − 1)m

+
(

1− 1

p

) 1

m+ 1

(
(−1)m+1

(
logm+1

p |t |p − logm+1
p p−l

)
− (−1)mC1

m+1B1
(

logm
p |t |p − logm

p p−l
)

+
m∑

r=2

(−1)m+1−rCr
m+1Br

(
logm+1−r

p |t |p − logm+1−r
p p−l

))
,

(13.4.28)

where the Bernoulli numbers Br , r = 0, 1, . . . , m are defined by formula (B.1),
and the polynomial Sm(γ0) is given by formula (B.2) from Appendix B.

The relations (13.4.20), (13.4.24) and (13.4.28) imply

Jπ0,m;ϕ(t) = ϕ(0)

{
1

p
(−1)m+1(logp |t |p − 1)m

+
(

1− 1

p

) 1

m+ 1

(
(−1)m+1

(
logm+1

p |t |p − logm+1
p p−l

)
− (−1)mC1

m+1B1
(

logm
p |t |p − logm

p p−l
)

+
m∑

r=2

(−1)m+1−rCr
m+1Br

(
logm+1−r

p |t |p − logm+1−r
p p−l

))}
,

(13.4.29)

for all |t |p > p−l .
Thus the relations (13.4.17) and (13.4.18) hold.

The following corollary is immediate:

Corollary 13.4.3. For α = 1, since the Fourier transform is an isomorphism
on D(Qp), the formulas (13.4.1) and (6.2.6) imply the statement (4.8.5) of
Lemma 4.8.3.
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Indeed, in view of (6.2.6), �p(1) = 0, and consequently for ϕ ∈ Dl
N (Qp)

we have F [ϕ] = 0 for |t |p > p−l .

Remark 13.1. The asymptotic expansion (13.4.4) can be represented in the
form

|x|α−1
p logm

p |x|pχp(xt)

= δ(x)
logm

p |t |p
|t |αp

( N∑
k=0

Ak(α) log−kp |t |p + o
(

log−Np |t |p
))

, |t |p →∞,

(13.4.30)

where Ak(α) is an explicit computable constant, k = 0, 1, . . . . Here the stabi-
lization property is expressed by the following assertion: for N ≥ m and for
large enough |t |p the remainder o

(
log−Np |t |p

)
disappears and the asymptotic

expansion becomes an exact equality.
The same remark is also true for the case of the asymptotic expansions

(13.4.18).

Remark 13.2. Since ϕ ∈ Dl
N (Qp), to calculate the asymptotics of the func-

tionals Jπα,m;ϕ(t) and Jπ0,m;ϕ(t) (for the case π1(x) ≡ 1, α �= 0), it is natural to
represent these functionals as the sums of the integrals (13.4.7) and (13.4.20),
respectively. However, we can represent these functionals as the sums of
integrals

J̃ 1
πα,m;ϕ(t) =

∫
Bl0

|x|α−1
p (x) logm

p |x|pχp(xt)
(
ϕ(x)− ϕ(0)

)
dx, (13.4.31)

J̃ 2
πα,m;ϕ(t) =

∫
Qp\Bl0

|x|α−1
p logm

p |x|pχp(xt)ϕ(x) dx, (13.4.32)

J̃ 0
πα,m

(t) =
∫
Bl0

|x|α−1
p logm

p |x|pχp(xt) dx, (13.4.33)

where l0 ∈ Z. For example, we can choose l0 = 0, as in the standard represen-
tations (13.4.6) and (13.4.19). In this case

|x|α−1
p logm

p |x|p
(
ϕ(x)− ϕ(0)

)
�l0 (x) ∈ Dmin(l,l0)

N (Qp),

|x|α−1
p logm

p |x|pϕ(x)
(
1−�l0 (x)

) ∈ Dmin(l,l0)
N (Qp),

and, as above, according to (4.8.5), J̃ 1
πα,m;ϕ(t) = J̃ 2

πα,m;ϕ(t) = 0 for all |t |p >

pmax(−l,−l0). Thus repeating the above calculations almost word for word, we
obtain the asymptotic relations from Theorem 13.4.1. However, in this case the
stabilization parameter is equal to s(ϕ) = pmax(−l,−l0).

The same remark is also true for the case of Theorem 13.4.2.
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13.5. Asymptotics of singular Fourier integrals (π1(x) �≡ 1)

Let us consider the case fπα ;m(x) = |x|α−1
p πα(x) logm

p |x|p, m = 0, 1, 2, . . . .

Theorem 13.5.1. Let ϕ ∈ Dl
N (Qp), and let k0 > 0 be the rank of the character

π1(x). Then the functional Jπα,m;ϕ(t) has the following asymptotic behavior:
(a) If α �= 0 and m = 0 then

Jπα,0;ϕ(t) =
〈
|x|α−1

p π1(x)χp(xt), ϕ(x)
〉

= ϕ(0)
�p(πα)

|t |αpπ1(t)
, |t |p > p−l+k0 , (13.5.1)

for all ϕ ∈ Dl
N (Qp), where the �-function �p(πα) is given by (6.2.7), i.e., in

the weak sense

|x|α−1
p π1(x)χp(xt) = δ(x)

�p(πα)

|t |αpπ1(t)
, |t |p →∞. (13.5.2)

(b) If α �= 0 and m = 1, 2, . . . then

Jπα,m;ϕ(t) =
〈
|x|α−1

p π1(x) logm
p |x|pχp(xt), ϕ(x)

〉
= ϕ(0)

m∑
k=0

Ck
m logk

p e
dk�p(πα)

dαk

logm−k
p |t |p

|t |αpπ1(t)
, |t |p > p−l+k0 ,

(13.5.3)

for all ϕ ∈ Dl
N (Qp), i.e., in the weak sense

|x|α−1
p π1(x) logm

p |x|pχp(xt)

= δ(x)
m∑

k=0

Ck
m logk

p e
dk�p(πα)

dαk

logm−k
p |t |p

|t |αpπ1(t)
, |t |p →∞, (13.5.4)

with respect to the asymptotic sequence

{π−1
α+1(t) logm−k

p |t |p : k = 0, 1, . . . , m}.
Thus for any ϕ ∈ D(Qp), the relations (13.5.1) and (13.5.3) are exact equal-

ities for sufficiently large |t |p > p−l+k0 , i.e., these asymptotic expansions are
stable with the stabilization parameter s(ϕ) = p−l+k0 .

Proof. Let m = 0. By formulas (4.9.5) and (4.9.8), the functional Jπα,0;ϕ(t) can
be rewritten as a convolution (4.7.1):

Jπα,0;ϕ(t) = 〈|x|α−1
p π1(x)χp(xt), ϕ(x)

〉
= F [|x|α−1

p π1(x)ϕ(x)](t) = F [|x|α−1
p π1(x)](t) ∗ ψ(t), (13.5.5)
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where ψ(ξ ) = F [ϕ(x)](ξ ) and according to (6.2.8)

F [|x|α−1
p π1(x)](t) = �p(πα)|t |−αp π−1

1 (t). (13.5.6)

Since ϕ ∈ Dl
N (Qp) then, in view of (4.8.5), ψ ∈ D−N−l (Qp). If |t |p > p−l ,

according to (13.5.6) and (4.7.7), relation (13.5.5) can be rewritten as

Jπα,0;ϕ(t) = �p(πα)
∫

Qp

|t − ξ |−αp π−1
1 (t − ξ )ψ(ξ ) dξ. (13.5.7)

Since |t |p > p−l and ξ ∈ B−l the latter integral is well defined for any α.
Moreover, we have |t − ξ |p = |t |p for |t |p > p−l , ξ ∈ B−l . Thus the relation
(13.5.7) can be transformed into the form

Jπα,0;ϕ(t) = �p(πα)|t |−αp π−1
1 (t)�(t), |t |p > p−l , (13.5.8)

where

�(t) =
∫
B−l

π−1
1

(
1− ξ

t

)
ψ(ξ ) dξ. (13.5.9)

Let k0 be the rank of the character π1(x) �≡ 1. In is clear that if |t |p > p−l+k0

then the inequality
∣∣ ξ
t

∣∣
p
≤ p−k0 holds for all ξ ∈ B−l . Thus in view of (2.3.14),

we see that π−1
1

(
1− ξ

t

)
≡ 1 for all ξ ∈ B−l and |t |p > p−l+k0 . Next, applying

an analog of the Lebesgue theorem to the limiting passage under the sign of an
integral (Theorem 3.2.4) to (13.5.9), and taking into account that |π1(x)| = 1
and ∫

B−l
ψ(ξ ) dξ =

∫
Qp

ψ(ξ ) dξ = ϕ(0),

we see that the formulas (13.5.8) and (13.5.9) imply the relations (13.5.1) and
(13.5.2) for all |t |p > p−l+k0 .

If m = 1, 2, . . . , differentiating (13.5.8) with respect to α, we obtain

Jπα,m;ϕ(t) = logm
p e

dm

dαm
Jπα,0;ϕ(t)

=
m∑

k=0

Ck
m logk

p e
dk�p(πα)

dαk
|t |−αp logm−k

p |t |pπ−1
1 (t)�(t), |t |p > p−l .

(13.5.10)

Just as above, since �(t) = ϕ(0) for |t |p > p−l+k0 , relation (13.5.10) implies
(13.5.3) and (13.5.4).

The analogs of Remarks 13.1 and 13.2 are also true for the case of
Theorem 13.5.1.
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13.6. p-adic version of the Erdélyi lemma

Theorems 13.4.1 and 13.5.1 for Re α > 0 imply the following p-adic version
of the well-known Erdélyi lemma.

Corollary 13.6.1. Let k0 be the rank of the character π1, and ϕ ∈ Dl
N (Qp).

Then for Re α > 0, m = 0, 1, 2, . . . , we have∫
Qp

|x|α−1
p π1(x) logm

p |x|pχp(xt)ϕ(x) dx

= ϕ(0)
m∑

k=0

Ck
m logk

p e
dk�p(πα)

dαk

logm−k
p |t |p

|t |αpπ1(t)
, |t |p > p−l+k0 . (13.6.1)

Moreover, for any ϕ ∈ D(Qp), the latter relation is a stable asymptotic
expansion.



14

Nonlinear theories of p-adic
generalized functions

14.1. Introduction

In standard mathematical physics (in the real setting) there are problems
which require the definition of products of distributions (generalized func-
tions) [66], [68], [86], [97], [194]. Such problems appear in quantum mechan-
ics [53], [9], [27], quantum field theory, some problems of gas dynamics,
elasticity theory, and also in the description of, e.g., shock waves, δ-shock
waves, and typhoons. In the framework of the approaches connected to prob-
lems of multiplications of distributions, a theory of singular solutions of non-
linear equations has been developed [8], [68]–[71], [149], [150], [195], [220].
Solving problems of this kind requires the development of special analytical
methods, the construction of algebras containing the space of distributions,
and the development of a technique for constructing singular asymptotics. As a
result, the demand arises for a construction of a nonlinear theory of generalized
functions. Besides, the development of nonlinear theories of distributions is of
great interest in itself.

Since p-adic mathematical physics is a relatively young science, p-adic
analogs of the above mentioned problems have not been studied so far (to the
best of our knowledge). The problems of p-adic analysis related to the theory
of p-adic distributions which have been solved up to now are of the linear type.
To deal with nonlinear singular problems one needs some additional technique
similar to that developed in the usual real mathematical physics mentioned
above. From the aforesaid it seems natural to introduce the p-adic analogs of
the usual (the real case) nonlinear theories of generalized functions, which we
construct in this chapter. These results are based on the papers [18], [19], [20].
We also intensively use some algebraic constructions related to distributions
from [149], [150], [70, Section 1–2].

262
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At first, in Section 14.2, we recall some standard (in the real case) results
on nonlinear theories of generalized functions and algebras of distributions and
give a brief survey of this area.

In Sections 14.3 and 14.4, by using some ideas of Livchak, Egorov,
and Colombeau, we construct the p-adic algebra of generalized functions
Gp(Qn

p), called the Colombeau–Egorov algebra. The Colombeau–Egorov alge-
bra Gp(Qn

p) is associative and commutative (see Section 14.3.2). Gp(Qn
p) is also

an associative convolution algebra (see Section 14.4.5). In the algebra Gp(Qn
p)

the product of p-adic distributions from D′(Qn
p) can be defined, which, in the

general case, presents a generalized function from Gp(Qn
p). As in the real theo-

ries, there is a linear injective embedding D′(Qn
p) ⊂ Gp(Qn

p), which, however,
is not unique. This is known to be a general shortcoming of the Colombeau
approach. The space D(Qn

p) is a subalgebra in the algebra Gp(Qn
p) (Theo-

rem 14.3.3). In the p-adic Colombeau–Egorov theory we can define arbitrary
continuous functions of generalized functions from Gp(Qn

p) (Section 14.4.1).
In Section 14.5, in the p-adic Colombeau–Egorov theory the operation of frac-
tional differentiation and fractional integration are introduced in two ways: by
the Vladimirov–Taibleson fractional operators (instead of the usual operation
of differentiation and integration in the case of real theories). According to
Theorems 14.5.1 and 14.5.2, the families of fractional operators form abelian
groups on Gp(Qn

p).
In Section 14.6, we construct the p-adic algebra of asymptotic distributions

A∗ generated by the linear spanA of the set ofp-adic quasi associated homoge-
neous distributions (QAHD) (which were introduced and studied in Chapter 6,
Sections 6.2–6.5). The algebra A∗ is an analog of algebras (in the real case),
constructed in the papers [68], [220], [149], [150] (see also Section 14.2.2).
A∗ is also an associative convolution algebra. Each element of the algebra A∗
(called an asymptotic distribution) is a product of QAHDs and is represented
as a vector-valued Schwartz distribution (which is finite from the left and from
the right) (14.6.7):

f ∗(x) = (
f(λm,n)(x)

)
, λm ∈ R, m, n ∈ N0,

whereλ0 = 0,f(λ0,0) ∈ A,f(λm,n) = cmnδ(x);λm ∈ R is an increasing sequence,
cmn are constants; 1 ≤ m ≤ M , 0 ≤ n ≤ N . Each distribution f (x) from the
subspace A can be identified with the vector-valued distribution f ∗(x) =(
f(λm,n)(x)

)
, where f0,0(x) = f (x), while all the other components are equal to

zero, i.e., A ⊂ A∗. Elements of the algebra A∗ can be represented in the form
of sums (14.6.8). The vector-valued distribution f ∗ ∈ A∗ is a linear continuous
functional over the space D∗ of test vector-valued functions

ϕ∗(x) = (
ϕ(βm,n)(x)

)
, ϕ(βm,n) ∈ D(Qp), βm ∈ R,
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where βm ∈ R is an increasing sequence, m, n ∈ N0. On D∗ a locally convex
topology can be introduced analogously to the case of the real algebra of
asymptotic distributions [149]–[151]. However, here the problem of introducing
this type of topology is not further discussed. The construction of the algebraA∗
is based on the main Theorem 14.6.1, which gives weak asymptotic expansions
of products of regularizations of QAHD. The proof of the main theorem (see
Appendix C) uses a new technique of constructing p-adic weak asymptotics.
Theorem 14.6.1 is a p-adic analog of Theorem 14.2.1 from Section 14.2.
According to Section 14.7, the algebra of asymptotic distributions A∗ can be
embedded into the Colombeau–Egorov algebra Gp(Qp) as a subalgebra. The
latter fact is an analog of results [219], [222] for the real Colombeau algebra.

Unlike the Colombeau approach, where, in the general case, a product of
distributions is not a distribution, asymptotic distributions from the algebra A∗
are Schwartz vector-valued distributions. Therefore, these results show the way
to the construction of a nonlinear theory of distributions of the same type as
the standard Schwartz theory of distributions.

14.2. Nonlinear theories of distributions (the real case)

14.2.1. Colombeau type algebras

Let us recall standard (in the real setting) results which serve as a prototype for
our p-adic investigations.

The first nonlinear “sequential” theory of distributions was constructed
in papers by Ya. B. Livchak [177]–[179]. These excellent papers are full of
deep ideas. Some ideas used by Livchak can also be found in the papers by
C. Schmieden and D. Laugwitz [215], and D. Laugwitz [172], [173]. In order
to construct an algebra of generalized functions Ya. B. Livchak used the fol-
lowing. Let M be the set of all sequences {fk(x)} of real-valued measurable
functions on Rn. A sequence {fk(x)} ∈M is called an almost zero if there exists
k0 such that fk(x) = 0 for all k ≥ k0. Let T (M) be the set of all almost zero
sequences. The Livchak algebra of generalized functions [179, §8] is defined
as the quotient algebra

L =M/T (M).

In Ya. B. Livchak’s papers the point value characterization of generalized
functions was introduced, which is an analog of the point value characterization
on the set of nonstandard numbers introduced later by M. Oberguggenberger
and M. Kunzingerin in [196] (see also [97]).
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A particular case of the Livchak’s algebra was later introduced by
Yu. V. Egorov in [86] by the following definition. Let � be a domain in
Rn. We will call two sequences {fk} and {gk} (fk, gk ∈ C∞(�)) equivalent if
for each compact subset K ⊂ � there exists N > 0 such that fk(x) = gk(x)
for all k ≥ N , x ∈ K . The Egorov algebra of generalized functions Ĝ(�) is
introduced as the set of the equivalence classes in this case.

The nonlinear “continuous” theory of distributions developed in the works of
J. Colombeau [66] is widely used and finds extensive application in mathemat-
ical physics [54], [66], [86], [97], [113], [193], [194], [195]. Let N0 = 0 ∪ N.
For any q ∈ N0 we define subsets of test functions A0(�) = {χ ∈ D(�) :∫
χ (x) dx = 1},

Aq(�) = {χ (x) ∈ A0(�) :
∫

xαχ (x) dx = 0, 1 ≤ |α| ≤ q},

where � ⊂ Rn, q = 1, 2, . . . . Obviously, D(�) ⊃ A0(�) ⊃ A1(�) ⊃
A2(�) ⊃ · · ·Aq(�) ⊃ · · · and Aq(�) �= ∅ for all q ∈ N0.

Denote by E(�) the algebra with differentiation of all mappings f :
A0(�) → C∞(Rn). The elements of this algebra are families f (ψ, x), where
ψ ∈ Aq(�) is considered as a parameter.

Let us define a family of functions ψε(x) = 1
εn
ψ

(
x
ε

)
, ε > 0, where ψ ∈

A0(�). Let EM (�) be the subalgebra with differentiation of moderate elements
f (ψ, x) from E(�), i.e., such that for any compact K ⊂ � and any α ∈ Nn

0

there exists N ∈ N such that for all ψ ∈ AN (�)

sup
x∈K

|∂α
x f (ψε, x)| ≤ Mε−N, ∀ε ∈ (0, ε0),

where M > 0 is a constant, ε0 > 0 is a certain number. We define an ideal
N (�) in the algebra EM (�) as the set of all elements f (ψ, x) ∈ E(�) such that
for any compact K ⊂ � and any α ∈ Nn

0 there exists N ∈ N0 such that for all
ψ ∈ Aq(�), where q ≥ N , the following inequality holds:

sup
x∈K

|∂α
x f (ψε, x)| ≤ Mεq−N, ∀ε ∈ (0, ε0),

where M > 0 and ε0 > 0.
The Colombeau algebra is defined as the quotient algebra

G(�) = EM (�)/N (�)

and its elements are called generalized Colombeau functions.
Note that in the Colombeau, Livchak, and Egorov algebras products of distri-

butions, in the general case, are not distributions. The elements of these algebras
have no explicit functional interpretation, which restricts their application.
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14.2.2. Algebras of asymptotic distributions

There is another approach to the problem of multiplication of distributions
associated with the names of Ya. B. Livchak [179], Li Bang-He [176] and
V. K. Ivanov [108]. The main idea of this approach is that the product f (x)g(x)
of distributions f (x) and g(x) from a certain class is defined as a weak asymp-
totic expansion of the product f (x, ε)g(x, ε) as ε→+0, where f (x, ε) and
g(x, ε) are regularizations of the distributions f (x) and g(x), respectively,
and ε > 0 is the approximation parameter. The development of this approach
in [217]–[220] led to the construction of the associative and commutative alge-
braE∗1 of asymptotic distributions, generated by a linear spanE1 of distributions

δ(m−1)(x − ck), P
(

1
(x−ck )m

)
, m = 1, 2, . . . , ck ∈ R, k = 1, . . . , s.

In the framework of the same approach, in [68], the associative and commu-
tative algebra E∗ of asymptotic distributions, generated by the linear span of
quasi associated homogeneous distributions (QAHD) (which were studied in
Chapter 6 and Sections A.2–A.7) was constructed. Now we recall the scheme
of these constructions [68].

Let us introduce the linear space E ⊂ D′(R) generated by the linear com-
binations of quasi associated homogeneous distributions (QAHDs): (x − ck ±
i0)λ logp(x − ck ± i0), λ ∈ R, p = 0, 1, 2, . . . ; ck ∈ R, k = 1, . . . , s (see
Chapter 6, Section A.3). Let us also introduce the space of harmonic regular-
izations of distributions from E:

h = span{(x − ck ± iε)λ logp(x − ck ± iε) :

λ ∈ R, p = 0, 1, 2, . . . ; ck ∈ R, k = 1, . . . , s; ε > 0},
where z = x + iε, z = x − iε. The elements of this space belong to the
Vladimirov algebras [236].

Let us further introduce an associative and commutative algebra h∗ with
unity and without zero divisors generated by the space h. The elements f ∗(x, ε)
of this algebra are finite sums of finite products of functions f (x, ε) ∈ h.

The following assertion holds.

Theorem 14.2.1. ([68, Corollary from Theorem 4.3.]) Let f ∗(x, ε) ∈ h∗. For
all ϕ ∈ D(R) and all M ≥ 0, N = 0, 1, . . . , n0(M):{

〈f ∗(x, ε), ϕ(x)〉 −
M∑

m=0

N∑
n=0

〈fαm,n(x), ϕ(x)〉εαm logn0(m)−nε
}

= o
(
εαM logn0(M)−Nε

)
, ε→+0,

where αm ∈ R is an increasing sequence, α0 = 0, n0(m) ∈ N0, the coefficients
fαm,n(x) are distributions from the space E. Thus, each element f ∗(x, ε) of the
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algebra h∗ has a unique representation in the form of a weak asymptotic series
(finite from the left)

f ∗(x, ε) =
∞∑

m=0

n0(m)∑
n=0

fαm,n(x)εαm logn0(m)−nε, ε→+0, (14.2.1)

In particular, for any element f ∗(x, ε) ∈ h ⊂ h∗ its representation (14.2.1) is
a “Taylor type” expansion.

Let A∗ be the linear mapping which associates each element f ∗(x, ε) from
the algebra h∗ with the unique vector-valued distribution:

f ∗(x) = (
f(αm,n)(x)

)
, αm ∈ R, n ∈ Z+, (14.2.2)

where the components of the vector are f(αm,n)(x) ∈ E, αm ∈ R is an increas-
ing sequence, n = 0, 1, 2, . . . , n0(m), m ∈ N0. The mapping A∗ is defined
in the following way. A∗ associates to each element f ∗(x, ε) ∈ h∗ \ h the
unique vector-valued distribution (14.2.2), whose components fαm,n(x) are the
corresponding coefficients of the asymptotics (14.2.1). By A∗ each element
f ∗(x, ε) ∈ h ⊂ h∗ is associated with the unique vector-valued distribution
(14.2.2) whose components fαm,n(x) are equal to zero except for the component
f0,n0(0)(x) = limε→+0 f

∗(x, ε) ∈ E. According to (14.2.2), any vector-valued
distribution f ∗(x) is finite from the left.

The image f ∗ = A∗[f ∗(·, ε)], f ∗(·, ε) ∈ h∗, is called an asymptotic distri-
bution. By

E∗ = A∗[h∗] = {f ∗ = A∗[f ∗(·, ε)] : f ∗(·, ε) ∈ h∗}
we denote the linear space of all asymptotic distributions. Each distribution
f (x) from the subspace E can be identified with the vector-valued distribution
f ∗(x) = (

f(αm,n)(x)
)
, where f0,n0(0)(x) = f (x), while all the other components

are equal to zero, i.e., there is an embedding E ⊂ E∗.
As in [220], [67], [149]–[151], we can consider vector-valued distributions

f ∗(x) from E∗ as continuous linear vector-functionals on the space of test
vector-valued functions (finite from the left) D∗:

ϕ∗(x) = (
ϕβm,n(x)

)
, ϕβm,n(x) ∈ D(R), (14.2.3)

where βm ∈ R is an increasing sequence, n ∈ N0. Here the action of the vector-
valued distribution f ∗ on a test vector-valued function ϕ∗ is defined as

〈f ∗, ϕ∗〉 =
∞∑

m=0

∞∑
n=0

〈fαm,n, ϕ−αm,−n〉,
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where the latter sum contains a finite number of terms. Using results of the
papers [149]–[151], the space D∗ can be equipped with the sequentially com-
plete topology.

From Theorem 14.2.1, and taking into account the construction of the map-
ping A∗, the asymptotic distribution (14.2.2) can be identified with the corre-
sponding formal series

f ∗(x) =
∞∑

m=0

n0(m)∑
n=0

fαm,n(x)εαm logn0−nε, (14.2.4)

where fαm,n(x) ∈ E, αm ∈ R is an increasing sequence, and n =
0, 1, 2, . . . , n0(m), m, n0(m) ∈ N0.

It is proved in [68] that the mapping A∗ : h∗ → E∗ is an isomorphism and
A∗[h] = E.

Now let us introduce the operation of multiplication on the space of asymp-
totic distributions E∗, and thus for distributions from E.

Definition 14.1. The product of the asymptotic distributions f ∗1 , f ∗2 from E∗

is defined as the asymptotic distribution

f ∗(x) = f ∗1 (x)◦f ∗2 (x) = A∗
[
f ∗1 (x, ε)f ∗2 (x, ε)

]
∈ E∗, (14.2.5)

where f ∗k (x, ε) = A∗−1f ∗k (x) ∈ h∗ is a regularization of the asymptotic distri-
bution f ∗k , k = 1, 2.

Since h∗ is an associative and commutative algebra of functions and
A∗ : h∗ → E∗ is an isomorphism, the multiplication (14.2.5) is associative
and commutative. The multiplication (14.2.5) turns the space of asymptotic
distributions (the space of vector-valued distributions) E∗ into an algebra.

Example 14.2.1. (see [68], [218], [220])

(a) (x + i0)−m ◦ (x − i0)−n = A∗
[
(x + iε)−m(x − iε)−n

]
= (−1)m−1

(
i

2

)m+n−2

π

m+n−2∑
s=0

B+s
is

s!
δ(s)(x)ε−m−n+s+1

+ (−1)n−1iπ

(m+ n− 1)!

(
(−1)m + 2−m−n+2B+m+n−1

)
δ(m+n−1)(x)+ P (x−m−n)

+ (−1)m−1

(
i

2

)m+n−1 ∞∑
s=m+n

is
(

(−1)s(x + i0)−s−1B+s

− (x − i0)−s−1B−s
)
ε−m−n+s+1,



14.2. Nonlinear theories of distributions (the real case) 269

where m, n = 1, 2, . . . ; B+s = Bs(m, n), B−s = Bs(n,m), and the coefficients
Bs(m, n) have the form

Bs(m, n) =
{ ∑s

k=0 C
n−1
m+n−k−2C

k
s (−2)k, 0 ≤ s ≤ m− 1,∑m−1

k=0 Cn−1
m+n−k−2C

k
s (−2)k, s ≥ m.

Here the asymptotic distribution (x + i0)−m ◦ (x − i0)−n ∈ E∗ is represented
as the formal series (14.2.2).

(b) x ◦ δ(x) = A∗
[1

2

(
(x + iε)+ (x − iε)

) · −1

2πi

( 1

x + iε
− 1

x − iε

)]
=

∞∑
k=0

(−1)k
{

1

π
P

( 1

x2k+1

)
ε2k+1 + 1

(2k + 1)!
δ(2k+1)(x)ε2k+2

}
.

Here the asymptotic distribution 0 �= x ◦ δ(x) ∈ E∗ is represented as the formal
series (14.2.2). We recall that in the framework of the classical Schwartz theory
we have x ◦ δ(x) = 0.

(c)
(
δ(x)

)2 = A∗
[( −1

2πi

( 1

x + iε
− 1

x − iε

))2]
= δ(x)

2πε
+ 1

2π2

∞∑
k=1

(−1)k
{

π

(2k)!
δ(2k)(x)ε2k−1 + P

( 1

x2k+2

)
ε2k

}
.

Here we consider the asymptotic distribution
(
δ(x)

)2 ∈∈ E∗ as the formal series
(14.2.2). On the other hand, this asymptotic distribution can be represented as
the vector distribution (14.2.4):(

δ(x)
)2 = (. . . , fk(x), fk+1(x), . . . ),

where fk(x) = 0, k < −1, f−1(x) = 1
2π δ(x), f2k−1(x) = (−1)k

2π(2k)!δ
(2k)(x),

f2k(x) = (−1)k

2π2 P (x−2k−2), k = 1, 2, . . . . For all test functions ϕ∗(x) ∈ D∗ we
have〈(

δ(x)
)2
, ϕ∗(x)

〉
= 1

2π

〈
δ(x), ϕ1(x)

〉
+ 1

2π2

∞∑
k=1

(−1)k

×
{

π

(2k)!

〈
δ(2k)(x), ϕ−2k+1(x)

〉
+

〈
P

( 1

x2k+2

)
, ϕ−2k(x)

〉}
,

where the last sum is finite.

Constructing approximations of distributional products in the form of weak
asymptotic series (14.2.1) has proved to be very useful in the theory of discon-
tinuous solutions to nonlinear equations. This formalism was used to develop
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the weak asymptotics method (for a summary of this method see [70]). The
dynamics of propagation and interaction of nonlinear waves (infinitely narrow
δ-solitons, shocks, δ-shocks) have been studied in [68]–[73], [220] and [224]
using this method.

14.3. Construction of the p-adic Colombeau–Egorov algebra

14.3.1. Regularization of distributions

We callωk ∈ D(Qn
p) a δ-sequence if there existsN ∈ Z such thatωk(x) = δk(x),

k ≥ N , x ∈ Qn
p, where δk(x) is a canonical δ-sequence (4.4.6), k = 1, 2, . . . .

It is clear that ωk → δ, k →∞ in D′(Qn
p).

In view of formula (4.7.8) from Proposition 4.7.4, the regularization of the
distribution f ∈ D′(Qn

p) is the sequence

fk(x)
def= f (x, p−k) =

(
f (x) ∗ ωk(x)

)
�k(x), x ∈ Qn

p, (14.3.1)

where ∗ is a convolution, where �k(x) is the canonical 1-sequence (4.4.5),
k = 1, 2, . . . . It is clear that fk ∈ D(Qn

p).

Lemma 14.3.1. Let fk be the regularization of a distribution f ∈ D′(Qn
p).

Then fk → f , k →∞ in D′(Qn
p). Moreover, for any test function ϕ ∈ D(Qn

p)
we have

〈fk, ϕ〉 = 〈f, ϕ〉, ∀ k ≥ −l,
where l = l(ϕ) is the parameter of constancy of the function ϕ.

Proof. It is clear that

〈fk, ϕ〉 = 〈f,ψk〉, ψk(x) =
∫

pnk�(pk|ξ |p)ϕ(x − ξ ) dξ, (14.3.2)

x ∈ Qn
p. If l = l(ϕ) is a parameter of constancy of the test function ϕ ∈ D(Qn

p)
then we have

ψk(x) =
∫

Qn
p

pnk�(pk|ξ |p)ϕ(x − ξ ) dξ

= ϕ(x)pnk

∫
Bn
−k

dξ = ϕ(x), (14.3.3)

for all k ≥ −l, x ∈ Qn
p.

Consequently, (14.3.2) and (14.3.3) imply 〈fk, ϕ〉 = 〈f, ϕ〉, for all k ≥ −l.
Thus for any function ϕ ∈ D(Qn

p) we have limk→∞〈fk, ϕ〉 = 〈f, ϕ〉. Moreover,
fk = f for any compact K ⊂ Qn

p and for sufficiently large k.

It is easy to prove the following lemma.
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Lemma 14.3.2. If f ∈ C(Qn
p) then we have

fk(x) = f (x) ∗ δk(x) → f (x), k →∞,

pointwise for all x in any compact K ⊂ Qn
p.

14.3.2. The basic construction

Consider the set P(Qn
p) of all sequences {fk : k ∈ N}, where fk ∈ D(Qn

p). Note
that in P(Qn

p) there are constant sequences of the form {fk(x) = f (x) : k ∈ N},
where f are arbitrary functions fromD(Qn

p). OnP(Qn
p) we introduce an algebra

structure, defining the operations componentwise:(
f1 + f2

)
k
(x) = f1,k(x)+ f2,k(x),(

f1f2
)
k
(x) = f1,k(x)f2,k(x), x ∈ Qn

p,

where {fj,k(x) : k ∈ N} ∈ P(Qn
p), j = 1, 2. Let Np(Qn

p) be the subalgebra of
elements {fk(x) : k ∈ N} ∈ P(Qn

p) such that for any compact K ⊂ Qn
p there

exists N ∈ N such that fk(x) = 0 for all k ≥ N , x ∈ K . Clearly, Np(Qn
p) is an

ideal in the algebra P(Qn
p).

Now we introduce a p-adic Colombeau-type algebra.

Definition 14.2. The quotient algebra

Gp(Qn
p) = P(Qn

p)/Np(Qn
p)

will be called the p-adic Colombeau–Egorov algebra. The elements f̃ of
this algebra will be called the Colombeau–Egorov generalized functions. The
equivalence class of sequences which defines the element f̃ (x) will be denoted
by f̃ (x) = [

fk(x)
]
.

The algebraGp(Qn
p) of generalized functions is associative and commutative.

Theorem 14.3.3. There is a linear embedding

D′(Qn
p) ⊂ Gp(Qn

p),

i.e., any distribution on Qn
p is a generalized function on Qn

p. This embedding
D(Qn

p) ⊂ Gp(Qn
p) is a homomorphism of algebras and the space D(Qn

p) is a
subalgebra of the algebra Gp(Qn

p).

Proof. Let us embed the distribution f ∈ D′(Qn
p) into Gp(Qn

p) by the mapping

D′(Qn
p) � f (x) #→ f̃ (x) = {fk(x)} +Np(Qn

p) ∈ Gp(Qn
p), x ∈ Qn

p,

where fk is the regularization of the distribution f given by (14.3.1).
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Let us prove that {fk(·)} ∈ Np(Qn
p) if and only if f (x) = 0. Indeed, if

f (x) = 0 then fk(x) = 0 for all k, and {fk(x)} ∈ Np(Qn
p). Suppose that

{fk(·)} ∈ Np(Qn
p). Hence according to (14.3.2) and (14.3.3),

〈fk, ϕ〉 = 〈f, ϕ〉 = 0,

for all ϕ ∈ D(Qn
p) and sufficiently big k, k ≥ −l, i.e., f (x) = 0.

Thus any distribution f ∈ D′(Qn
p) determines a unique sequence {fk : k ∈

N}, which determines a unique generalized function f̃ ∈ Gp(Qn
p).

Since P(Qn
p) contains the constant sequences {fk}, fk = f ∈ D(Qn

p), from
Lemma 14.3.2 and the above arguments, we find that the mapping

D(Qn
p) � f (x) #→ f̃ (x) = {fk(x) = f (x)} +Np(Qn

p) ∈ Gp(Qn
p)

is a homomorphism of algebras.

Remark 14.1. In the usual real case Egorov theory [86], the embeddingD′ ⊂ G
is not injective, and hence any distribution f ∈ D′(Qn

p) determines infinitely
many generalized functions belonging to the Colombeau algebra. For the p-
adic theory the embedding D′(Qn

p) into Gp(Qn
p) is injective as in the real case

of the Colombeau theory.

14.4. Properties of Colombeau–Egorov generalized functions

14.4.1. Function of generalized functions

Let g(u1, . . . , um) be a continuous function, i.e. g ∈ C(Rm), and let
f̃1, . . . , f̃m be generalized functions from Gp(Qn

p). We define the general-
ized function g(f̃1, . . . , f̃m) by the sequence {gk : k ∈ N}, where gk(x) =
g(f1,k(x), . . . , fm,k(x))�k(x), and �k(x) is the canonical 1-sequence (4.4.5),
k = 1, 2, . . . . It is clear that g(f̃1, . . . , f̃m) ∈ Gp(Qn

p).

14.4.2. Associated distribution

We say that the generalized function f̃ = [
fk

] ∈ Gp(Qn
p) is associated with

the distribution g ∈ D′(Qn
p), if we have limk→∞〈fk, ϕ〉 = 〈g, ϕ〉, for all ϕ ∈

D(Qn
p). We shall write this fact using the notation f̃ ≈ g.

Example 14.4.1. According to (4.4.6), the generalized function δ2(x) ∈
Gp(Qp), x ∈ Qp is defined by the sequence

{
p2k�2(pk|x|p)

}
for sufficiently
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large k. It is clear that δ2 �∈ D′(Qp). Moreover, since limk→∞〈p2k�2

(pk|x|p), ϕ〉 does not exist, δ2(x) is not associated with any distribution.

Example 14.4.2. The following relation (which is also true in the usual
Colombeau theory) holds(

1+ (
δ(x)

)n)1/n
≈ 1+ δ(x), x ∈ Qp.

Indeed, consider the integral

Jk =
∫

Qp

{(
1+ (

δk(x)
)n)1/n

− 1− δk(x)

}
ϕ(x) dx

=
∫

Qp

{(
1+ pnk�n(pk|x|p)

)1/n
− 1− pk�(pk|x|p)

}
ϕ(x) dx,

where δk(x) is a regularization of the δ-function, ϕ ∈ D(Qp). Using formulas
(3.3.1) and (3.2.6), we have

Jk =
{(

1+ pnk
)1/n

− 1− pk

}
ϕ(0)

∫
B−k

dx

= ϕ(0)

{(
1+ p−nk

)1/n
− 1− p−k

}
for sufficiently large k. Thus limk→∞ Jk = 0.

14.4.3. The point value

We are going to define the Colombeau–Egorov generalized numbers. Let C =
C ∪∞ be the compactification of C. Consider the set F of all sequences
{ck ∈ C : k ∈ N} and the subset I ⊂ F of all sequences such that there exists
N ∈ N such that ck = 0 for all k ≥ N . The equivalence classes

C̃ = F/I

are called Colombeau–Egorov generalized numbers. It is clear that C̃ is an
algebra. The equivalence class of sequences which defines the generalized
number c̃ will be denoted by c̃ = [

ck
]
. Since the set C̃ contains the constant

sequences c̃ = {ck = c}, where c ∈ C, k ∈ N, the embedding C ⊂ C̃ holds.

Definition 14.3. Let f̃ = [
fk

] ∈ Gp(Qn
p) be a generalized function. We define

the value f̃ (x0) at a point x0 ∈ Qn
p as the generalized number from C̃, deter-

mined by the sequence
{
fk(x0) : k ∈ N

}
∈ F .
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This definition is correct. Indeed, by the definitions of the ideals Np(Qn
p)

and I, if [fk(x)
] ∈ Np(Qn

p) then for any element of the class fk(x) ∈ [fk(x)
]

we have fk(x0) ∈ I.
Let f̃ = [

fk

]
, f̃ ∈ D(Qn

p) ⊂ Gp(Qn
p). According to Lemma 14.3.2 and

Theorem 14.3.3, the “classical” value f̃ (x0) at a point x0 ∈ Qn
p coincides with

the generalized value at a point f̃ (x0) in the sense of Definition 14.3.

Remark 14.2. In the standard theories over the reals of Colombeau, Egorov,
and Livchak, generalized functions are not uniquely determined by their point
values [66], [86], [97, 1.2.4], [194], [196]. For example, consider the general-
ized function f (x) = x · δ(x) ∈ G. Since the Dirac δ-function is defined as the
equivalence class

δ(x) = [
δ(ψε, x)

]
, δ(ψε, x) = 1

εn
ψ

(x

ε

)
,

then f (x) = [
f (ψε, x)

]
, where f (ψε, x) = x 1

εn
ψ

(
x
ε

)
. It is clear that f (x) �= 0

as a generalized function. On the other hand, it is easy to show ([66], [194]) that
at any point x ∈ Rn we have the point value f (x) = 0. Indeed, f (ψε, 0) = 0,
and for any x0 �= 0 f (ψε, x0) → 0 faster than any power of ε (see the definition
of the Colombeau ideal N (�) in Chapter 14, Section 14.2).

For lack of the point value characterization, in [196, Remark 2.11.], [97,
1.2.4.] a new type of characterization of elements of the real Colombeau and
Egorov algebras was introduced. The basic idea of this characterization is to
introduce generalized points which are analogues of nonstandard numbers (see,
e.g., [7]). In particular, in the framework of the Egorov algebra on the set

�c = {xk ∈ � : ∃K ⊂⊂ � ∃N ∈ N : xk ∈ K, ∀k ≥ N}
an equivalence relation was introduced by xk ∼ yk if for some N ∈ N xk = yk

for all k ≥ N . Then �c0 = �c/ ∼ is the set of compactly supported points of
�c. In the above mentioned papers the following theorem was proved: f = 0
in Ĝ(�) iff f (z) = 0 in C̃ for all z ∈ �c0.

In the p-adic case generalized functions also are not uniquely determined by
their point values [183]. In the paper [183], following an idea due to M. Kun-
zinger and M. Oberguggenberger [196], a generalized point value characteri-
zation of the p-adic Colombeau–Egorov algebra is given.

Example 14.4.3. Let n = 1.
(i) For point values of the δ-function we obtain the following result: if x0 = 0

then δ(x0) = c̃, and if x0 �= 0 then δ(x0) = 0, where c̃ ∈ C̃ is the generalized
number defined by the sequence {ck = pk�(0) = pk : k ∈ N}.

(ii) Consider the generalized function f̃ (x) = |x|p, f̃ ∈ D′(Qp) ⊂ Gp(Qp).
In the classical sense, we have |0|p = 0. Since the generalized function f̃ is
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defined by the sequence
(|x|p)

k
= pk

∫ |x − ξ |p�(pk|ξ |p) dξ , the value f̃ (0)
is a generalized number determined by the number sequence

(|0|p)
k
= pk

∫
|ξ |p�(pk|ξ |p) dξ = pk

∫
B−k
|ξ |p dξ = p−k+1

1+ p
.

It is clear that
(|0|p)

k
�∈ I, and, consequently, this sequence determines a gen-

eralized number f̃ (0) ∈ C̃ which is not equal to zero. Thus for generalized
functions f̃ �∈ D(Qn

p) the classical value may not coincide with the point value
in the sense of generalized functions.

14.4.4. The Fourier transform

Let f̃ (x) = [
fk(x)

]
be a generalized function from Gp(Qn

p). Its Fourier
transform is the generalized function F [f̃ ](ξ ) = [

F [fk(x)](ξ )
]
. This defini-

tion describes F [f̃ ](ξ ) uniquely, since F [fk(x)](ξ ) ∈ D(Qn
p), and if fk(x) ∈

Np(Qn
p) then there is N ∈ N such that F [fk(x)](ξ ) = 0 for all k ≥ N , i.e.,

F [Np(Qn
p)] ⊂ Np(Qn

p).

14.4.5. Convolution

The convolution f̃ ∗ g̃ of the generalized functions f̃ = [
fk

]
, g̃ = [

gk
]

is
defined as the generalized function

h̃(x) = (
f̃ ∗ g̃)

(x) = [
hk(x)

]
, x ∈ Qn

p, (14.4.1)

where

hk(x) = fk(x) ∗ gk(x) =
∫

fk(ξ )gk(x − ξ ) dξ.

Definition (14.4.1) determines the convolution f̃ ∗ g̃ uniquely. Indeed,
here hk(x) = ∫

fk(ξ )gk(x − ξ ) dξ ∈ D(Qn
p), and if fk(x) ∈ Np(Qn

p) or gk(x) ∈
Np(Qn

p) then hk(x) = ∫
fk(ξ )gk(x − ξ ) dξ ∈ Np(Qn

p).
The convolution (14.4.1) turns Gp(Qn

p) into an associative convolution
algebra.

It is clear that

F [f̃ ∗ g̃] = F [f̃ ]F [g̃], f̃ , g̃ ∈ Gp(Qn
p).

Example 14.4.4. Since according to (4.8.10), δk(x) = F [�k(ξ )](x) and δ =[
δk

]
, 1 = [

�k

]
, then

1 ∗ 1 = F [δ2].
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14.5. Fractional operators in the Colombeau–Egorov algebra

It is known that the space of test functions D(Qn
p) is not invariant under the

fractional operators Dα
×, α ∈ Cn, and Dα , α ∈ C. Indeed, since both functions

|ξj |αp and |ξj |αpF [ϕ](ξ ), ξ ∈ Qn, are not locally constant on Qn
p, in general

Dα
xj
ϕ �∈ D(Qn

p) for ϕ ∈ D(Qn
p). Since, according to Lemma 4.8.3, we have

F [ϕ](ξ ) ∈ D−N−l (Qn
p) for ϕ ∈ Dl

N (Qn
p) then |ξj |αpF [ϕ](ξ ) ∈ D−k−l (Qn

p) for all
ξ ∈ Qn

p \ B−k , Bj ;−k = {ξ ∈ Q : |ξj |p ≤ p−k}, k > N , and∫
Qn

p\Bj ;−k
|ξj |αpF [ϕ](ξ )χp(−ξx) dξ ∈ Dl

k(Qn
p), k > N, j = 1, . . . , n.

Taking into account the above fact, we introduce the fractional operators on
generalized functions f̃ ∈ Gp(Qn

p), using some ideas from Chapter 7.
Let us define the fractional operators (studied in Chapter 9, Section 9.2) in

the Colombeau–Egorov algebra.

Definition 14.4. Let f̃ = [
fk

]
be a generalized function from Gp(Qn

p). The
Vladimirov operator of f̃ is the generalized function Dα

×f̃ , α ∈ Cn, defined by
the sequence {Dα

(×,k)fk : k ∈ N}, where the operator Dα
(×,k) is defined by(

Dα
(×,k)fk

)
(x) = F−1[|ξ |αpϒ(×,−k)(ξ )F [fk](ξ )], α ∈ Cn,

and ϒ(×,−k)(ξ ) = ∏n
j=1(1−�−k(ξj )) is the characteristic function of the set

{ξ ∈ Qn
p : |ξj |p > p−k, j = 1, . . . , n}, �−k(ξj ) = �(pk|ξj |p), j = 1, . . . , n.

Here |ξ |αp = |ξ1|α1
p · · · |ξn|αn

p .

Theorem 14.5.1. (a) If f̃ ∈ Gp(Qn
p) then Dα

×f̃ is a uniquely determined gen-
eralized function, i.e., Definition 14.4 is correct.

(b) The family of operators {Dα
× : α ∈ Cn} on the space of generalized

function Gp(Qn
p) forms an n-parametric abelian group: if f̃ ∈ Gp(Qn

p) then

Dα
×D

β
×f̃ = D

β
×Dα

×f̃ = D
α+β
× f̃ ,

Dα
×D

−α
× f̃ = f̃ , α, β ∈ Cn.

(14.5.1)

Proof. (a) Let f̃ = [
fk

] ∈ Gp(Qn
p). Since F [fk] ∈ D(Qn

p) for fk ∈ D(Qn
p),

then for allα ∈ Cn we haveϒ(×,−k)(ξ )F [fk](ξ ) = 0, |ξ |αpϒ(×,−k)(ξ )F [fk](ξ ) =
0 for ξj = 0, j = 1, 2, . . . , n. Thus,

ϒ(×,−k)(ξ )F [fk](ξ ), |ξ |αpϒ(×,−k)(ξ )F [fk](ξ ) ∈ �×(Qn
p),

and, consequently,
(
Dα

(×,k)fk

) ∈ �×(Qn
p) ⊂ D(Qn

p), where the spaces �×(Qn
p)

and �×(Qn
p) are defined in Chapter 7, Section 7.3.1 (here �×(Qn

p) is the
Lizorkin space of test functions of the first kind). If fk ∈ Np(Qn

p) then there
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is N ∈ N such that F [fk(x)](ξ ) = 0 for all k ≥ N , and
(
Dα

(×,k)fk

)
(x) = 0 for

all k ≥ N , i.e., Dα
(×,k)Np(Qn

p) ⊂ Np(Qn
p). Thus, Dα

×f̃ is a uniquely determined
generalized function, i.e., Definition 14.4 is correct.

(b) Since
(
Dα

(×,k)fk

)
(x) ∈ �×(Qn

p), and according to Lemma 9.2.2, the
Lizorkin space �×(Qn

p) is invariant under the Vladimirov fractional opera-
tor, we have(

D
β

(×,k)D
α
(×,k)fk

)
(x)

= F−1[|ξ |βpϒ(×,−k)(ξ )|ξj |αpϒ(×,−k)(ξ )F [fk](ξ )], α, β ∈ Cn.

Taking into account that
(
ϒ(×,−k)(ξ )

)2 = ϒ(×,−k)(ξ ), we deduce that(
D

β

(×,k)D
α
(×,k)fk

)
(x) = F−1[|ξ |α+βp ϒ(×,−k)(ξ )F [fk](ξ )] = (

D
α+β
(×,k)fk

)
(x).

for any α, β ∈ Cn. Thus (14.5.1) holds.

Definition 14.5. Let f̃ = [
fk

]
be a generalized function from Gp(Qn

p). The
Taibleson operator of f̃ is the generalized function Dαf̃ , α ∈ C, defined by
the sequence {Dα

(k)fk : k ∈ N}, where the operator Dα
(k) is defined as(

Dα
(k)fk

)
(x) = F−1[|ξj |αpϒ(−k)(ξ )F [fk](ξ )], α ∈ Cn,

and ϒ(−k)(ξ ) = 1−�−k(ξ ) is the characteristic function of the set {ξ ∈ Qn
p :

|ξ |p > p−k}, �−k(ξ ) = �(pk|ξ |p). Here |ξ |αp is defined by (7.2.1).

Theorem 14.5.2. (a) If f̃ ∈ Gp(Qn
p) then Dαf̃ is a uniquely determined gen-

eralized function, i.e., Definition 14.5 is correct.
(b) The family of operators {Dα : α ∈ C} on the space of generalized func-

tions Gp(Qn
p) forms a one-parametric abelian group: if f̃ ∈ Gp(Qn

p) then

DαDβf̃ = DβDαf̃ = Dα+β f̃ ,

DαD−αf̃ = f̃ , α, β ∈ C.
(14.5.2)

Proof. (a) Let f̃ = [
fk

] ∈ Gp(Qn
p). Since F [fk] ∈ D(Qn

p) for fk ∈
D(Qn

p), then for all α ∈ C we have that ϒ(−k)(ξ )F [fk](ξ ) = 0 and
|ξ |αpϒ(×,−k)(ξ )F [fk](ξ ) = 0 for ξj = 0, j = 1, 2, . . . , n. Thus,

ϒ(−k)(ξ )F [fk](ξ ), |ξ |αpϒ(−k)(ξ )F [fk](ξ ) ∈ �(Qn
p),

and, consequently,
(
Dα

(k)fk

)
(x) ∈ �(Qn

p) ⊂ D(Qn
p), where the spaces �(Qn

p)
and �(Qn

p) are defined in Chapter 7, Section 7.3.2 (here �(Qn
p) is the

Lizorkin space of test functions of the second kind). It is easy to see that
Dα

(k)Np(Qn
p) ⊂ Np(Qn

p). Thus,Dαf̃ is a uniquely determined generalized func-
tion, i.e., Definition 14.5 is correct.
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(b) Since
(
Dα

(k)fk

)
(x) ∈ �(Qn

p), and according to Lemma 9.2.5, the Lizorkin
space �(Qn

p) is invariant under the Taibleson fractional operator, we have

(
D

β

(k)D
α
(k)fk

)
(x) = F−1[|ξ |βpϒ(−k)(ξ )|ξ |αpϒ(−k)(ξ )F [fk](ξ )], α, β ∈ C.

Taking into account that
(
ϒ(−k)(ξ )

)2 = ϒ(−k)(ξ ), we deduce that

(
D

β

(k)D
α
(k)fk

)
(x) = F−1[|ξ |α+βp ϒ(−k)(ξ )F [fk](ξ )] = (

D
α+β
(k) fk

)
(x)

for any α, β ∈ C. Thus (14.5.2) holds.

Remark 14.3. In the general case, the fractional operators Dα
×, α ∈ Cn, and

Dα , α ∈ C are well defined on a distribution f ∈ D′(Qn
p) only as generalized

functions Dα
×f and Dαf from Gp(Qn

p). It is obvious that if Dα
×f (or Dαf )

exists for f ∈ D′(Qn
p) as a distribution and f = f̃ ∈ Gp(Qn

p) then Dα
×f (or

Dαf ) coincides with the generalized function Dα
×f̃ (or Dαf̃ ).

Definitions 14.4, 14.5 and formula (4.9.8) imply that for f̃ , g̃ ∈ Gp(Qn
p) we

have

Dα
×

(
f̃ ∗ g̃) = (

Dα
×f̃

) ∗ g̃ = f̃ ∗ (
Dα
×g̃

)
, α, β ∈ Cn;

and

Dα
(
f̃ ∗ g̃) = (

Dαf̃
) ∗ g̃ = f̃ ∗ (

Dαg̃
)
, α, β ∈ C.

14.6. The algebra A∗ of p-adic asymptotic distributions

14.6.1. Weak asymptotics of regularizations of distributions

Using formula (14.3.1), we construct the regularizations of the p-adic QAHDs
introduced in Chapter 6. The regularization of the δ-function is given by
(4.4.6). According to (14.3.1) and (6.3.2), the regularization of the distribu-
tion πα(x) logm

p |x|p, m ∈ N0 is given by the formula:

πα;m k(x) = πα(x) logm
p |x|p ∗ δk(x)

=
〈
πα(ξ ) logm

p |ξ |p, pk�(pk|x − ξ |p)
〉
=

3∑
j=1

π
(j )
α;m k(x), (14.6.1)
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where

π
(1)
α;m k(x) = pk

∫
B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p

×
(
�(pk|x − ξ |p)−�(pk|x|p)

)
dξ,

π
(2)
α;m k(x) = pk

∫
Qp\B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p�(pk|x − ξ |p) dξ,

π
(3)
α;m k(x) = pk�(pk|x|p)

∫
B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p dξ.

(14.6.2)

Here πα k(x) = πα;0 k(x). In view of (14.3.1) and (6.3.5), the regularization of
the distribution P

(|x|−1
p logm

p |x|p
)
, m ∈ N0, is given by the formula:

Pm k(x) = P
(|x|−1

p logm
p |x|p

) ∗ δk(x)

= 〈P (|x|−1
p logm

p |x|p
)
, pk�(pk|x − ξ |p)〉 =

2∑
j=1

P
(j )
m k(x). (14.6.3)

If we set α = 0 and π1(ξ ) = 1 then P
(1)
m k(x), P (2)

m k(x) are defined by formula
(14.6.2). We set Pk(x) = P0 k(x).

Let A be the linear span of the set of QAHDs and let

H = {fk(x) = f (x, p−k), k ∈ N : f ∈ A}
be the space of regularizations of distributions from A. It is clear that there is
a one-to-one correspondence between the elements of the spaces H and A.

Let us introduce an associative and commutative algebra H∗ generated by
the space H. The elements f ∗k (x) = f ∗(x, p−k) of this algebra are finite sums
of finite products of elements from H. In order to construct the p-adic algebra
of asymptotic distributions we need to construct asymptotic expansions in the
weak sense (weak asymptotics) of elements of the algebra H∗, as k →∞, i.e.,
the asymptotic expansions of 〈f ∗k , ϕ〉, k →∞, where f ∗k ∈ H∗, ϕ ∈ D(Qp).

Now we state the basic theorem whose proof we relegate to Appendix C (due
to its technical character involving a large amount of calculations). This theorem
forms the basis of our construction of the algebra of asymptotic distributions.

Theorem 14.6.1. Let f ∗k ∈ H∗. Then for any test function ϕ ∈ D(Qp) there
exists a unique representation in the form of a weak asymptotics

〈f ∗k , ϕ〉 = 〈f0, ϕ〉 + ϕ(0)
M∑

m=1

N∑
n=0

cmnp
−λmk logN−n

p (p−k)+ o
(
p−λMk

)
,

k →∞, (14.6.4)
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where f0(x) is a distribution from the space A, λm ∈ R is an increasing
sequence, M ∈ N, N ∈ N0, cmn are constants (which depend on f ∗k ). In partic-
ular, if f ∗k ∈ H ⊂ H∗ then in the representation (14.6.4) cmn = 0 for all m, n.
Moreover, there exists a stabilization parameter s(ϕ) depending on ϕ, such that
for all k > s(ϕ) the remainder o(p−λMk) disappears and the asymptotic expan-
sion (14.6.4) turns into an exact equality (cf. Lemma 14.3.1). We will write the
weak asymptotics (14.6.4) as

f ∗k (x) = f0(x)+ δ(x)
M∑

m=1

N∑
n=0

cmnp
−λmk logN−n

p (p−k), k →∞. (14.6.5)

Remark 14.4. In our construction

p−λmk logN−n
p (p−k) = p−λmk(−k)N−n, k →∞,

n = 0, 1, . . . , N , m = 1, 2, . . . ,M , is an asymptotic sequence which is an ana-
log of the asymptotic sequence εαm lognε, ε→+0, arising in the construction
of the real associative algebra of asymptotic distributions [68], [149], [150],
[220]; the role of the small parameter ε is played by p−k (see Section 14.2.2).

Remark 14.5. For f ∗k ∈ H∗ we can construct a weak asymptotics of the type
(14.6.5) from the superposition g

(
f ∗k (x)

)
, k →∞, where g(u) ∈ C0(R). For

example, if g(0) = 0 then

g
(
δk(x)

) = g(pk)

pk
δ(x), k →∞. (14.6.6)

Indeed, for all ϕ ∈ D(Qp),

〈g(
δk(·)), ϕ(·)〉 =

∫
g

(
pk�(pk|x|p)

)
ϕ(x) dx

= g(pk)
∫
B−k

ϕ(x) dx = g(pk)p−kϕ(0), k →∞.

14.6.2. Asymptotic distributions

Let A∗ be the linear mapping which associates each element f ∗k ∈ H∗ with the
unique (in view of Theorem 14.6.1) vector-valued distribution:

f ∗(x) = (
f(λm,n)(x)

)
, λm ∈ R, m, n ∈ Z+, x ∈ Qp, (14.6.7)

where λ0 = 0, λm ∈ R is an increasing sequence; and the components of
the vector f(λ0,N)(x) = f0(x) ∈ A and f(λm,n)(x) = cmnδ(x) are corresponding
coefficients of the asymptotics (14.6.5); m = 1, 2, . . . ,M , n = 0, 1, . . . , N ,
M ∈ N, N ∈ N0; cmn and M,N are constants. According to Theorem 14.6.1,
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A∗ associates to each element f ∗k ∈ H ⊂ H∗ the unique vector-valued dis-
tribution (14.6.7) whose components f(λm,n) are equal to zero except for
f(0,N)(x) = limk→∞ f ∗k ∈ A. According to (14.6.5), any vector-valued distri-
bution f ∗(x) is finite from the left and from the right. Theorem 14.6.1 implies
that A∗ is an isomorphism.

The image f ∗(x) = A∗[f ∗k (x)], f ∗k ∈ H∗ is called a p-adic asymptotic dis-
tribution. By

A∗ = A∗[H∗] = {f ∗ = A∗[f ∗k (·)] : f ∗k ∈ H∗}
we denote the linear space of all asymptotic distributions. In view of Theo-
rem 14.6.1, each distribution f (x) from the space A can be identified with the
p-adic vector-valued distribution f ∗(x) = (

f(λm,n)(x)
)
, where f0,N (x) = f (x),

while all the other components are equal to zero, i.e., there is an embedding
A ⊂ A∗. Let D∗ be the linear space of all test vector-valued functions

ϕ∗(x) = (
ϕ(βm,n)(x)

)
, ϕ(βm,n) ∈ D(Qp),

where βm ∈ R is an increasing sequence, m, n ∈ N0. Then a vector-valued
distribution f ∗ ∈ A∗ is a linear continuous functional over the space of test
functions D∗. For all ϕ∗ ∈ D∗ we set

〈f ∗, ϕ∗〉 def=
∞∑

m=0

∞∑
n=0

〈f(αm,n), ϕ(−αm,−n)〉.

Here the sums contain only a finite number of terms. Thus the space of asymp-
totic distributions A∗ is a linear space of vector-valued Schwartz distributions.

In view of the representation (14.6.5), any asymptotic distribution f ∗ ∈ A∗
can be identified with the sum

f ∗(x) = f0(x)+ δ(x)
M∑

m=1

N∑
n=0

cmnp
−λmk logN−n

p (p−k), (14.6.8)

where k is sufficiently large (we write it as k →∞), f0 ∈ A, λm ∈ R is an
increasing sequence, M , N , cmn are constants depending on f ∗. In view of the
stabilization property of the representation (14.6.4), this identification is natural,
since the right-hand side of (14.6.8) is the final value of the corresponding
sequence f ∗k ∈ H∗.

It is easy to show that if f is QAHD of degree πα(x) and order m and
fk(x) = f (x, p−k) is its regularization (14.3.1) then for t ∈ Q×

p

f (tx, |t |pp−k) = πα(t)f (x, p−k)+
m∑

j=1

πα(t) logj
p |t |pfm−j (x, p−k),

(14.6.9)
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where fm−j (x, p−k) = 〈fm−j (ξ ), pk�(pk|x − ξ |p)〉 is the regularization of
QAHD fm−j of degree πα(x) and order m− j , j = 1, 2, . . . , m. Thus fk(x) =
f (x, p−k) is a quasi associated homogeneous function of degree πα(x) and
order m with respect to the variables (x, p−k). In view of (14.6.9) and Defini-
tion 6.2, we introduce the following definition.

Definition 14.6. A weak asymptotic distribution f ∗ ∈ A∗ is called quasi asso-
ciated homogeneous of degree πα(x) and order m ∈ N0 if the right-hand side
of the representation (14.6.8) is a quasi associated homogeneous function of
degree πα(x) and order m with respect to the variables (x, p−k).

Definition 14.7. We say that the asymptotic distribution (vector-valued
distribution)

h∗(·) = f ∗(·)◦g∗(·) = A∗
[
f ∗k (·)g∗k (·)] ∈ A∗ (14.6.10)

is the product of the asymptotic distributions (vector-valued distributions) f ∗

and g∗ from A∗ (or distributions from A). Here f ∗k (·) = A∗−1f ∗(_) ∈ H∗ and
g∗k (·) = A∗−1g∗(·) ∈ H∗ are regularizations of f ∗ and g∗, respectively.

Since H∗ is an associative and commutative algebra of functions, and A∗ :
H∗ → A∗ is an isomorphism, the multiplication (14.6.10) is associative and
commutative.

It is clear that if f ∗ ∈ A∗ is an associated homogeneous asymptotic distribu-
tion of degree πα(x) and order m, and g∗ ∈ A∗ is an associated homogeneous
asymptotic distribution of degree πβ(x) and order n (in the sense of Defini-
tion 14.6) then their product f ∗(·)g∗(·) ∈ A∗ is an associated homogeneous
asymptotic distribution of degree πα(x)πβ(x) and order m+ n.

Example 14.6.1. Using Propositions C.1–C.9, we can calculate the following
products of distributions.

(i) δm(x) = δ(x)pk(m−1), k →∞;

(ii) δm(x)◦
(
P

( 1

|x|p
))n

= (−1)nδ(x)p(m+n−1)k logn
p

(
p−k

)(
1− p−1

)n

,

as k →∞;
(iii) If α, β �= αj = 2πi

lnp
j , m(α − 1)+ n(β − 1)+ 1 = 2πi

lnp
j , j ∈ Z and

π1(x) ≡ 1 then

πm
α (x)◦πn

β (x) = P
( 1

|x|p
)
+ Im

0 (α)I n
0 (β)δ(x)− (1− p−1) logp

(
p−k

)
δ(x),

as k →∞, where m, n ∈ N.
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Here the asymptotic distributions (products of distributions) δm(x),
δm(x)◦(P (

1
|x|p

))n
, and πm

α (x)◦πn
β (x) belong to the algebra A∗ and are rep-

resented in the form (14.6.8). These products can be represented as vector
distributions (14.6.7).

According to Definition 14.6, the product (ii) is an associated homoge-
neous asymptotic distribution of degree |x|−m−np and order n; the products
(i) and (iii) are homogeneous asymptotic distributions of degrees |x|−mp and

|x|m(α−1)+n(β−1)
p πm+n

1 (x), respectively.
(iv) Using formula (14.6.6), we define the singular superposition

g
(
δ(x)

) = g(pk)p−kδ(x), k →∞ ∈ A∗,

where g(u) ∈ C0(R). Using asymptotics similar to (14.6.6), we can define a
singular superposition g

(
f ∗(x)

)
, where f ∗ ∈ A∗ is an asymptotic distribution,

g(u) is a smooth function.
Note that the right-hand sides of the above products can be represented as

vector-valued distributions.

We define the Fourier transform of the asymptotic distribution (vector-valued
distribution) (14.6.8) from A∗ by the formula

g(ξ ) = F [f ∗](ξ ) = F [f0](ξ )+
M∑

m=1

N∑
n=0

cmnp
−λmk logN−n

p (p−k), k →∞.

(14.6.11)

According to Theorem 6.4.1, F : A∗ → A∗.

14.6.3. A∗ as a convolution algebra.

The generalized convolution of asymptotic distributions g∗1 (ξ ), g∗2 (ξ ) from
A∗ (or distributions from A) is defined as the asymptotic (vector-valued)
distribution

g∗(ξ ) = g∗1 (ξ ) g∗2 (ξ )

= F−1
[
F [g∗1 (ξ )](x)◦F [g∗1 (ξ )](x)

] ∈ A∗. (14.6.12)

Since the algebra A∗ is closed under multiplication (14.6.10) and the Fourier
transform (according to Theorem 6.4.1), A∗ is also an associative and commu-
tative convolution algebra. Note that in the general case the associativity does
not hold for the ordinary p-adic distributional convolution [241, IX.1.].
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Example 14.6.2. Examples 14.6.1 and 6.4.1 imply:

(i) 1 ∗ 1 = pk, k →∞;

(ii) 1 ∗
(p − 1

p lnp
ln |ξ |p + 1

p

)
= pk logp

(
p−k

)(
1− p−1

)
, k →∞.

14.7. A∗ as a subalgebra of the Colombeau–Egorov algebra

According to Sections 14.3.1 and 14.6.1, we have

H ⊂ H∗ ⊂ P(Qp), H∗ ∩Np(Qp) = 0.

In view of the latter relations it is clear that the mappings

H � fk(x) #→ fk(x)+Np(Qp) ∈ Gp(Qp),

H∗ � f ∗k (x) #→ f ∗k (x)+Np(Qp) ∈ Gp(Qp),
(14.7.1)

are one-to-one.
Taking into account (14.7.1) and the fact that A∗ : H∗ → A∗ is an isomor-

phism, we can identify the product(
f ∗k (x)+Np(Qp)

)(
g∗k (x)+Np(Qp)

) ∈ Gp(Qp)

with the asymptotic distribution A∗
[
f ∗k (x)g∗k (x)

] ∈ A∗. Therefore, by (14.7.1)
we can define the mapping A∗ → Gp(Qp) which is an algebra monomorphism.
Thus the product (14.6.10) in the algebra A∗ coincides with the corresponding
product in the algebra Gp(Qp).



Appendix A

The theory of associated and quasi associated
homogeneous real distributions

A.1. Introduction

In this appendix we construct and study associated homogeneous distributions
(AHDs) and quasi associated homogeneous distributions (QAHDs) for the real
case. These results are based on the paper [223]. The results of this appendix
are used in Chapter 6 to develop the theory of p-adic associated and quasi
associated homogeneous distributions.

The concept of AHD was first introduced and studied in the book [95, Ch.I,
§4.1.] (see Definitions A.2 and A.3 by analogy with the notion of the associ-
ated eigenvector (A.2.2)). Later the concept of an AHD was introduced in the
paper [232, Ch.X, 8.] by Definition A.4, and in the books [87, (2.6.19)], [88,
(2.110)] by Definition A.5. In the book [95, Ch.I, §4] and in the paper [232,
Ch.X, 8.] a theorem was given (without proof), in which all AHDs were
described (see Proposition A.2.1). In Section A.2.2 we discuss and analyse
Definitions A.3, A.4, A.5, (A.2.9) of an AHD and show that they are self-
contradictory for k ≥ 2. Moreover, these definitions come into conflict with
Proposition A.2.1. According to Section A.2.2, there exist only AHDs of order
k = 0, i.e., homogeneous distributions (HDs) (given by Definition A.1) and of
order k = 1 (given by Definition (A.2.3) or Definition A.2). Thus one can see
that the concept of an AHD requires a special study.

In Section A.3, we study the symmetry of the class of distributions mentioned
in Proposition A.2.1 under the action of dilatation operators Ua , a > 0. We
prove that the dilatation operator Ua acts in this class (and, consequently, in the
space AH0(R)) according to formulas (A.3.7) and (A.3.11) but not according
to Definition A.3.

According to the above result, a direct transfer of the notion of associated
eigenvector to the case of distributions is impossible for k ≥ 2. This is con-
nected with the fact that any HD is an eigenfunction of all dilatation operators

285
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Uaf (x) = f (ax) (for all a > 0), while for k ≥ 2 no distribution xλ
± logk x±,

P
(
x−n± logk−1 x±

)
is an AHD for all the dilatation operators.

In Section A.4.1, in view of the results of Section A.3, a natural general-
ization of Definition A.3 is given. Namely, we introduce Definition A.8 of a
distribution of degree λ and of order k by the relation:

Uafk(x) = fk(ax) = aλfk(x)+
k∑

r=1

aλ logr afk−r (x), ∀ a > 0, (A.1.1)

where fλ;k−r (x) is a distribution of degreeλ and of order k − r , r = 1, 2, . . . , k;
k = 0, 1, 2, . . . . Here for k = 0 we suppose that the sum in the right-hand side of
(A.1.1) is empty. By Theorem A.4.2 the linear span AH1(R) of all distributions
of degree λ and of order k (λ ∈ C, k = 0, 1, 2, . . . ) is described. Moreover, it
is proved that AH1(R) = AH0(R).

In Section A.4.2, taking into account Definition A.8, we give a natural
generalization of the notion of an associated eigenvector (A.2.2) and introduce
Definition A.9 of a quasi associated homogeneous distribution (QAHD) of
degree λ and order k by the relation:

Uafk(x) = fk(ax) = aλfk(x)+
k∑

r=1

hr (a)fk−r (x), ∀a > 0,

where fk−r (x) is a QAHD of order k − r , hr (a) is a differentiable function,
r = 1, 2, . . . , k; k = 0, 1, 2, . . . . (For k = 0 we suppose that the sum in the
right-hand side of the latter relation is empty.) Here the dilatation operator Ua

acts as a discrete convolution

Uafk(x) = fk(ax) = (
f (x) ∗ h(a)

)
k

of a sequence f (x) = {f0(x), f1(x), f2, . . . } and the sequence h(a) =
{h0(a), h1(a), h2(a), . . . }, where h0(a) = aλ.

Thus the QAHD of order k is reproduced by the dilatation operator Ua (for
all a > 0) up to a linear combination of QAHDs of orders k − 1, k − 2, . . . , 0
(see (A.4.7)).

According to the main Theorem A.4.3, in order to introduce a QAHD of
degree λ and order k we can use Definition A.10 instead of Definition A.9, i.e.,
the relation (A.1.1).

Remark A.1. Comparing Definition A.10, i.e., the relation (A.1.1), and Defi-
nition A.7 (see Grudzinski’s book [99, Definition 2.28.]), we can see that quasi
associated homogeneous distributions are a special case of almost quasihomo-
geneous distributions. The motivation for the concept of almost quasihomo-
geneous distributions in [99] is not connected with the problem of associated



A.2. Associated homogeneous distributions 287

eigenvectors (A.2.2). In [99, Ch. 2, (c)] almost quasihomogeneous distributions
appear as zero order Laurent coefficients of certain meromorphic functions of
quasihomogeneous distributions.

From Theorems A.4.2 and A.4.3, the linear span AH(R) of all QAHDs
coincides with the Gel′fand–Shilov class of distributions

AH0(R) = span
{
xλ
± logk x±, P

(
x−n± logm−1 x±

)
:

λ �= −1,−2, . . . ,−n, . . . ; n,m ∈ N, k ∈ {0} ∪ N
}
,

introduced in [95, Ch.I, §4.] as the class of AHDs (see Proposition A.2.1).
From Definitions A.1, A.2 and A.10, the classes of QAHDs of orders k = 0
and k = 1 coincide with those of HDs and AHDs of order k = 1, respectively.

In Section A.5, multidimensional QAHDs are introduced. By Theorem A.5.2
it is proved that fk is a QAHD of order k, k ≥ 1, if and only if it satisfies the
Euler type system of differential equations (A.5.2). The Euler type system
(A.5.2) can be rewritten as (A.5.14). This result generalizes the well-known
classical statement for homogeneous distributions (see Theorem A.5.1). It is a
special case of Proposition 2.31 from Grudzinski’s book [99].

In Section A.6, a mathematical description of the Fourier transform of
QAHDs is given for the multidimensional case. In Section A.7, �-functions of
a new type generated by QAHDs are defined. In particular, these �-functions
are calculated and their properties derived for k = 1.

Let us note that our results can be used in the theory of noncommu-
tative residues for the algebra of pseudo-differential operators with log-
polyhomogeneous symbols [175]. These symbols are represented as sums of
QAHDs. Some areas for applications can also be found in the book [99].

A.2. Definitions of associated homogeneous distributions and
their analysis

A.2.1. Associated homogeneous distributions

The concept of the one-dimensional associated homogeneous distribution
(AHD) was first introduced and studied in the book [95, Ch.I, §4.1.]. Later,
AHDs were studied in the books [87, (2.6.19)] and [88, (2.110)]. Let us repeat
the main ideas and definitions of these books (we shall discuss in A.2.2 some
problems which arise with these definitions). Define the dilatation operator on
the space D′(R) by the formula Uaf (x) = f (ax), a > 0. The definition of a
homogeneous distribution (HD) is as follows.



288 The theory of real AHDs and QAHDs

Definition A.1. ([95, Ch.I, §3.11., (1)], [232, Ch.X, 8.], [106, 3.2.]) A distri-
bution f0 ∈ D′(R) is said to be homogeneous of degree λ if for any a > 0 and
ϕ ∈ D(R) we have 〈

f0(x), ϕ
(x

a

)〉
= aλ+1

〈
f0(x), ϕ(x)

〉
,

i.e.,

Uaf0(x) = f0(ax) = aλf0(x). (A.2.1)

Thus a HD of degree λ is an eigenfunction of any dilatation operator Ua ,
a > 0 with the eigenvalue aλ, where λ ∈ C, and C is the set of complex
numbers.

It is well known that in addition to an eigenfunction belonging to
a given eigenvalue, a linear transformation will ordinarily also have so-
called associated functions of various orders [95, Ch.I, §4.1.]. The functions
f1, f2, . . . , fk, . . . are said to be associated with the eigenfunction f0 of the
transformation U if

Uf0 = cf0,

Ufk = cfk + dfk−1, k = 1, 2, . . . ,
(A.2.2)

where c, d are constants. Consequently, U reproduces an associated function
of kth order up to some associated function of (k − 1)th order.

(Def 1) In view of these facts, in the book [95, Ch.I, §4.1.], by analogy with
Definition (A.2.2), the following definition is introduced: a function f1 is said
to be associated homogeneous of order 1 and of degree λ if for any a > 0

f1(ax) = aλf1(x)+ h(a)f0(x), (A.2.3)

where f0 is a homogeneous function of degree λ. Here, in view of (A.2.1) and
(A.2.2), c = aλ. Next, in [95, Ch.I, §4.1.] it is proved that up to a constant factor

h(a) = aλ log a. (A.2.4)

Thus, by setting in the relation (A.2.3) c = aλ and d = h(a) = aλ log a, Defi-
nition (A.2.3) takes the following form:

Definition A.2. ([95, Ch.I, §4.1., (1), (2)]) A distribution f1 ∈ D′(R) is called
associated homogeneous (AHD) of order 1 and of degree λ if for any a > 0
and ϕ ∈ D(R) 〈

f1, ϕ
(x

a

)〉
= aλ+1

〈
f1, ϕ

〉+ aλ+1 log a
〈
f0, ϕ

〉
,

i.e.,

Uaf1(x) = f1(ax) = aλf1(x)+ aλ log af0(x),
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where f0 is a homogeneous distribution of degree λ.

It is clear that the class of AHDs of order k = 0 coincides with the class of
HDs.

Finally, according to (A.2.1), (A.2.2) and (A.2.4), using c = aλ and d =
h(a) = aλ log a, the following definition is introduced.

Definition A.3. ([95, Ch.I, §4.1., (3)]) A distribution fk ∈ D′(R) is called an
AHD of order k, k = 2, 3, . . . , and of degree λ if for any a > 0 and ϕ ∈ D(R)〈

fk, ϕ
(x

a

)〉
= aλ+1

〈
fk, ϕ

〉+ aλ+1 log a
〈
fk−1, ϕ

〉
, (A.2.5)

where fk−1 is an AHD of order k − 1 and of degree λ.

In the book [95, Ch.I, §4] (see also the paper [232, Ch.X, 8.]) the following
proposition is stated (without proof).

Proposition A.2.1. Any AHD of order k and of degree λ is a linear combination
of the following linearly independent AHDs of order k, k = 1, 2, . . . , and of
degree λ:

(a) xλ
± logk x± for λ �= −1,−2, . . . ;

(b) P
(
x−n± logk−1 x±

)
for λ = −1,−2, . . . ;

(c) (x ± i0)λ logk(x ± i0) for all λ.

The above distributions are defined in Section A.3.
Denote by AH0(R) the linear span of distributions mentioned in Proposi-

tion A.2.1.
(Def 2) In contradiction to Definition A.3 (from the book [95]), in the

paper [232, Ch.X, 8.] based on the book [95], the following definition is used.

Definition A.4. ([232, Ch.X, 8.]) A distribution fk ∈ D′(R) is called an AHD
of order k, k = 2, 3, . . . , and of degree λ if for any a > 0

fk(ax) = aλfk(x)+ aλ logk afk−1(x),

where fk−1 is an AHD of order k − 1 and of degree λ.

Here an analog of relation (A.2.5) is used, where on the right-hand side of
(A.2.5) the term log a is replaced by logk a.

In [232, Ch.X, 8.] Proposition A.2.1 is also given (without proof).
(Def 3) In the books [87] and [88], according to (A.2.1), (A.2.2), the concept

of an AHD is defined recursively.
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Definition A.5. ([87, (2.6.19)], [88, (2.110)]) An AHD fk ∈ D′(R) of order k
and of degree λ is such that for any a > 0

fk(ax) = aλfk(x)+ aλe(a)fk−1(x), (A.2.6)

where fk−1 is an associated homogeneous distribution of order k − 1 and of
degree λ, and e(a) is some function.

Next, in these books it is stated that formula (A.2.6) (i.e., formula [87,
(2.6.19)], [88, (2.110)]) implies the relation

e(ab) = e(a)+ e(b), (A.2.7)

i.e.,

e(a) = K log a (A.2.8)

for some constant K , which can be absorbed in fk−1 [87, p. 67], [88, p. 76].
Finally, the authors of these books conclude that in view of (A.2.6)–(A.2.8)
one can define an AHD of order k − 1 and of degree λ by the equality

fk(ax) = aλfk(x)+ aλ log afk−1(x), ∀ a > 0, (A.2.9)

where fk−1 is an associated homogeneous distribution of order k − 1 and of
degree λ.

Thus according to the above arguments from the books [87], [88], Definition
(A.2.9) ([87, (2.6.19)], [88, (2.110)]) coincides with Definition A.3 ([95, Ch.I,
§4.1., (3)]).

It remains to note that in the book [106], the concept of an AHD is not
discussed. It is only stated that for the distribution P

(
x−n+

)
“the homogeneity

is partly lost”. However, according to Definition A.2 and Proposition A.2.1
this distribution is an AHD of order 1 and of degree −n, i.e., has a special
symmetry.

(Def 4) We would like to give special attention to the excellent book by Olaf
von Grudzinski [99]. In this book some problems related to quasihomogeneous
distributions are studied. The definition of a quasihomogeneous distribution
(see Definitions 1.13., 2.1. in [99]) is the following.

Definition A.6. A distribution f ∈ D′(Rn) is said to be quasihomogeneous of
degree λ and of type p = (p1, . . . , pn) ∈ Rn \ {0} if

f (Max) = aλf (x), ∀ a > 0, (A.2.10)

where Max =
(
ap1x1, . . . , a

pnxn
)
.

Homogeneous distributions correspond to p = (1, . . . , 1).
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In the book [99] the concept of almost quasihomogeneous distributions is
also introduced (see Definitions 1.32., 2.28. in [99]) and the problems related to
these distributions are studied. The definition of an almost quasihomogeneous
distribution is as follows:

Definition A.7. A distribution fk ∈ D′(Rn) is called almost quasihomogeneous
of degree λ (and of type p = (p1, . . . , pn) ∈ Rn \ {0}) and of order≤ k if there
exist distributions fk−1, . . . , f1, f0 such that

fk(Max) = aλfk(x)+
k∑

r=1

aλωr (a)fk−r (x), ∀ a > 0, (A.2.11)

where ωr (a) = 1
r! logr a. (According to [99], every distribution fj , j =

0, 1, . . . , k − 1 appearing in (A.2.11) is unique; it is called j th order deficiency
of fk .)

In the book by Grudzinski more general definitions than Definitions A.6 and
A.7 are also presented.

In the book [99] the relationship between almost quasihomogeneous and
associated homogeneous distributions is not considered.

A.2.2. Analysis of definitions of AHD

Unfortunately, Definitions A.3, A.4, A.5, and (A.2.9) of an associated homoge-
neous distribution (AHD) fore-quoted in Section A.2.1 are not quite consistent
and have many inaccuracies. Now we discuss and analyse these definitions of
an AHD and show that they are self-contradictory for k ≥ 2. Moreover, these
definitions come into conflict with Proposition A.2.1. According to our analy-
sis, there exist only AHDs of order k = 0, i.e., HDs (given by Definition A.1),
and of order k = 1 (given by Definition (A.2.3) or Definition A.2).

Comments on (Def 1–2). (i) For example, according to Proposition A.2.1,
log2(x±) is an AHD of order 2 and of degree 0. Nevertheless, for all a > 0 we
have

log2(ax±) = log2 x± + 2 log a log x± + log2 a.

which contradicts Definitions A.3 and A.4.
(ii) In Section A.3, relations (A.3.7) and (A.3.11) imply that in compliance

with Proposition A.2.1, xλ
± log x± and P

(
x−n±

)
are AHDs of order k = 1 and of

degree λ and−n, respectively (in the sense of Definition A.2). However, for k ≥
2, relations (A.3.7) and (A.3.11) imply that xλ

± logk x± and P
(
x−n± logk−1 x±

)
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are not AHDs of order k (in the sense of the above Definition A.3 or Definition
A.4) which contradicts Proposition A.2.1.

(iii) We also point out that using Definition A.3 for an AHD of degree λ

and of order k we get contradictions to certain results relating to distributional
quasi-asymptotics. Indeed, if we temporarily assume that an AHD of degree λ

and of order k is defined by Definition A.3, in view of (A.2.5), we have the
asymptotic formulas:

fk(ax) = aλfk(x)+ aλ log afk−1(x), a →∞,

fk

(x

a

)
= a−λfk(x)− a−λ log afk−1(x), a →∞.

Here the coefficients of the leading terms of both asymptotics fk−1(x) and
−fk−1(x) are AHDs of degree λ and of order k − 1.

In view of the above asymptotics, and according to [80], [240, Ch.I, Sec. 3.3.,
Sec. 3.4.] (see also Chapter 12, Section 12.3), the distribution fk has the dis-
tributional quasi-asymptotics fk−1(x) at infinity with respect to the automodel
function aλ log a, and the distributional quasi-asymptotics −fk−1(x) at zero
with respect to the automodel function a−λ logk a:

fk(x)
D′∼ fk−1(x), x →∞ (

aλ log a
)
,

fk(x)
D′∼ −fk−1(x), x → 0

(
a−λ log a

)
.

(A.2.12)

Here both distributional quasi-asymptotics are AHDs of degree λ and of order
k − 1 (in the sense of Definition A.3), k ≥ 2. However, according to [80],
[240, Ch.I, Sec. 3.3., Sec. 3.4.], any distributional quasi-asymptotics is a homo-
geneous distribution. Thus we have a contradiction.

Remark A.2. Let fk ∈ AH0(R) be a QAHD of degree λ and of order k, k ≥ 1.
In view of Definition A.10 (see (A.1.1)), we have the asymptotic formulas:

fk(ax) = aλfk(x)+∑k
r=1 a

λ logr afk−r (x), a →∞,

fk

(x

a

)
= a−λfk(x)+∑k

r=1(−1)ra−λ logr afk−r (x), a →∞.

(A.2.13)
Here the coefficients at the leading terms of both asymptotics are homogeneous
distributions f0 and (−1)kf0 of degree λ.

According to [80], [240, Ch.I, Sec. 3.3., Sec. 3.4.] and formulas (A.2.13),
the distribution fk has the distributional quasi-asymptotics f0(x) at infin-
ity with respect to an automodel function aλ logk a, and the distributional
quasi-asymptotics (−1)kf0(x) at zero with respect to an automodel function
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a−λ logk a:

fk(x)
D′∼ f0(x), x →∞ (

aλ logk a
)
,

fk(x)
D′∼ (−1)kf0(x), x → 0

(
a−λ logk a

)
.

(A.2.14)

In contrast to (A.2.12), both the distributional quasi-asymptotics (A.2.14) are
homogeneous distributions. This is in compliance with the corresponding result
from [80], [240, Ch.I, Sec. 3.3., Sec. 3.4.]: a distributional quasi-asymptotics is
a homogeneous distribution. Thus our Definition A.10, unlike Definition A.3,
implies the “correct” results relating to distributional quasi-asymptotics.

(iv) Let us make an attempt “to preserve” Definition (A.3) by some minor
technical modifications.

By analogy with relation (A.2.3) we will seek a function h1(a) such that if
f2(x) is an AHD of order 2 and of degree λ then for any a > 0

Uaf2(x) = f2(ax) = aλf2(x)+ h1(a)f1(x), (A.2.15)

where f1(x) is an AHD of order 1 and of degree λ.
Similarly to [95, Ch.I, §4.1.], using (A.2.15) and Definition A.2, we obtain

f2(abx) = (ab)λf2(x)+ h1(ab)f1(x) = aλf2(bx)+ h1(a)f1(bx)

= aλ
(
bλf2(x)+ h1(b)f1(x)

)+ h1(a)
(
bλf1(x)+ bλ log bf̃0(x)

)
= (ab)λf2(x)+

(
aλh1(b)+ bλh1(a)

)
f1(x)+ h1(a)bλ log bf̃0(x),

where f̃0(x) is a HD of degree λ. Then for all a, b > 0:(
h1(ab)− aλh1(b)+ bλh1(a)

)
f1(x)− h1(a)bλ log bf̃0(x) = 0.

It is easy to prove that a HD of degree λ and an AHD of order 1 and of
degree λ are linearly independent (see Lemma A.4.1 below). Consequently,
there are two possibilities. If h1(a) ≡ 0 then, according to (A.2.15), f2(x) is a
HD of degree λ. If f̃0(x) ≡ 0 then h1(ab) = aλh1(b)+ bλh1(a), h1(1) = 0. As
mentioned above, the latter equation has the solution (A.2.4), and, consequently,
f2(x) is an AHD of order 1 and of degree λ.

Thus even for k = 2 it is impossible to preserve relation (A.2.2) for all
dilatation operators Uaf (x) = f (ax), a > 0. Consequently, it is impossible
to construct an AHD of order k ≥ 2 defined by the relation (A.2.2) with the
coefficients c = aλ and d = h(a) = aλ log a.

Remark A.3. Definitions A.2 and A.3 are given in compliance with the
book [95, Ch.I, §4.1., (3)]. Thus, in the case of Definition A.2 (which defines an
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AHD of order 1) one can clearly see that the distribution f0 does not depend on
a. In the case of Definition A.3 (which defines an AHD of order k for k ≥ 2), it
is not clear what the authors of the book [95, Ch.I, §4.1., (3)] mean concerning
the independence of fk−1 from a. However, it is impossible “to preserve” the
definition [95, Ch.I, §4.1.] even if we suppose that a distribution fk−1 may
depend on the variable a.

Indeed, if we suppose that in Definition A.3 fk−1 may depend on a, we will
need to define AHD of degree λ and of order k ≥ 2 by the following relation

fk(ax) = aλfk(x)+ e(a)fk−1(x, a), ∀ a > 0,

where fk−1(x, a) is an AHD (with respect to x) of degree λ and of order k − 1.
In this case, due to the dependence of the distribution fk−1 on a, it is impossible
to determine a function e(a) uniquely.

Thus, unfortunately it seems impossible to find elements satisfying Defini-
tion A.3 (from [95, Ch.I, §4.1., (3)] as well as Definition A.4 (from [232, Ch.X,
8.]) and, consequently, the recursive step for k = 2 is impossible.

Comments on (Def 3). Let us prove that formula (A.2.6) (i.e., formula [87,
(2.6.19)], [88, (2.110)]) does not imply relation (A.2.7) for any k ≥ 2, and,
consequently, Definition (A.2.9) does not follow from Definitions A.5. Indeed,
in view of (A.2.6), for any a, b > 0 we have

fk(abx) = (ab)λfk(x)+ (ab)λe(ab)fk−1(x) = aλfk(bx)+ aλe(a)fk−1(bx),
(A.2.16)

and

fk(bx) = bλfk(x)+ bλe(b)fk−1(x),
(A.2.17)

fk−1(bx) = bλfk−1(x)+ bλe(b)fk−2(x),

where fk−1 andfk−2 are AHDs of degreeλ and of order k − 1 and k − 2, respec-
tively, e(a) is some function. By substituting relations (A.2.18) into (A.2.16),
we obtain

(ab)λfk(x)+ (ab)λe(ab)fk−1(x)

= aλ
(
bλfk(x)+ bλe(b)fk−1(x)

)+ aλe(a)
(
bλfk−1(x)+ bλe(b)fk−2(x)

)
.

Thus we have for all a, b > 0(
e(ab)− e(a)− e(b)

)
fk−1(x)− e(a)e(b)fk−2(x) = 0, (A.2.18)

k = 1, 2, . . . . Here we set f−1(x) = 0.
It is clear that in contrast to the above cited statement from [87] and [88],

relation (A.2.18) is equivalent to (A.2.7) only if fk−2(x) = 0, i.e., k = 1.
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Indeed, setting k = 1, one can calculate that e(a) = K log a, i.e., (A.2.9)
holds for k = 1.

Let k = 2. In this case, using (A.2.18) and (A.2.8), we obtain(
log ab − log a − log b

)
f1(x)− log a log bf0(x) = 0,

i.e., f0(x) ≡ 0, which means that f1 is a homogeneous, but is not an associated
homogeneous distribution. Consequently, we have a contradiction.

Conclusion. According to the above result, an AHD of order k is reproduced
by the dilatation operator Ua (for all a > 0) up to an AHD of order k − 1 only
if k = 1. Thus direct transfer of the notion of an associated eigenvector to the
case of distributions is impossible for k ≥ 2.

Consequently, there exist only AHDs of order k = 0, i.e., HDs (given by
Definition A.1) and of order k = 1 (given by Definition (A.2.3) or Defini-
tion A.2). Definition A.3 (from [95, Ch.I, §4.1., (3)]), which defines AHDs of
order k ≥ 2 contains, unfortunately, no nontrivial elements.

This is related to the fact that any HD is an eigenfunction of all dilatation
operators Uaf (x) = f (ax) (for all a > 0), while for k ≥ 2 no distribution
xλ
± logk x±, P

(
x−n± logk−1 x±

)
is an AHD for all dilatation operators.

A.3. Symmetry of the class of distributions AH0(R)

The distributions mentioned in Proposition A.2.1 (which are sometimes called
“pseudo-functions”) are defined as regularizations of slowly divergent integrals.
For all ϕ ∈ D(R) and for Re λ > −1 we set〈

xλ
+ logk x+, ϕ(x)

〉
def=

∫ ∞

0
xλ logk xϕ(x) dx. (A.3.1)

For Re λ > −n− 1, λ �= −1,−2, . . . ,−n, according to the book [95, Ch.I,
§4.2., (2), (6)], we have〈
xλ
+ logk x+, ϕ(x)

〉
=

∫ 1

0
xλ logk x

(
ϕ(x)−

n−1∑
j=0

xj

j !
ϕ(j )(0)

)
dx

+
∫ ∞

1
xλ logk xϕ(x) dx +

n−1∑
j=0

(−1)kk!

j !(λ+ j + 1)k+1
ϕ(j )(0).

(A.3.2)

The latter formula gives an analytical continuation of relation (A.3.1).
The distribution P

(
x−n+ logk x+

)
is the principal value of the func-

tion x−n+ logk x+ (it is not the value of the distribution xλ
+ logk x+ at the point
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λ = −n) (e.g., see [95, Ch.I, §4.2.]). According to [95, Ch.I, §4.2., (4), (7)],
we have〈

P
(
x−n+ logk x+

)
, ϕ(x)

〉
def=

∫ ∞

0
x−n logk x

×
(
ϕ(x)−

n−2∑
j=0

xj

j !
ϕ(j )(0)− xn−1

(n− 1)!
ϕ(n−1)(0)H (1− x)

)
dx (A.3.3)

where H (x) is the Heaviside function.
The other distributions mentioned in Proposition A.2.1 are defined in the

following way:〈
xλ
− logk x−, ϕ(x)

〉
def=

〈
xλ
+ logk x+, ϕ(−x)

〉
,〈

P
(
x−n− logk x−

)
, ϕ(x)

〉
def=

〈
P

(
x−n+ logk x+

)
, ϕ(−x)

〉
,

(A.3.4)

for all ϕ ∈ D(R).
The distributions (x ± i0)λ logk(x ± i0) are represented as linear combina-

tions of the distributions xλ
± logk x± and P

(
x−n± logk x±

)
[95, Ch.I, §4.5.]. In

particular, for all λ [95, Ch.I, §3.6.]

(x ± i0)λ = xλ
+ + e±iπλxλ

−, λ �= −n,
(x ± i0)−n = P

(
x−n

)∓ iπ(−1)n−1δn−1(x)
(n−1)! , n ∈ N,

(A.3.5)

where the distribution P
(
x−n

) = P
(
x−n+

)+ (−1)nP
(
x−n−

)
is called the princi-

pal value of the function x−n. This distribution is homogeneous of degree −n.
For λ �= −1,−2, . . . , the distribution (x ± i0)λ logk(x ± i0) can be obtained
by differentiating the first relation in (A.3.5) with respect to λ.

Let us see how distributions from the class AH0(R) (mentioned above in
Proposition A.2.1) are transformed by the dilatation operators Ua , a > 0.

1. For Re λ > −1, k ∈ N, and for all ϕ ∈ D(R), a > 0, definition (A.3.1)
implies〈

xλ
+ logk x+, ϕ

(x

a

)〉
= aλ+1

∫ ∞

0
ξλ logk(aξ )ϕ(ξ ) dξ

= aλ+1
k∑

j=0

logj aC
j

k

∫ ∞

0
ξλ logk−j ξϕ(ξ ) dξ

= aλ+1
〈
xλ
+ logk x+, ϕ(x)

〉
+

k∑
j=1

aλ+1 logj a
〈
fλ;k−j (x), ϕ(x)

〉
, (A.3.6)
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where fλ;k−j (x) = C
j

k x
λ
+ logk−j x+, C

j

k are the binomial coefficients, j =
1, 2, . . . , k. For all λ �= −1,−2, . . . we define (A.3.6) by means of analytic
continuation. Thus〈

xλ
+ logk x+, ϕ

(x

a

)〉
= aλ+1〈

xλ
+ logk x+, ϕ(x)

〉 k∑
j=1

aλ+1 logj a
〈
fλ;k(·), ϕ(·)〉,

(A.3.7)
for all λ �= −1,−2, . . . .
2. For k ∈ N and for all ϕ ∈ D(R) definition (A.3.3) implies the following

relations.
(a) 0 < a < 1:〈

P
(
x−n+ logk x+

)
, ϕ

(x

a

)〉
=

∫ 1

0
x−n logk x

(
ϕ(x/a)−

n−1∑
j=0

(x/a)j

j !
ϕ(j )(0)

)
dx

+
∫ ∞

1
x−n logk x

(
ϕ(x/a)−

n−2∑
j=0

(x/a)j

j !
ϕ(j )(0)

)
dx

= a−n+1

{ ∫ 1/a

0
ξ−n logk(aξ )

(
ϕ(ξ )−

n−1∑
j=0

ξ j

j !
ϕ(j )(0)

)
dξ

+
∫ ∞

1/a
ξ−n logk(aξ )

(
ϕ(ξ )−

n−2∑
j=0

ξ j

j !
ϕ(j )(0)

)
dξ

}

= a−n+1

{ ∫ 1

0
ξ−n logk(aξ )

(
ϕ(ξ )−

n−1∑
j=0

ξ j

j !
ϕ(j )(0)

)
dξ

+
∫ ∞

1
ξ−n logk(aξ )

(
ϕ(ξ )−

n−2∑
j=0

ξ j

j !
ϕ(j )(0)

)
dξ − ϕ(n−1)(0)

(n− 1)!
I1

}

= a−n+1

{ k∑
r=0

logr aCr
k 〈P

(
x−n+ logk−r x+

)
, ϕ(x)〉 − ϕ(n−1)(0)

(n− 1)!
I1

}
,

(A.3.8)

where

I1 =
∫ 1/a

1

logk(aξ )

ξ
dξ =

k∑
r=0

logr aCr
k

∫ 1/a

1

logk−r ξ
ξ

dξ

= logk+1 a

k∑
r=0

Cr
k

(−1)k+1−r

k + 1− r
= − 1

k + 1
logk+1 a. (A.3.9)
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(b) a = 1:〈
P

(
x−n+ logk x+

)
, ϕ

(x

a

)〉
= 〈

P
(
x−n+ logk x+

)
, ϕ(x)

〉
.

(c) a > 1:〈
P

(
x−n+ logk x+

)
, ϕ

(x

a

)〉
= a−n+1

{ ∫ 1/a

0
ξ−n logk(aξ )

(
ϕ(ξ )−

n−1∑
j=0

ξ j

j !
ϕ(j )(0)

)
dξ

+
∫ ∞

1/a
ξ−n logk(aξ )

(
ϕ(ξ )−

n−2∑
j=0

ξ j

j !
ϕ(j )(0)

)
dξ

}

= a−n+1

{ k∑
r=0

logr aCr
k 〈P

(
x−n+ logk−r x+

)
, ϕ(x)〉 + ϕ(n−1)(0)

(n− 1)!
I2

}
,

(A.3.10)

where

I2 =
∫ 1

1/a

logk(aξ )

ξ
dξ = −I1 = 1

k + 1
logk+1 a.

Thus, (A.3.8)–(A.3.10) imply〈
P

(
x−n+ logk x+

)
, ϕ

(x

a

)〉
= a−n+1

〈
P

(
x−n+ logk x+

)
, ϕ(x)

〉
+

k+1∑
r=1

a−n+1 logr a
〈
f−n;k+1−r (x), ϕ(x)

〉
(A.3.11)

where

f−n;0(x) = (−1)n−1

(k+1)(n−1)!δ
(n−1)(x),

f−n;k+1−r (x) = Cr
kP

(
x−n+ logk−r x+

)
, r = 1, 2, . . . , k.

For the distributions xλ
− logk x−,P

(
x−n− logk x−

)
relations of the type (A.3.7)

and (A.3.11) can be obtained from (A.3.4).

A.4. Real quasi associated homogeneous distributions

A.4.1. A class of distributions AH1(R)

In Section A.3 (see also Section A.2.2), it is recognized that the dilatation
operator Ua for all a > 0 does not reproduce a distribution of order k from
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AH0(R) with accuracy up to a distribution of order (k − 1) from AH0(R).
It follows from the results of Section A.3 that the dilatation operator Ua

acts in AH0(R) by formulas (A.3.7) and (A.3.11). Now, by analogy with
the transformation laws (A.3.7) and (A.3.11), we introduce the following
definition.

Definition A.8. A distribution fλ;k ∈ D′(R) is said to have a degree λ and
order k, k = 0, 1, 2, . . . , if for any a > 0 and ϕ ∈ D(R)

〈
fλ;k(x), ϕ

(x

a

)〉
= aλ+1

〈
fλ;k(x), ϕ(x)

〉+ k∑
r=1

aλ+1 logr a
〈
fλ;k−r (x), ϕ(x)

〉
,

(A.4.1)

i.e.,

Uafλ;k(x) = fλ;k(ax) = aλfλ;k(x)+
k∑

r=1

aλ logr afλ;k−r (x), (A.4.2)

where fλ;k−r (x) is a distribution of degree λ and of order k − r , r = 1, 2, . . . , k.
Here for k = 0 we suppose that the sums in the right-hand sides of (A.4.1) and
(A.4.2) are empty.

Let us denote by AH1(R) the linear span of all distributions fλ;k ∈ D′(R)
of order k and degree λ, λ ∈ C, k = 0, 1, 2, . . . , defined by Definition A.8.

In view of Definitions A.1, A.2 and A.8, a HD of degree λ is a distribution
of order k = 0 and degree λ, while an AHD of order 1 and degree λ is a
distribution of order k = 1 and degree λ. According to (A.3.7) and (A.3.11),
xλ
± logk x±, and P

(
x−n± logk−1 x±

)
are distributions of order k and of degree λ

and −n, respectively. Thus AH0(R) ⊂ AH1(R).

Remark A.4. The sum of a distribution of degree λ and of order k (from
AH1(R)) and a distribution of degree λ and of order r ≤ k − 1 (from AH1(R))
is a distribution of degree λ and of order k (from AH1(R)).

Lemma A.4.1. Distributions from AH1(R) of different degrees and orders are
linearly independent.

Proof. This lemma is proved in the same way as the analogous result for
linearly independent homogeneous distributions [95, §3.11., 4.].

Suppose that

c1f
1(x)+ · · · + cmf

m(x) = 0,
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where f s ∈ AH1(R) is a distribution of degree λ and of order ks , such that all
λs or ks , s = 1, 2, . . . , m are different. Then, by Definition A.8, for all a > 0
and ϕ ∈ D(R) we have:

c1a
λ1

(〈
f 1(x), ϕ(x)

〉
+

k1∑
r=1

logr a
〈
f 1
k1−r (x), ϕ(x)

〉)

+ · · · + cma
λm

(〈
f m(x), ϕ(x)

〉
+

km∑
r=1

logr a
〈
f m
km−r (x), ϕ(x)

〉)
= 0,

where f s
ks−r (x) ∈ AH1(R) is a distribution of degree λ and of order (ks − r),

r = 1, 2, . . . , ks , s = 1, 2, . . . , m.
If all λs are different, by choosing different values a, it is easy to see that

cs ≡ 0, s = 1, 2, . . . , m.
If, for example, λ1 = λ2 and k1 > k2, then for all a > 0 and ϕ(x) ∈ D(R)

we have

c1

(〈
f 1(x), ϕ(x)

〉
+

k1∑
r=1

logr a
〈
f 1
k1−r (x), ϕ(x)

〉)

+ c2

(
〈f 2(x), ϕ(x)〉 +

k2∑
r=1

logr a〈f 2
k2−r (x), ϕ(x)〉

)
= 0.

The latter relation implies that c1f
1
k1−r (x) = 0, r = k2 + 1, . . . , k1, and, con-

sequently, c1 ≡ 0. Thus, c2 ≡ 0.

Theorem A.4.2. Each distribution f ∈ AH1(R) of degree λ and order k ∈
N (up to a distribution of order ≤ k − 1) can be represented as a linear
combination of linearly independent distributions:

(a) xλ
± logk x±, if λ �∈ −N;

(b) P
(
x−n± logk−1 x±

)
, if λ ∈ −N, where P

(
x−n± logk−1 x±

)
is the principal

value of the function x−n± logk−1 x±.
Thus the class of distributions AH1(R) coincides with the class AH0(R)

from Proposition A.2.1.

Proof. We prove this theorem by induction. (a) Let us consider the case λ �=
−1,−2, . . . . According to Definitions A.2 and A.8, a distributionf1 ∈ AH1(R)
of degree λ and order k = 1 is an AHD of degree λ and order k = 1, and for
all a > 0 satisfies the equation

f1(ax) = aλf1(x)+ aλ log af0(x), (A.4.3)
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where f0(x) is a HD of degree λ. In view of Theorem [95, Ch.I,
§3.11.], f0(x) = A1x

λ
+ + A2x

λ
−, where A1, A2 are constants. If we differ-

entiate (A.4.3) with respect to a and set a = 1, we obtain the differential
equation

xf ′1(x) = λf1(x)+ A1x
λ
+ + A2x

λ
−. (A.4.4)

For ±x > 0 this equation can be integrated in the ordinary sense.
Thus, for x > 0 equation (A.4.4) coincides with the equation

xf ′1(x) = λf1(x)+ A1x
λ.

Integrating this equation, we obtain f1(x) = A1x
λ
+ log x+ + B1x

λ
+, where B1

is a constant. Similarly, we can prove that f1(x) = A2x
λ
− log x− + B2x

λ
− for

x < 0. Thus the distribution g(x) = f1(x)− A1x
λ
+ − A2x

λ
− − B1x

λ
+ − B2x

λ
−

satisfies equation (A.4.4) being concentrated at the point x = 0. Therefore,
g(x) = ∑M

m=0 Cmδ
(m)(x), where C1, . . . , CM are constants. However, since

δ(m)(x) is a HD of degree −m− 1, g(x) = 0 by Lemma A.4.1. Thus

f1(x) = A1x
λ
+ log x+ + A2x

λ
− log x− + B1x

λ
+ + B2x

λ
−.

Consequently, up to the distribution B1x
λ
+ + B2x

λ
− ∈ AH1(R) of order 0, we

have f1(x) = A1x
λ
+ log x+ + A2x

λ
− log x−.

Let us assume that the distribution fk−1(x) ∈ AH1(R) of degree λ and order
(k − 1) is represented as the linear combination

fk−1(x) =
k−1∑
j=0

(
A1j x

λ
+ logj x+ + A2j x

λ
− logj x−

)
. (A.4.5)

A distribution fk ∈ AH1(R) of degree λ and of order k ≥ 2 satisfies (A.4.2)
for all a > 0. Differentiating this equation with respect to a and setting a = 1,
we obtain

xf ′k(x) = λfk(x)+ fk−1(x). (A.4.6)

Taking (A.4.5) into account and integrating (A.4.6) for x �= 0, we calculate

fk(x) =
k−1∑
j=0

(
A1j

j + 1
xλ
+ logj+1 x+ + A2j

j + 1
xλ
− logj+1 x−

)
+ B1x

λ
+ + B2x

λ
−,

where B1, B2 are constants. By repeating the above reasoning we obtain

fk(x) = A1 k−1

k
xλ
+ logk x+ + A2 k−1

k
xλ
− logk x−

up to distributions of degree λ and of order ≤ k − 1.
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By induction, the statement (a) is proved.
The statement (b), when λ = −n, n ∈ N, can be proved similarly.

A.4.2. QAHDs

Taking relations (A.3.7) and (A.3.11) into account, by analogy with (A.2.3),
we can naturally generalize the notion of an associated eigenvector (A.2.2).

Definition A.9. A distribution fk ∈ D′(R) is said to be quasi associated homo-
geneous of degree λ and of order k, k = 0, 1, 2, 3, . . . if for any a > 0 and
ϕ ∈ D(R)

〈
fk(x), ϕ

(x

a

)〉
= aλ+1〈fk(x), ϕ(x)〉 +

k∑
r=1

hr (a)〈fk−r (x), ϕ(x)〉,

i.e.,

Uafk(x) = fk(ax) = aλfk(x)+
k∑

r=1

hr (a)fk−r (x), (A.4.7)

where fk−r (x) is a QAHD of degree λ and of order k − r , hr (a) is a differen-
tiable function, r = 1, 2, . . . , k. Here for k = 0 we suppose that sums on the
right-hand sides of the above relations are empty.

Let us denote by AH(R) the linear span of all QAHDs of order k and degree
λ, λ ∈ C, k = 0, 1, 2, . . . , defined by Definition A.9. In view of Definition A.8,
AH1(R) ⊂ AH(R).

Theorem A.4.3. Any QAHD fk(x) of degree λ and of order k, k = 0, 1, . . .
(see Definition A.9) is a distribution of degree λ and of order k (from AH1(R))
(see Definition A.8 and Theorem A.4.2), i.e., fk(x) satisfies relation (A.4.2).

Thus AH(R) = AH1(R), and, consequently, the class AH(R) coincides
with the Gel′fand–Shilov class AH0(R) from Proposition A.2.1.

Proof. We prove this theorem by induction.
1. For k = 1 this theorem is proved in [95, Ch.I, §4.1.] (see also

Section A.2.1).
2. If k = 2, according to Definition A.9, for a QAHD f2(x) of degree λ and

of order k = 2 we have

f2(ax) = aλf2(x)+ h1(a)f1(x)+ h2(a)f0(x), ∀ a > 0, (A.4.8)
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where f1(x) is an AHD of degree λ and of order k = 1, f0(x) is a HD of degree
λ, and h1(a), h2(a) are the desired functions.

Taking into account that f1(bx) = bλf1(x)+ bλ log bf
(1)
0 (x), where f

(1)
0 (x)

is a HD of degree λ, in view of (A.4.8) and Definition A.2, we obtain for all
a, b > 0:

f2(abx) = (ab)λf2(x)+ h1(ab)f1(x)+ h2(ab)f0(x)

= aλf2(bx)+ h1(a)f1(bx)+ h2(a)f0(bx)

= aλ
(
bλf2(x)+ h1(b)f1(x)+ h2(b)f0(x)

)
+h1(a)

(
bλf1(x)+ bλ log bf

(1)
0 (x)

)
+ h2(a)bλf0(x)

= (ab)λf2(x)+
(
aλh1(b)+ bλh1(a)

)
f1(x)

+
(
aλh2(b)+ h2(a)bλ

)
f0(x)+ h1(a)bλ log bf

(1)
0 (x).

Obviously, this implies that for all a, b > 0(
h1(ab)− aλh1(b)− bλh1(a)

)
f1(x)

+
(
h2(ab)− aλh2(b)− bλh2(a)

)
f0(x)− h1(a)bλ log bf

(1)
0 (x) = 0.

(A.4.9)

According to [95, Ch.I, §3.11.], there are two linearly independent HDs
of degree λ, such that each HD is their linear combination. Thus there are
two possibilities: either f

(1)
0 (x) and f0(x) are linearly independent HDs, or

f
(1)
0 (x) = Cf0(x), where C is a constant.

Thus, in the first case, since from Lemma A.4.1 any HD and AHD of order
1 are linearly independent, relation (A.4.9) implies h1(a) = 0 and h2(ab) =
aλh2(b)+ bλh2(a). The solution of the latter equation constructed in [95, Ch.I,
§4.1.] (see also Section A.2.1) is given by (A.2.4), i.e., h2(a) = aλ log a. Thus,
relation (A.4.8), Definition A.2, and Theorem A.4.2 imply that f2(x) is an AHD
of order 1. Consequently, we obtain a trivial solution.

In the second case, in view of Lemma A.4.1, f0(x) and f1(x) are linearly
independent, and, consequently, relation (A.4.9) implies the following system
of functional equations:

h1(ab) = aλh1(b)+ bλh1(a),

h2(ab) = aλh2(b)+ h2(a)bλ + Ch1(a)bλ log b, ∀ a, b > 0,
(A.4.10)
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where h1(1) = 0, h2(1) = 0. According to [95, Ch.I, §4.1.] (see also (A.2.4)),
h1(a) = aλ log a. Then the second equation in (A.4.10) implies

h2(ab) = h2(a)bλ + aλh2(b)+ C(ab)λ log a log b (A.4.11)

and, consequently, the function h̃2(a) = h2(a)
aλ satisfies the equation

h̃2(ab) = h̃2(a)+ h̃2(b)+ C log a log b, ∀ a, b > 0. (A.4.12)

Making the change of variables ψ2(z) = h̃2(ez), where ψ2(0) = 0 and a = eξ ,
b = eη, we can see that (A.4.12) can be rewritten as

ψ2(ξ + η) = ψ2(ξ )+ ψ2(η)+ Cξη, ∀ ξ, η. (A.4.13)

We will seek a solution of equation (A.4.13) in the class of differentiable
functions. Differentiating the relation (A.4.13) with respect to η, we obtain for
all ξ, η

ψ ′2(ξ + η) = ψ ′2(η)+ Cξ, ψ2(0) = 0.

Setting η = 0, we have the differential equation

ψ ′2(ξ ) = ψ ′2(0)+ Cξ, ψ2(0) = 0,

whose solution has the form

ψ2(ξ ) = ψ ′2(0)ξ + C

2
ξ 2.

Since a = eξ , then h̃2(a) = A2 log a + C
2 log2 a and

h2(a) = A2a
λ log a + C

2
aλ log2 a, (A.4.14)

where A2 = h̃′2(1) = h′2(1) is a constant.
By substituting the functions h1(a), h2(a) given by (A.2.4) and (A.4.14) into

(A.4.8), we obtain

f2(ax) = aλf2(x)+ aλ log af1(x)+
(
A2a

λ log a + C

2
aλ log2 a

)
f0(x).

The latter relation can be rewritten in the desired form (A.4.2):

f2(ax) = aλf2(x)+ aλ log af̃1(x)+ aλ log2 af̃0(x), ∀ a > 0,

(A.4.15)
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where f̃1(x) = f1(x)+ A2f0(x) is an AHD of degree λ and of order k = 1,
f̃0(x) = C

2 f0(x) is a HD. Thus f2(x) is a distribution of degree λ and of
order 2 (in the sense of Definition A.8), and, according to Theorem A.4.2,
f2(x) ∈ AH0(R).

3. Let fk(x) be a QAHD of degree λ and of order k. Let us assume that any
QAHD fj (x), j = 0, 1, . . . , k − 1 is a distribution of degree λ and of order j
(in the sense of Definition A.8). Then, according to Theorem A.4.2, fj (x) ∈
AH0(R), and the relation (A.4.2) holds. Thus, in view of our assumption,
(A.4.7) and (A.4.2) imply for all a, b > 0:

fk(abx) = (ab)λfk(x)+
k∑

r=1

hr (ab)fk−r (x) = aλfk(bx)+
k∑

r=1

hr (a)fk−r (bx)

= aλ
(
bλfk(x)+

k∑
r=1

hr (b)fk−r (x)
)

+
k−1∑
r=1

hr (a)
(
bλfk−r (x)+

k−r∑
j=1

bλ logj bf
(k−r)
k−r−j (x)

)
+ hk(a)bλf0(x)

= (ab)λfk(x)+
k∑

r=1

(
aλhr (b)+ bλhr (a)

)
fk−r (x)

+
k−1∑
r=1

k−r∑
j=1

hr (a)bλ logj bf
(k−r)
k−r−j (x),

where f
(k−r)
k−r−j (x) is a distribution of degree λ and of order k − r − j (in the

sense of Definition A.8) which belongs to AH0(R), r = 1, . . . , k − 1, j =
1, . . . , k − r . By changing the order of summation, we can easily see that for
all a, b > 0:

k∑
r=1

hr (ab)fk−r (x) =
k∑

r=1

(
aλhr (b)+ bλhr (a)

)
fk−r (x)

+
k∑

r=2

r−1∑
j=1

hr−j (a)bλ logj bf
(k−r+j )
k−r (x). (A.4.16)

Since, in view of Lemma A.4.1, the distribution fk−1 ∈ AH1(R)0 of order
k − 1 and the distributions fk−r , f

(k−r+j )
k−r ∈ AH1(R)0 of order k − r , are

linearly independent, r = 2, . . . , k, j = 1, . . . , r − 1, the relation (A.4.16)
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implies that for all a, b > 0

h1(ab) = aλh1(b)+ bλh1(a),

h2(ab)fk−2 =
(
aλh2(b)+ bλh2(a)

)
fk−2 + h1(a)bλ log bf

(k−1)
k−2 ,

h3(ab)fk−3 =
(
aλh3(b)+ bλh3(a)

)
fk−3 +

∑2
j=1 h3−j (a)bλ logj bf

(k−3+j )
k−3 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

hk(ab)f0 =
(
aλhk(b)+ bλhk(a)

)
f0 +

∑k−1
j=1 hk−j (a)bλ logj bf

(j )
0 .

Taking into account that the function hj (ab)
(ab)λ −

hj (a)
(a)λ −

hj (b)
(b)λ is symmetric in

a and b, it is easy to see that the latter system has a nontrivial solution only if
f

(k−r+j )
k−r (x) = C

(k−r+j )
k−r fk−r (x), where C

(k−r+j )
k−r are constants, r = 2, 3, . . . , k,

j = 1, 2, . . . , r − 1. Thus in view of Lemma A.4.1, we obtain the following
system of functional equations:

h1(ab) = aλh1(b)+ bλh1(a),

h2(ab) = aλh2(b)+ bλh2(a)+ C
(k−1)
k−2 h1(a)bλ log b,

h3(ab) = aλh3(b)+ bλh3(a)+∑2
j=1 C

(k−3+j )
k−3 h3−j (a)bλ logj b,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

hk(ab) = aλhk(b)+ bλhk(a)+∑k−1
j=1 C

(j )
0 hk−j (a)bλ logj b.

(A.4.17)

Consequently, the functions h̃j (a) = hj (a)
aλ satisfy the system of equations

h̃1(ab) = h̃1(b)+ h̃1(a),

h̃2(ab) = h̃2(b)+ h̃2(a)+ C
(k−1)
k−2 h̃1(a) log b,

h̃3(ab) = h̃3(b)+ h̃3(a)+∑2
j=1 C

(k−3+j )
k−3 h̃3−j (a) logj b,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

h̃k(ab) = h̃k(b)+ h̃k(a)+∑k−1
j=1 C

(j )
0 h̃k−j (a) logj b,

(A.4.18)

where h̃j (1) = 0, j = 1, 2, . . . , k.
By changing variables ψj (z) = h̃j (ez), where ψj (0) = 0, j = 1, 2, . . . , k

and a = eξ , b = eη, the system (A.4.18) can be rewritten as

ψ1(ξ + η) = ψ1(ξ )+ ψ1(η),

ψ2(ξ + η) = ψ2(ξ )+ ψ2(η)+ C
(k−1)
k−2 ψ1(ξ )η,

ψ3(ξ + η) = ψ3(ξ )+ ψ3(η)+∑2
j=1 C

(k−3+j )
k−3 ψ3−j (ξ )ηj ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ψk(ξ + η) = ψk(ξ )+ ψk(η)+∑k−1
j=1 C

(j )
0 ψk−j (ξ )ηj .

(A.4.19)
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Differentiating relations (A.4.19) with respect to η and setting η = 0, we obtain
the following system of differential equations:

ψ ′1(ξ ) = ψ ′1(0),

ψ ′2(ξ ) = ψ ′2(0)+ C
(k−1)
k−2 ψ1(ξ ),

ψ ′3(ξ ) = ψ ′3(0)+ C
(k−3+j )
k−1 ψ2(ξ ),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ψ ′k(ξ ) = ψ ′k(0)+ C
(1)
0 ψk−1(ξ ),

(A.4.20)

where ψj (0) = 0, j = 1, 2, . . . , k.
By successive integration, it is easy to see that the solution of the system

(A.4.20) has the form

ψr (ξ ) =
r∑

j=1

Aj
r ξ

j ,

where A
j
r are constants which can be calculated, r = 1, 2, . . . , k, j =

1, 2, . . . , r .
Since a = eξ , ψj (z) = h̃j (ez), then h̃r (a) = ∑r

j=1 A
j
r logj a and

hr (a) = aλ

r∑
j=1

Aj
r logj a, (A.4.21)

where A
j
r are constants, r = 1, 2, . . . , k, j = 1, 2, . . . , r .

By substituting the functions (A.4.21) into (A.4.7), the latter relation can be
rewritten in the form (A.4.7):

fk(ax) = aλfk(x)+ aλ

k∑
r=1

r∑
j=1

Aj
r logj afk−r (x)

= aλfk(x)+
k∑

r=1

aλ logr af̃k−r (x), (A.4.22)

where, according to our assumption, f̃k−r (x) = ∑k
j=r A

r
jfk−j (x) ∈ AH0(R),

r = 1, 2, . . . , k. Moreover, in view of Remark A.4, f̃k−r (x) is a distribution of
degree λ and of order k − r (in the sense of Definition A.8), r = 1, 2, . . . , k.
Consequently, fk(x) satisfies the relation (A.4.2).

By the induction axiom, AH(R) = AH1(R).
According to Theorems A.4.2, the class AH(R) of QAHDs coincides with

the class AH0(R).
Thus the theorem is proved.
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A.4.3. Resume

In [95, Ch.I, §4.1.] it was proved that in order to introduce an AHD of order k =
1, one can use Definition A.2 instead of Definition (A.2.3). Similarly, according
to Theorem A.4.3, in order to introduce a QAHD, instead of Definition A.9 one
can use the following definition (in fact, Definition A.8).

Definition A.10. The distribution fk ∈ D′(R) is called a QAHD of degree λ

and of order k, k = 0, 1, 2, . . . , if for any a > 0 and ϕ ∈ D(R)〈
fk(x), ϕ

(x

a

)〉
= aλ+1〈

fk(x), ϕ(x)
〉+ k∑

r=1

aλ+1 logr a
〈
fk−r (x), ϕ(x)

〉
,

(A.4.23)

i.e.,

fk(ax) = aλfk(x)+
k∑

r=1

aλ logr afk−r (x), (A.4.24)

where fk−r (x) is an AHD of degree λ and of order k − r , r = 1, 2, . . . , k.
Here for k = 0 we suppose that the sums on the right-hand sides of (A.4.23),
(A.4.24) are empty.

Thus instead of the term “distribution of degree λ and of order k” one can
use the term “QAHD of degree λ and of order k”.

According to Remark A.4, the sum of a QAHD of degree λ and of order k
and a QAHD of degree λ and of order r ≤ k − 1 is a QAHD of degree λ and
of order k.

A.5. Real multidimensional quasi associated
homogeneous distributions

Definition A.11. (see [95, Ch.III, §3.1., (1)]) A distribution f0(x) =
f0(x1, . . . , xn) from D′(Rn) is said to be homogeneous of degree λ if for any
a > 0 and ϕ ∈ D(Rn)〈

f0, ϕ
(x1

a
, . . . ,

xn

a

)〉
= aλ+n〈

f0, ϕ(x1, . . . , xn)
〉
,

i.e.,

f0(ax1, . . . , axn) = aλf0(x1, . . . , xn).

Let us recall a well-known theorem.
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Theorem A.5.1. (see [95, Ch.III, §3.1.]) A distribution f0(x) is homogeneous
of degree λ if and only if it satisfies the Euler equation

n∑
j=1

xj
∂f0

∂xj
= λf0,

Now we introduce a multidimensional analog of Definition A.10, and prove
a multidimensional analog of Theorem A.5.1.

Definition A.12. We say that a distribution fk ∈ D′(Rn) is a QAHD of degree
λ and of order k, k = 0, 1, 2, . . . , if for any a > 0 we have

fk(ax) = fk(ax1, . . . , axn) = aλfk(x)+
k∑

r=1

aλ logr afk−r (x), (A.5.1)

where fk−r (x) is a QAHD of degree λ and of order k − r , r = 1, 2, . . . , k.
(Here we suppose that for k = 0 the sum on the right-hand side of (A.4.2) is
empty.)

The characterization of a QAHD is given by the following theorem.

Theorem A.5.2. fk(x) is a QAHD of degree λ and of order k, k ≥ 1, if and only
if it satisfies the Euler type system of equations, i.e., there exist distributions
fk−1, . . . , f0 such that

n∑
j=1

xj
∂f0

∂xj
= λf0,

n∑
j=1

xj
∂fr

∂xj
= λfr + fr−1, r = 1, . . . k,

(A.5.2)

i.e., for all ϕ ∈ D(Rn)

−
〈
f0,

n∑
j=1

xj
∂ϕ

∂xj

〉
= (λ+ n)〈f0, ϕ〉,

−
〈
fr,

n∑
j=1

xj
∂ϕ

∂xj

〉
= (λ+ n)〈fr, ϕ〉 + 〈fr−1, ϕ〉, r = 1, . . . , k.
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Proof. Let fk ∈ D′(Rn) be a QAHD of degree λ and of order k. According to
Definition A.12, there are distributions fj , j = 0, 1, 2, . . . , k − 1 and f

(k−s)
k−s−r ,

s = 0, 1, 2, . . . , k − 2, r = 2, . . . , k − s such that

fk(ax1, . . . , axn) = aλfk(x)+ aλ log afk−1(x)

+∑k
r=2 a

λ logr af
(k)
k−r (x),

fk−1(ax1, . . . , axn) = aλfk−1(x)+ aλ log afk−2(x)

+∑k−1
r=2 a

λ logr af
(k−1)
k−1−r (x),

fk−2(ax1, . . . , axn) = aλfk−2(x)+ aλ log afk−3(x)

+∑k−2
r=2 a

λ logr af
(k−2)
k−2−r (x),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

f1(ax1, . . . , axn) = aλf1(x)+ aλ log af0(x),

f0(ax1, . . . , axn) = aλf0(x).

(A.5.3)

Differentiating (A.5.3) with respect to a and setting a = 1, we derive the system
(A.5.2).

Conversely, let fk ∈ D′(Rn) be a distribution satisfying the system (A.5.2),
i.e., there are distributions fj ∈ D′(Rn), j = 0, 1, 2, . . . , k − 1 such that the
system (A.5.2) holds. We prove by induction that fk is a QAHD of degree λ

and of order k.
For k = 0 this statement follows from Theorem A.5.1.
If k = 1 then the system of equations

n∑
j=1

xj
∂f1

∂xj
= λf1 + f0,

n∑
j=1

xj
∂f0

∂xj
= λf0,

(A.5.4)

holds. Here, in view of Theorem A.5.1, the second equation in (A.5.4) implies
that f0 is a HD.

Consider the function

g1(a) = f1(ax1, . . . , axn)− aλf1(x)− aλ log af0(x).
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It is clear that g1(1) = 0. By differentiation we have

g′1(a) =
n∑

j=1

xj
∂f1

∂xj
(ax1, . . . , axn)− λaλ−1f1(x)− (λaλ−1 log a + aλ−1)f0(x)

(A.5.5)

Applying the first relation in (A.5.4) to the arguments ax1, . . . , axn we find
that

n∑
j=1

xj
∂f1

∂xj
(ax1, . . . , axn) = λ

a
f1(ax1, . . . , axn)+ 1

a
f0(ax1, . . . , axn).

(A.5.6)

Substituting (A.5.6) into (A.5.5) and taking into account the relation
1
a
f0(ax1, . . . , axn) = aλ−1f0(x1, . . . , xn), we find that g1(a) satisfies the dif-

ferential equation with the initial data

g′1(a) = λ

a
g1(a), g1(1) = 0. (A.5.7)

Obviously, its solution is g1(a) = 0. Thus g1(a) = f1(ax1, . . . , axn)−
aλf1(x)− aλ log af0(x) = 0, i.e., f1(x) is an AHD of order k = 1, i.e., a QAHD
of order k = 1.

Let us assume that for k − 1 the theorem holds, i.e., if fk−1 satisfies all the
equations in (A.5.2) except for the first one, then fk−1 is a QAHD of degree λ

and of order k − 1.
Now, we suppose that there exist distributions fk−1, . . . , f0 such that (A.5.2)

holds. Note that in view of our assumption fk−1 is a QAHD of order k − 1.
Consider the function

gk(a) = fk(ax1, . . . , axn)− aλfk(x)− aλ log afk−1(x). (A.5.8)

It is clear that gk(1) = 0. By differentiation we have

g′k(a) =
n∑

j=1

xj
∂fk

∂xj
(ax1, . . . , axn)− λaλ−1fk(x)

− (λaλ−1 log a + aλ−1)fk−1(x). (A.5.9)

Applying the first relation in (A.5.2) to the arguments ax1, . . . , axn we find
that

n∑
j=1

xj
∂fk

∂xj
(ax1, . . . , axn) = λ

a
fk(ax1, . . . , axn)+ 1

a
fk−1(ax1, . . . , axn).

(A.5.10)
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Substituting (A.5.10) into (A.5.9) and taking into account that according to our
assumption, fk−1 is a QAHD of order k − 1, i.e.,

fk−1(ax1, . . . , axn) = aλfk−1(x)+
k−1∑
r=1

aλ logr af
(k−1)
k−1−r (x),

where f
(k−1)
k−1−r (x) is a QAHD of order k − 1− r , r = 1, 2, . . . , k − 1, we find

that gk(a) satisfies the linear differential equation

g′k(a) = λ

a
gk(a)+

k−1∑
r=1

aλ−1 logr af
(k−1)
k−1−r (x), g1(1) = 0. (A.5.11)

Now it is easy to see that its general solution has the form

gk(a) =
k−1∑
r=1

aλ logr+1 a
f

(k−1)
k−1−r (x)

r + 1
+ aλC(x),

where C(x) is a distribution. Taking into account that g1(1) = 0, we get C(x) =
0. Thus

gk(a) =
k−1∑
r=1

aλ logr+1 a
f

(k−1)
k−1−r (x)

r + 1
. (A.5.12)

By substituting (A.5.12) into (A.5.8), we find

fk(ax1, . . . , axn) = aλfk(x)− aλ log afk−1(x)+
k∑

r=2

aλ logr a
f

(k−1)
k−r (x)

r
,

(A.5.13)

where by our assumption fk−1 is a QAHD of order k − 1, and, consequently,
f

(k−1)
k−r (x) is a QAHD of order k − r , r = 2, . . . , k. Thus, in view of Defini-

tion A.12, fk is a QAHD of order k.
By the induction axiom, the theorem is proved.

It is easy to see that Theorem A.5.2 can be reformulated in the following
way:

Theorem A.5.3. fk(x) is a QAHD of degree λ and of order k, k ≥ 1, if and
only if ( n∑

j=1

xj
∂

∂xj
− λ

)k+1

fk(x) = 0. (A.5.14)
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In this form, Theorem A.5.2 is a special case of Proposition 2.31 presented
in Grudzinski’s book [99].

A.6. The Fourier transform of real quasi associated
homogeneous distributions

The Fourier transform of ϕ ∈ D(Rn) is defined by

F [ϕ](ξ ) =
∫

Rn

ϕ(x)eiξ ·x dnx, ξ ∈ Rn,

where ξ · x is the scalar product of vectors x and ξ . We define the Fourier
transform F [f ] of a distribution [95, Ch.II]

〈F [f ], ϕ〉 = 〈f, F [ϕ]〉, ∀ϕ ∈ D(Rn).

Let f ∈ D′(Rn). If a �= 0 is a constant then

F [f (ax)](ξ ) = F [f (ax1, . . . , axn)](ξ ) = |a|−nF [f (x)]
(ξ

a

)
. (A.6.1)

Theorem A.6.1. If f ∈ D′(Rn) is a QAHD of degree λ and of order k, then
its Fourier transform F [f ] is a QAHD of degree −λ− 1 and of order k,
k = 0, 1, 2, . . . .

Proof. We prove this theorem by induction.
If k = 0 then using (A.6.1) and Definition A.11, we have for all a > 0

F
[
f (x)

]
(aξ ) = a−nF

[
f

(x

a

)]
(ξ ) = a−λ−nF

[
f (x)

]
(ξ ), (A.6.2)

i.e., F [f (x)](ξ ) is a HD of degree −λ− n.
Let k = 1. Using (A.6.1) and Definition A.12, we obtain for all a > 0

F
[
f (x)

]
(aξ ) = a−nF

[
f

(x

a

)]
(ξ )

= a−λ−nF
[
f (x)

]
(ξ )− a−λ−n log aF

[
f0(x)

]
(ξ ),

where f0 is a HD of degree λ. In view of (A.6.2), F [f0](ξ ) is a HD of degree
−λ− n, hence, according to Definition A.12, F [f (x)](ξ ) is an AHD of degree
−λ− n and of order k = 1, i.e., a QAHD of degree−λ− n and of order k = 1.
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Let f be a QAHD of degree λ and order k, k = 2, 3, . . . . By using (A.6.1)
and Definition A.12, for all a > 0 we have

F
[
f (x)

]
(aξ ) = a−nF

[
f

(x

a

)]
(ξ )

= a−λ−nF
[
f (x)

]
(ξ )+

k∑
r=1

(−1)ra−λ−n logr aF
[
fk−r (x)

]
(ξ ),

where fk−r (x) is a QAHD of degree λ and order k − r , r = 1, 2, . . . , k.
Suppose that the theorem holds for QAHDs of degree λ and order k =

1, 2 . . . , k − 1. Hence, by induction, the latter relation implies that F [f ](ξ ) is
a QAHD of degree λ and of order k.

The theorem is thus proved.
Taking into account Theorem A.4.2 and Remark A.4, we can prove the

above theorem at once by calculating the Fourier transform of the distributions
P

(
x−n± logk−1 x±

)
and xλ

± logk x±, where λ �= −1,−2, . . . .

Thus F
[
AH0(R)

] = AH0(R).

A.7. New type of real �-functions

Consider the Fourier transform of the homogeneous distribution xλ
+, λ �=

−1,−2, . . . , which according to Theorem A.6.1 is represented as

F
[
xλ
+

]
(ξ ) = C(ξ + i0)−λ−1, (A.7.1)

where C is a constant, and the distribution (x ± i0)λ is given by (A.3.5). Setting
ξ = i, we can calculate that

C = iλ+1
∫ ∞

0
xλe−x dx = iλ+1�(λ+ 1). (A.7.2)

Thus the factor of proportionality in (A.7.1) is (up to iλ+1) the �-function,
�(λ+ 1) = ∫∞

0 xλe−x dx.
In view of Theorem A.6.1 and Remark A.4, for λ �= −1,−2, . . . we have

F
[
xλ
+ logk x+

]
(ξ ) =

k∑
j=0

Ak−j (ξ + i0)−λ−1 logk−j (ξ + i0), (A.7.3)

and for λ = −n, n ∈ N,

F
[
P

(
x−n+ logk−1 x+

)]
(ξ ) =

k∑
j=0

Bk−j ξn−1 logk−j (ξ + i0), (A.7.4)
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where Aj , Bj are constants, j = 1, . . . , k. Here (ξ + i0)−λ−1 logk−j (ξ + i0)
and ξn−1 logk−j (ξ + i0) are QAHDs of order k − j and of degree −λ− 1 and
n− 1, respectively (we set (ξ + i0)n−1 ≡ ξn−1, n ∈ N).

Similarly to (A.7.2), the factors

�j (λ+ 1; k) = i−λ−1 logj i Aj (A.7.5)

and

�j (−n+ 1; k) = in−1 logj i Bj (A.7.6)

in the relations (A.7.3) and (A.7.4) are said to be�-functions of the type (j ; k, λ)
and (j ; k,−n), respectively, where λ �= −n, n ∈ N, j = 0, 1, . . . , k.

By successively substituting ξ = i, 2i, . . . , (k + 1)i into (A.7.3) and (A.7.4),
we obtain the linear systems of equations for A0, . . . , Ak and B0, . . . , Bk . Solv-
ing these systems, we can calculate the associated homogeneous �-functions
�j (λ+ 1; k) and �j (−n+ 1; k), respectively.

Now we calculate the �-functions for k = 1.
Let λ �= −1,−2, . . . . According to [95, Ch.II, §2.4., (1)],

F
[
xλ
+ log x+

]
(ξ ) = −iλ+1�(λ+ 1)(ξ + i0)−λ−1 log(ξ + i0)

+ iλ+1
(
�′(λ+ 1)+ i

π

2
�(λ+ 1)

)
(ξ + i0)−λ−1.

This relation and (A.7.5) imply that

�1(λ+ 1; 1) = −i π2 �(λ+ 1),

�0(λ+ 1; 1) = �′(λ+ 1)+ i π2 �(λ+ 1).
(A.7.7)

Let λ = −1,−2, . . . . According to [95, Ch.II, §2.4., (14)],

F
[
x−n+

]
(ξ ) = −a(n)

−1ξ
n−1 log(ξ + i0)+ a

(n)
0 ξn−1,

where

a
(n)
−1 = in+1

(n−1)! ,

a
(n)
0 = in+1

(n−1)!

(
1+ 1

2 + · · · + 1
n−1 + �′(1)+ i π2

)
.

Thus, in view of (A.7.6), we have

�1(−n+ 1; 1) = −i π2 (−1)n

(n−1)! ,

�0(−n+ 1; 1) = (−1)n

(n−1)!

(
1+ 1

2 + · · · + 1
n−1 + �′(1)+ i π2

)
.

(A.7.8)

Formulas (A.7.7) and (A.7.8) can be derived directly as well.
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According to (A.7.7) and (A.7.8), we have

�1(λ+ 1; 1) = λ�1(λ; 1),

�0(λ+ 1; 1) = λ�0(λ; 1)+ �(λ),

and

�1(−n+ 1; 1) = (−n)�1(−n; 1),
�0(−n+ 1; 1) = (−n)�0(−n; 1)− (−1)n

n! ,

where resλ=−n�(λ) = (−1)n

n! .
In the same way, we can calculate the �-functions of the types �j (λ+ 1; k)

and �j (−n+ 1; k) and study their properties.



Appendix B

Two identities

Let us recall that the Bernoulli numbers Bγ are defined by the following
recurrence relation:

B0 = 1,
γ−1∑
r=0

Cr
γ Br = 0. (B.1)

In particular, B1 = − 1
2 , B2j−1 = 0, j = 2, 3, . . . , B2 = 1

6 , B4 = − 1
30 .

Now we present the well-known relation, which we will use repeatedly in
our construction.

Proposition B.1. (see [167])

Ss(γ0) =
γ0∑

γ=1

γ s = 1

s + 1

s∑
r=0

Cr
s+1Brγ

s+1−r
0 + γ s

0

= 1

s + 1

(
γ s+1

0 − C1
s+1B1γ

s
0 + C2

s+1B2γ
s−1
0 + · · · + Cs

s+1Bsγ0

)
,

(B.2)

where γ0 ≥ 1; Cr
s+1 are the binomial coefficients; r = 0, 1, . . . , s, s =

0, 1, 2, . . . ; Bγ are the Bernoulli numbers.

By formula (B.2) we can consider Ss(γ0) as a polynomial with respect to γ0

for which the following relation holds.

Lemma B.2. If we consider Ss(γ0) as a polynomial with respect to γ0 then for
γ0 ≤ −1, s = 0, 1, 2, . . . we have

0∑
γ=γ0+1

γ s = −Ss(γ0). (B.3)
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Proof. Let us rewrite the above sum by using the relation (B.2) as

0∑
γ=γ0+1

γ s = (−1)s
−γ0−1∑
γ=1

γ s

=− 1

s + 1

(
(γ0 + 1)s+1 − (−1)C1

s+1B1(γ0 + 1)s

+C2
s+1B2(γ0 + 1)s−1 + · · · + (−1)sCs

s+1Bs(γ0 + 1)
)
. (B.4)

Using (B.1), it is easy to see that the coefficients of γ s+1
0 , γ s

0 , γ s−1
0 in the

above sum are equal to 1, C1
s+1 + C1

s+1B1 = −C1
s+1B1, C2

s+1 + C1
s+1B1C

1
s +

C2
s+1B2 = C2

s+1B2, respectively. Taking into account the relation (B.2) and the

relation B2j−1 = 0, j = 2, 3, . . . , we obtain the coefficient of γ s−j
0 :

C
s−j
s+1 + C1

s+1B1C
s−j
s + C2

s+1B2C
s−j
s−1 − C3

s+1B3C
s−j
s−2

+ · · · + (−1)jCj

s+1BjC
s+1−j
s−j + (−1)j+1C

j+1
s+1 Bj+1

= C
j+1
s+1

j∑
r=0

Cr
j+1Br + C

j+1
s+1 Bj+1 = C

j+1
s+1 Bj+1,

j = 2, 3, . . . , s − 1. The coefficient of γ 0
0 is equal to:

s∑
r=0

Cr
s+1Br = 0.



Appendix C

Proof of a theorem on weak
asymptotic expansions

Now we prove the main Theorem 14.6.1, which gives weak asymptotic expan-
sions for the products of regularizations of p-adic QAHDs. The proof of this
theorem is reduced to the construction of the weak asymptotics of the elements
of the algebra H∗:

δmk (x)
(
Pa1 k(x)

)n1 · · ·
(
Par k(x)

)nr ·

·
(
πα1;b1 k(x)

)m1 · · ·
(
παs ;bs k(x)

)ms

, k →∞, (C.1)

where m, nj ,mk ∈ N0, j = 1, 2, . . . , r , k = 1, 2, . . . , s. The above-mentioned
weak asymptotics are constructed by using Propositions C.1–C.9, which we
shall prove below.

Proposition C.1. In the weak sense we have(
δk(x)

)s

= δ(x)pk(s−1), k →∞, s = 1, 2, . . . . (C.2)

Proof. Using (3.3.1) and the regularization of the delta-function (4.4.6), we
obtain〈(

δk(x)
)s
, ϕ(x)

〉
=pks

∫
�s(pk|x|p)ϕ(x) dx

=pks

∫
B−k

ϕ(x) dx = pksϕ(0)
∫
B−k

dx = pk(s−1)ϕ(0),

k →∞,

for all ϕ ∈ D(Qp) and all sufficiently large k.
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Proposition C.2. If α �= αj = 2πi
lnp

j , j ∈ Z, then the following asymptotics
holds in the weak sense:

δsk(x)πn
α;m k(x) = δ(x)p(−n(α−1)+s−1)k

( m∑
j=0

Cj
mI0(α;m− j ) logj

p p
−k

)n

,

k →∞. (C.3)

Proof. For m ∈ N0, s, n ∈ N let us calculate the following asymptotics

Jk = 〈δsk(x)πn
α;m k(x), ϕ(x)〉, k →∞,

where α �= αj = 2πi
lnp

j , j ∈ Z, and, by (14.6.1), πα;m k(x) = π
(1)
α;m k(x)+

π
(2)
α;m k(x)+ π

(3)
α;m k(x).

First, using (14.6.1) and (14.6.2), we calculate the asymptotics

J2k =
〈
δsk(x)

(
π

(2)
α;m k(x)

)r

, ϕ(x)
〉
= p(s+n)k

∫
�s(pk|x|p)

×
{ ∫

Qp\B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p�(pk|x − ξ |p) dξ

}n

ϕ(x) dx

= p(s+n)k
∫
B−k

{ ∫
Qp\B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p�(pk|x − ξ |p) dξ

}n

ϕ(x) dx.

where r = 1, 2, . . . . Since |x|p ≤ 1
pk and ξ ∈ Qp \ B0 = {|ξ |p > 1} then

|x − ξ |p > 1
pk . Otherwise, we would have

|ξ |p = |x − (x − ξ )|p ≤ max(|x|p, |x − ξ |p) = 1

pk
.

Thus �(pk|x − ξ |p) = 0, i.e., J2k = 0 for all sufficiently large k.
Hence, using the binomial formula, we find

Jk =
〈
δsk(x)

(
π

(1)
α;m k(x)+ π

(3)
α;m k(x)

)n

, ϕ(x)
〉
= p(s+n)k

∫
�s(pk|x|p)

×
{ ∫

B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p
(
�(pk|x − ξ |p)−�(pk|x|p)

)
dξ

+�(pk|x|p)
∫
B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p dξ
}n

ϕ(x) dx
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= p(s+n)k
∫
B−k

{ ∫
B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p
(
�(pk|x − ξ |p)− 1

)
dξ

+
∫
B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p dξ
}n

ϕ(x) dx

= p(s+n−1)kϕ(0)

{ ∫
B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p�(pk|ξ |p) dξ

}n

= p(s+n−1)kϕ(0)

{ ∫
B−k
|ξ |α−1

p π1(ξ ) logm
p |ξ |p dξ

}n

. (C.4)

Making the change of variables ξ → p−kξ and taking into account the
relation π1(pkξ ) = π1(ξ ) and formulas (6.2.3) and (6.3.3), we obtain

I−k(α;m) =
∫
B−k
|ξ |α−1

p π1(ξ ) logm
p |ξ |p dξ

= p−kα
∫
B0

|ξ |α−1
p π1(ξ ) logm

p

(
p−k|ξ |p

)
dξ

= p−kα
m∑

j=0

Cj
m(−k)j I0(α;m− j ), (C.5)

where the integral I0(α;m) is defined by (6.3.3).
Using (C.5), we have from (C.4) that

Jk = ϕ(0)p(s+n−nα−1)k
( m∑

j=0

Cj
m(−k)j I0(α;m− j )

)n

, k →∞.

Proposition C.3. The following asymptotics holds in the weak sense:

δmk (x)
(
Pk(x)

)n

= (−1)nδ(x)p(m+n−1)k logn
p

(
p−k

)(
1− p−1

)n

, k →∞,

(C.6)

where m ∈ N, n ∈ N0.
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Proof. Using calculations similar to those carried out in Proposition C.2, it is
easy to show that for any test function ϕ and sufficiently large k:〈

δmk (x)
(
Pk(x)

)n

, ϕ(x)
〉

= p(m+n−1)kϕ(0)

( ∫
B0

|ξ |−1
p

(
�(pk|ξ |p)− 1

)
dξ

)n

= p(m+n−1)kϕ(0)

( 0∑
γ=−k+1

∫
Sγ

|ξ |−1
p dξ

)n

= p(m+n−1)k logn
p

(
p−k

)(
1− p−1

)n

(−1)nϕ(0).

Repeating calculations similar to those in Propositions C.1–C.3, we can
prove the following

Proposition C.4. We have the following asymptotics in the weak sense:

δmk (x)
(
πα1;a1 k(x)

)m1 · · ·
(
παs ;as k(x)

)ms
(
Pb1 k(x)

)n1 · · ·
(
Pbr k(x)

)nr

= δ(x)pγkRN

(
logp p

−k), k →∞,

where RN (z) is a polynomial of degree N = ∑s
j=1 mjaj +

∑r
j=1 nj with the

computable coefficients γ = m− 1−∑s
j=1 mj (αj − 1)+∑r

j=1 nj .

We also have the following.

Proposition C.5. Suppose that α �= αj = 2πi
lnp

j , j ∈ Z, n ∈ N. Then we have
in the weak sense:

(a) if n(α − 1)+ 1 �= αj and π1(x) �≡ 1 then

πn
α;m k(x) = |x|n(α−1)

p πn
1 (x) lognm

p |x|p

+p−(n(α−1)+1)k

{( m∑
j=0

Cj
m logj

p

(
p−k

)
I0(α;m− j )

)n

−
nm∑
j=0

Cj
nm logj

p

(
p−k

)
I0(n(α − 1)+ 1; nm−j )

}
δ(x), (C.7)

as k →∞;
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(b) if n(α − 1)+ 1 = αj and π1(x) ≡ 1 then

πn
α;m k(x) = P

( lognm
p |x|p
|x|p

)
+

{( m∑
j=0

Cj
m logj

p

(
p−k

)
I0(α;m− j )

)n

−(1− p−1)Snm

(
logp(p−k)

)}
δ(x), k →∞. (C.8)

In particular, the following assertion holds for m = 0:
(a) if n(α − 1)+ 1 �= αj and π1(x) �≡ 1 then

πn
α k(x) = |x|n(α−1)

p πn
1 (x)

+p−(n(α−1)+1)k

{(
I0(α)

)n

− I0(n(α − 1)+ 1)

}
δ(x), (C.9)

as k →∞;
(b) if n(α − 1)+ 1 = αj and π1(x) ≡ 1 then

πn
α; k(x) = P

( 1

|x|p
)
+

{(
I0(α)

)n

− (1− p−1) logp

(
p−k

)}
δ(x), (C.10)

as k →∞.

Here the integrals I0(α) and I0(α;m− j ) are defined by (6.2.3) and (6.3.3),
respectively, the function Ss(r) is defined by (B.2).

Proof. Let us calculate the asymptotics of Jk = 〈πn
α;m k, ϕ〉, n ∈ N, represented

in the form of the sum

Jk =
∫
B0

πn
α;m k(x)

(
ϕ(x)− ϕ(0)

)
dx

+
∫

Qp\B0

πn
α;m k(x)ϕ(x) dx + ϕ(0)

∫
B0

πn
α;m k(x) dx.

Since πα(x) logm
p |x|p is a continuous function for x �= 0, in view of

Lemma 14.3.2, for x �= 0 we have

πn
α;m k(x) →

(
πα(x) logm

p |x|p
)n

= |x|n(α−1)
p πn

1 (x) lognm
p |x|p, k →∞,

in the sense of pointwise convergence. Let J1k =
∫
B0

πn
α;m k(x)

(
ϕ(x)−

ϕ(0)
)
dx, J2k =

∫
Qp\B0

πn
α;m k(x)ϕ(x) dx. Denote by l(ϕ) the parameter of con-

stancy of the function ϕ. Taking into account that ϕ(x)− ϕ(0) = 0 for all
x ∈ Bl(ϕ) ⊂ B0, according to Lemma 14.3.1, for any ϕ and for sufficiently large
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k we have

J1k =
∫
B0

(
πα(x) logm

p |x|p
)n(

ϕ(x)− ϕ(0)
)
dx,

J2k =
∫

Qp\B0

(
πα(x) logm

p |x|p
)n

ϕ(x) dx.
(C.11)

Now we calculate the asymptotics of the integral

J3k =
∫
B0

πn
α;m k(x) dx =

∫
B0

( 3∑
j=1

π
(j )
α;m k(x)

)n

dx = J3,1k + J3,2k,

where, in view of (14.6.2),

J3,1k =
∫
B0

(
π

(1)
α;m k(x)+ π

(2)
α;m k(x)

)n
dx,

J3,2k =
n−1∑
r=0

Cr
n

∫
B0

(
π

(1)
α;m k(x)

)r(
π

(3)
α;m k(x)

)n−r
dx.

(C.12)

By calculations analogous to those used for (C.4), we derive from (C.12),
(14.6.2), (6.3.3) and (C.5)

J3,2k =
n−1∑
r=0

Cr
n

∫
B0

(
π

(1)
α;m k(x)

)r(
π

(3)
α;m k(x)

)n−r
dx = pnk

n−1∑
r=0

Cr
n

×
∫
B0

( ∫
B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p
(
�(pk|x − ξ |p)−�(pk|x|p)

)
dξ

)r

× �n−r (pk|x|p)

( ∫
B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p dξ
)n−r

dx

= p(n−1)k
n−1∑
r=0

Cr
n

( ∫
B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p
(
�(pk|ξ |p)− 1

)
dξ

)r

×
( ∫

B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p dξ
)n−r

= p(n−1)k
n−1∑
r=0

Cr
n

( ∫
B−k
|ξ |α−1

p π1(ξ ) logm
p |ξ |p dξ

−
∫
B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p dξ
)r( ∫

B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p dξ
)n−r

= p(n−1)k
n−1∑
r=0

Cr
n

{
p−kα

m∑
j=0

Cj
m(−k)j I0(α;m− j )− I0(α;m)

)r
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×
(
I0(α;m)

)n−r
= p−(n(α−1)+1)k

{( m∑
j=0

Cj
m(−k)j I0(α;m− j )

)n

−
( m∑

j=0

Cj
m(−k)j I0(α;m− j )− pkαI0(α;m)

)n
}
, k →∞.

(C.13)

Next, we construct the asymptotics of the integral J3,1k . It is clear (see
(14.6.2)) that for |x|p ≤ 1 and for sufficiently large k

π
(2)
α;m k(x) = pk

∫
Qp\B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p�(pk|x − ξ |p) dξ = 0.

Indeed, since |x|p ≤ 1 and ξ ∈ Qp \ B0 = {|ξ |p > 1} then |x − ξ |p > 1
pk .

Otherwise, supposing |x − ξ |p ≤ 1
pk , we would have |ξ |p = |x − (x − ξ )|p ≤

max(|x|p, |x − ξ |p) = 1, which is a contradiction. Thus �(pk|x − ξ |p) = 0
and π

(2)
α;m k(x) = 0. Thus we have

J3,1k =
∫
B0

(
π

(1)
α;m k(x)+ π

(2)
α;m k(x)

)n
dx =

∫
B0

(
π

(1)
α;m k(x)

)n
dx

=
∫
B−k

(
π

(1)
α;m k(x)

)n
dx +

∫
B0\B−k

(
π

(1)
α;m k(x)

)n
dx, (C.14)

as k →∞, where, in view of (14.6.2),

π
(1)
α;m k(x) = pk

∫
B0

|ξ |α−1
p π1(ξ ) logm

p |ξ |p
(
�(pk|x − ξ |p)−�(pk|x|p)

)
dξ.

Now we calculate the first integral in (C.14). Let |x|p ≤ p−k . Hence, taking
into account the relation (C.5), we obtain

π
(1)
α;m k(x) = −pk

∫
p−k<|ξ |p≤1

|ξ |α−1
p π1(ξ ) logm

p |ξ |p dξ

= −pk

0∑
γ=−k+1

∫
Sγ

|ξ |α−1
p π1(ξ ) logm

p |ξ |p dξ

= −pk
(
I0(α;m)− I−k(α;m)

)
= −pk

(
I0(α;m)− p−kα

m∑
j=0

Cj
m(−k)j I0(α;m− j )

)
, (C.15)

where the integrals I0(α; s) and I−k(α; s) are determined by the formulas (6.3.3)
and (C.5), respectively, α �= αj = 2πi

lnp
j , j ∈ Z. Here the latter expression was

obtained by the analytical continuation with respect to α. Using (C.15), (3.3.1)
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and (3.2.6), we write the first integral in (C.14) in the form∫
B−k

(
π

(1)
α;m k(x)

)n
dx = (−1)np(n−1)k

(
I0(α;m)

−p−kα
m∑

j=0

Cj
m(−k)j I0(α;m− j )

)n

, k →∞.

(C.16)

Next, we calculate the second integral in (C.14). Let x ∈ B0 \ B−k . It is
clear that �(pk|x − ξ |p) = 0. Otherwise, we would have |x − ξ |p ≤ 1

pk and

|x|p = |ξ + (x − ξ )|p ≤ max(|ξ |p, |x − ξ |p) = 1
pk . Thus, for p−k < |x|p ≤ 1

we have

π
(1)
α;m k(x) = pk

∫
p−k<|ξ |p≤1

|ξ |α−1
p π1(ξ ) logm

p |ξ |p�(pk|x − ξ |p) dξ. (C.17)

Let π1(x) �≡ 1. In view of (3.3.5), the relation (C.17) implies

π
(1)
α;m k(x) = pk

∑
γ=logp |ξ |∈[−k+1,0]; ξ∈B−k (x)

pγ (α−1)γ m

×
∫
Sγ

π1(ξ )ϕ(x) dξ = 0, p−k < |x|p ≤ 1. (C.18)

Letπ1(x) ≡ 1. Since the convolution is commutative, (C.17) can be rewritten
as

π
(1)
α;m k(x) = pk

∫
Qp

|ξ |α−1
p logm

p |ξ |p
(

1−�−k(ξ )
)
�0(ξ )�(pk|x − ξ |p) dξ

=
(
|x|α−1

p logm
p |x|p

(
1−�−k(x)

)
�0(x)

)
∗ δk(x),

= pk

∫
Qp

|x − ξ |α−1
p logm

p |x − ξ |p
(

1−�−k(x − ξ )
)

×�0(x − ξ )�(pk|ξ |p) dξ, p−k < |x|p ≤ 1,

where
(

1−�−k(x)
)
�0(x) is the characteristic function of the set B0 \ B−k .

Analogously to (14.3.3), taking into account that for all p−k < |x|p ≤ 1 and
|ξ |p ≤ p−k , we have |x − ξ |p = |x|p. We can see that the latter integral is equal
to

π
(1)
α;m k(x) = |x|α−1

p logm
p |ξ |p

(
1−�−k(x)

)
�0(x). (C.19)

Substituting (C.19) into the second integral in (C.14), we obtain∫
B0\B−k

(
π

(1)
α;m k(x)

)n
dx = I1(n(α − 1)+ 1; nm), (C.20)
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where I1(n(α − 1)+ 1; nm) = ∫
p−k<|x|p≤1 |x|n(α−1)

p lognm
p |x|p dx.

If n(α − 1)+ 1 �= αj , from (6.3.3) and (C.5), we have

I1(n(α − 1)+ 1; nm) =
∫
p−k<|x|p≤1

|x|n(α−1)
p πn

1 (x) lognm
p |x|p dx

= I0(n(α − 1)+ 1; nm)− I−k(n(α − 1)+ 1; nm)

= I0(n(α − 1)+ 1; nm)− p−k(n(α−1)+1)

×
nm∑
j=0

Cj
nm(−k)j I0(n(α − 1)+ 1; nm− j ). (C.21)

If n(α − 1)+ 1 = αj , taking into account that pγαj = 1, the equality (B.2),
and Lemma B.2, we can obtain

I1(n(α − 1)+ 1; nm) =
0∑

γ=−k+1

∫
Sγ

|x|n(α−1)
p πn

1 (x) lognm
p |x|p dx

= (1− p−1)
0∑

γ=−k+1

pγ (−1+αj )pγ γ nm

= −(1− p−1)Snm(−k), (C.22)

where the function Ss(r) is defined by (B.2).
Summarizing the above results and using the formulas (C.11), (C.13), (C.14),

(C.16), (C.20), (C.21) and (C.22), we calculate

Jk = J1k + J2k + ϕ(0)
(
J3,1k + J3,2k

)
=

∫
B0

|x|n(α−1)
p πn

1 (x) lognm
p |x|p

(
ϕ(x)− ϕ(0)

)
dx

+
∫

Qp\B0

|x|n(α−1)
p πn

1 (x) lognm
p |x|pϕ(x) dx + ϕ(0)Ck, k →∞,

(C.23)

where if n(α − 1)+ 1 �= αj then

Ck = J3,1k + J3,2k = p−(n(α−1)+1)k
( m∑

j=0

Cj
m(−k)j I0(α;m− j )

)n

+ I0(n(α − 1)+ 1; nm)− p−k(n(α−1)+1)

×
nm∑
j=0

Cj
nm(−k)j I0(n(α − 1)+ 1; nm− j ); (C.24)
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and if n(α − 1)+ 1 = αj and π1(x) ≡ 1 then

Ck = J3,1k + J3,2k =
( m∑

j=0

Cj
m(−k)j I0(α;m− j )

)n

− (1− p−1)Snm(−k). (C.25)

In view of the formulas (6.3.2), (6.3.3) and (6.3.5), the relations (C.23)–
(C.25) can be rewritten in the weak sense as (C.7) and (C.8).

Analogously one can prove the following proposition.

Proposition C.6. (a) If α, β,m(α − 1)+ n(β − 1)+ 1 �= αj = 2πi
lnp

j , j ∈ Z,
then the following asymptotics holds in the weak sense:

πm
α k(x)πn

β k(x) = πm(α−1)+n(β−1)+1(x)πm+n−1
1 (x)

+ δ(x)p−(m(α−1)+n(β−1)+1)k
(
Im

0 (α)I n
0 (β)− I0(m(α − 1)

+ n(β − 1)+ 1)
)
,

as k →∞.
(b) If α, β �= αj = 2πi

lnp
j , m(α − 1)+ n(β − 1)+ 1 = αj = 2πi

lnp
j and

π1(x) ≡ 1, then the following asymptotics holds in the weak sense:

πm
α k(x)πn

β k(x) = P
( 1

|x|p
)
+

(
Im

0 (α)I n
0 (β)− (1− p−1) logp

(
p−k

))
δ(x),

as k →∞.

Proposition C.7. The following asymptotics holds in the weak sense:(
Pk(x)

)n

= |x|−np + p(n−1)k
(

logn
p

(
p−k

)(
1− p−1

)n − I0(−n+ 1)
)
δ(x),

as k →∞, n = 2, 3, . . . .

Proof. To construct the asymptotics Jk = 〈
(
Pk(x)

)n
, ϕ(x)〉 we use the same

calculations as in the proof of Proposition C.5. Let us represent the latter
expression as a sum

Jk = J1k + J2k + ϕ(0)J3k,
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where

J1k =
∫
B0

(
Pk(x)

)n(
ϕ(x)− ϕ(0)

)
dx,

J2k =
∫

Qp\B0

(
Pk(x)

)n

ϕ(x) dx,

J3k =
∫
B0

(
Pk(x)

)n

dx.

By repeating the proof of the relations (C.11) word for word for all ϕ and
sufficiently large k, we have

J1k =
∫
B0

|x|−np

(
ϕ(x)− ϕ(0)

)
dx,

J2k =
∫

Qp\B0

|x|−np ϕ(x) dx.

Next, representing J3k as the sum

J3k =
∫
B0

(
Pk(x)

)n

dx =
∫
B−k

(
P

(1)
k (x)

)n
dx +

∫
B0\B−k

(
P

(1)
k (x)

)n
dx,

where

P
(1)
k (x) = pk

∫
B0

|ξ |−1
p

(
�(pk|x − ξ |p)−�(pk|x|p)

)
dξ,

and repeating the calculations used in (C.16) and (C.20) almost word for word,
we obtain∫

B−k

(
P

(1)
k (x)

)n
dx = (−1)np(n−1)k

( ∫
p−k<|ξ |p≤1

|ξ |−1
p dξ

)n

= (−1)np(n−1)k

( 0∑
γ=−k+1

∫
Sγ

|ξ |−1
p dξ

)n

= (−1)np(n−1)kkn
(
1−p−1

)n
=

∫
B0\B−k

(
P

(1)
k (x)

)n
dx =

∫
p−k<|x|p≤1

|x|−np dx

=
0∑

γ=−k+1

∫
Sγ

|x|−np dx = (
1− p(n−1)k

)
I0(−n+ 1).

To construct the asymptotics of Jk , we note that the following relation (analo-
gous to (C.19)) holds:(

|x|−1
p

(
1−�−k(x)

)
�0(x)

)
∗ δk(x) = |x|−1

p

(
1−�−k(x)

)
�0(x).
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Thus,

Jk =
〈(
Pk(x)

)n

, ϕ(x)
〉
= J1k + J3k + ϕ(0)J3k

=
∫
B0

|x|−np

(
ϕ(x)− ϕ(0)

)
dx +

∫
Qp\B0

|x|−np ϕ(x) dx + ϕ(0)I0(−n+ 1)

+ ϕ(0)p(n−1)k
(

(−k)n
(
1− p−1

)n − I0(−n+ 1)
)
, k →∞.

Analogously one can prove the following proposition.

Proposition C.8. (a) If α,m(α − 1)− n+ 1 �= αj = 2πi
lnp

j , j ∈ Z, then the
following asymptotics holds in the weak sense:

πm
α k(x)

(
Pk(x)

)n

= πm(α−1)−n+1π
m−1
1 (x)

+ p−(m(α−1)−n+1)k

{
Im

0 (α)
(

1− p−1
)n

logn
p

(
p−k

)
− I0(m(α − 1)− n+ 1)

}
δ(x), k →∞.

(b) If α �= αj = 2πi
lnp

j , m(α − 1)− n+ 1 = αj = 2πi
lnp

j and π1(x) ≡ 1, then
the following asymptotics holds in the weak sense:

πm
α k(x)

(
Pk(x)

)n

= P
( 1

|x|p
)
+

{
Im

0 (α)
(

1− p−1
)n

logn
p

(
p−k

)− (
1− p−1

)
logp

(
p−k

)}
δ(x),

k →∞.

Repeating the calculations, analogous to those used in Propositions C.5–C.8,
one can prove the following proposition.

Proposition C.9. We have the following asymptotics in the weak sense:(
πα1;a1 k(x)

)m1 · · ·
(
παs ;as k(x)

)ms
(
Pb1 k(x)

)n1 · · ·
(
Pbr k(x)

)nr

= |x|βpπm
1 (x) loga

p |x|p + δ(x)pγkRN

(
logp p

−k), k →∞,

where β = ∑s
j=1 mj (αj − 1)−∑r

j=1 nj , m = ∑s
j=1 mj , a = ∑s

j=1 mjaj ,
γ = −1−∑s

j=1 mj (αj − 1)+∑r
j=1 nj ,RN (z) is a polynomial of degreeN =∑s

j=1 mjaj +
∑r

j=1 nj with the computable coefficients.



Appendix D

One “natural” way to introduce a measure on Qp

The following remark was communicated to us by A. V. Kosyak and follows
A. Kosyak’s book [161].

For simplicity we consider the case of the ring of p-adic integer numbers
Zp (see Section 1.7), but a similar procedure can be used to construct a product
measure on Qp. Since Zp can be realized as

Zp =
∑

n∈N0

anp
n : an ∈ Fp, n ∈ N0

 ,

where Fp = Z/pZ is the finite field with p elements, one can consider the
space Zp as the infinite product of the rings Fp:

Zp =
∏
n∈N0

(Fp)n, (Fp)n = Fp.

Consequently, a measure on Zp can be constructed, for example, as the infinite
tensor product of the probability measures νn on Fp:

ν =
⊗
n∈N0

νn, νn(Fp) = 1,
∑
k∈Fp

νn(k) = 1. (D.1)

Remark D.1. One can obtain the Haar measure hZp
on Zp as a particular case

of (D.1), i.e., as the tensor product of the invariant measures on Fp:

hZp
=

⊗
n∈N0

νinv
n ,

where the invariant measures νinvn on Fp are defined as

νinv
n (k) = 1

p
, k ∈ Fp, n ∈ N0.

In [160] the following lemma is used:
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Lemma D.1. Two measures µ = ⊗
n∈N0

µn, ν = ⊗
n∈N0

νn on Zp are equiva-
lent if and only if their Hellinger integral

H (µ, ν) =
∏
n∈N0

∫
Fp

√
dµn

dνn
(k)dνn(k) =

∏
n∈N0

∑
k∈Fp

√
µn(k)νn(k)

is positive, i.e., H (µ, ν) > 0. Otherwise, µ ⊥ ν.

The definition and the properties of the Helliger integral can be found
in [168].
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l’étude des représentations des groupes p-adiques, Bull. Soc. math. France, 89,
(1961), 43–75.

[63] Nguyen Minh Chuong, Nguyen Van Co, The Cauchy problem for a class of
pseudodifferential equations over p-adic field, Journal of Mathematical Analysis
and Applications, 340 (2008), 629–645.

[64] R. Cianci, A. Yu. Khrennikov, p-adic numbers and the renormalization of eigen-
functions in quantum mechanics, Phys. Letters B, 328, Issues 1–2, (1994) 109–
112.

[65] R. Cianci and A. Yu. Khrennikov, Energy levels corresponding top-adic quantum
states, Dokl. Akad. Nauk, 342, (1995), no. 5, 603–606.

[66] J. F. Colombeau, Elementary introduction to new generalized functions. North-
Holland Mathematics Studies 113, North-Holland, Amsteradm 1985.



References 337

[67] V. G. Danilov, V. M. Shelkovich, Generalized solutions of nonlinear differential
equations and the Maslov algebras of distributions, Integral Transformations and
Special Functions, 6, (1997), no. 1–4, 137–146.

[68] V. G. Danilov, V. P. Maslov, V. M. Shelkovich, Algebra of singularities of singular
solutions to first-order quasilinear strictly hyperbolic systems, (Russian), Teoret.
Mat. Fiz., 114, (1998), no. 1, 3–55; translation in Theoret. and Math. Phys., 114,
(1998), no. 1, 1–42.

[69] V. G. Danilov and V. M. Shelkovich, Propagation and interaction of shock waves
of quasilinear equation, Nonlinear Studies, v. 8, no. 1, (2001), 135–170.

[70] V. G. Danilov, G. A. Omel′yanov, V. M. Shelkovich, Weak Asymptotics Method
and Interaction of Nonlinear Waves, in Mikhail Karasev (ed.), “Asymptotic Meth-
ods for Wave and Quantum Problems”, Amer. Math. Soc. Transl., Ser. 2, 208,
2003, 33–165.

[71] V. G. Danilov, V. M. Shelkovich, Propagation and interaction of δ-shock waves
to hyperbolic systems of conservation laws, Dokl. Ross. Akad. Nauk, 394, no. 1,
(2004), 10–14. English transl. in Russian Doklady Mathematics., 69, no. 1, 4–8.

[72] V. G. Danilov, V. M. Shelkovich, Delta-shock wave type solution of hyperbolic
systems of conservation laws, Quarterly of Applied Mathematics, 63, no. 3,
(2005), 401–427.

[73] V. G. Danilov, V. M. Shelkovich, Dynamics of propagation and interaction of
delta-shock waves in conservation law systems, Journal of Differential Equations,
211, (2005), 333–381.

[74] V. Derkach, S. Hassi, and H. de Snoo, Singular perturbations of self-adjoint
operators, Math. Phys. Anal. Geometry, 6, (2003), 349–384.

[75] V. A. Derkach and M. M. Malamud, Generalized resolvents and the boundary
value problems for Hermitian operators with gaps, J. Funct. Anal., 95, (1991),
1–95.

[76] I. Daubechies, Ten Lectures on wavelets, CBMS-NSR Series in Appl. Math.,
SIAM, 1992.

[77] Branko G. Dragovic, On signature change in p-adic space-times, Mod. Phys.
Lett., A6 (1991), 2301–2307.

[78] B. Dragovich, A. Yu. Khrennikov, S. V. Kozyrev, and I. V. Volovich, On p-adic
mathematical physics p-Adic Numbers, Ultrametric Analysis and Applications,
1, no. 1, (2009), 1–17.

[79] B. Dragovich, Lj. Nesic, On p-adic numbers in gravity, Balkan Physics Letters
6, (1998), 78–81.

[80] Yu. N. Drozzinov, B. I. Zavialov, Quasi-asymptotics of generalized functions
and Tauberian theorems in the complex domain, Math. Sb., 102, (1977), no. 3,
372–390. English transl. in Math. USSR Sb., 31.

[81] Yu. N. Drozzinov, B. I. Zavialov, Multidimensional Tauberian theorems for gen-
eralized functions with values in Banach spaces, Math. Sb., 194, (2003), no. 11,
17–64. English transl. in Sb. Math., 194, (2003), no. 11–12, 1599–1646.

[82] S. D. Eidelman, and A. N. Kochubei, Cauchy problem for fractional diffusion
equations, Journal of Differential Equations, 199, (2004), 211–255.

[83] S. D. Eidelman, S. D. Ivasyshen, and A. N. Kochubei, Analytic Methods in
the Theory of Differential and Pseudo-Differential Equations of Parabolic Type,
Birkhäuser, Basel, 2004.



338 References
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